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PREFACE. 



The object of these pages is to lay down and illustrate 
the more elementary principles of those Geometrical 
Methods which, in recent times, have been so success- 
fully employed to investigate the properties of figured 
space. 

The importance of the principles in question seems to 
render it advisable that the student should enter on their 
application at an early period of his progress ; and, in 
accordance with this view, examples in Plane and Sphe- 
rical Geometry are here given in considerable numbers. 

The scope and extent of the present work may be 
collected with tolerable accuracy from the Table of Con- 
tents ; but it is necessary to state, for the information of 
the reader, the amount of Mathematical knowledge which 
he is supposed to possess. The preliminary Propositions 
required for the perusal of the first five Chapters are to 
be found, with few exceptions, in the first six Books of 
Euclid's Elements. Some occasional deductions, involv- 
ing the formulae of Plane Trigonometry, are appended to 
these Chapters in the form of Notes. In the sixth Chapter 
the fundamental notions of Algebraic Geometry are re- 
ferred to. The seventh, eighth, ninth, and tenth Chap- 
ters presuppose an acquaintance with the ordinary prin- 
ciples of Spherical Trigonometry ; and in the last two 
Chapters some of the properties of Curves of the second 
degree are assumed. 



IV PREFACE. 

From this statement it will be gathered, that the work 
is in a great degree of a supplementary nature, and that 
the subjects embraced have some diversity of character. 
It has been attempted, however, to preserve throughout 
a certain unity of design, and a due connexion of the 
various parts. 

Those who are acquainted with the writiDgs of Pon- 
celet and Chasles will readily appreciate the extent to 
which the author has borrowed from these distinguished 
geometers in the present publication. He is also indebted 
to the Additions contained in Professor Graves's Transla- 
tion of Chasles's Memoirs of Cones and Spherical Conies ; 
and on several occasions he has consulted with advan- 
tage Dr. Salmon's Treatise on Conic Sections. It is to 
be added, that many of the examples throughout the 
work, and of the questions in the Appendix, are taken 
from the Examination Papers of Trinity College, Dublin. 
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PEINCIPLES OF MODERN GEOMETRY. 



CHAPTER I. 

HARMONIC PROPORTION AND HARMONIC PENCILS. 

Art. 1. Three quantities are said to be in harmonic proportion, 
when the first is to the third as the diflference between the first 
and second is to the difference between the second and third. 
Thus, 3, 4, 6, are in harmonic proportion. 

It follows from this definition, that the three quantities will 
still be in harmonic proportion when their order is inverted, or 
when they are altered in the same ratio. Thus 6, 4, 3, are in 
harmonic proportion, and so also are 3m, 4m, 6m, m being any 
number. 

Three quantities are said to be in arithmetic proportion, when 
the difference of the first and second is equal to the difference 
of the second and third. 

Three quantities are said to be in geometric proportion, when 
the first is to the second as the second to the third ; that is, when 
they are proportional in the sense of the Fifth Book of Euclid. 

The relation between these three kinds of proportion may 
be thus exhibited : — 

In arithmetic proportion the differences are equal ; that is, 
they are as the first to itself. In geometric proportion they are 
as the first to the second (by conversion and alternation). And 
in harmonic proportion they are as the first to the third- 

2. Let a right line AB, be cut internally at O, and externally 

at O' in the same ratio ; that is, so x O^ B o' 

that AO : BO : : AO' : BO'; then, ' ' ' 

B 



2 HAKMOXIC PBOPORTIOX. 

CXy is evidently an hannonicmeaui between AO and B(X Also 
(bjr alternation) AO : AO : : BO : BO"; that is, AB is an har- 
monic mean between AO and AO'. In this case the whcde line 
AO' is said to be cat harmonically. If the line AB be oonsi* 
dered as given, the points O and O' may be oondbived to vary 
simultaneously, and are said to be harmonic conjugates. In 
like manner A and B will be harmonic conjugates when OO' is 
considered as a given lina 

The rectangle nnder AO and BO' is equal to the rectangle 
nnder BO and Aa; or, more concisely, AO - BO'= AO^- BO. 

Conversely, when a line is divided into three parts, sach that 
the rectangle nnder the whole line and the middle part equals the 
rectangle under the extreme parts, the line is cut harmonically. 

S. If from the same point C, and j^ c o B o* 

i/aihesavie direction^ three poriioTis J 

CO, CB> CC, he taken, so that CO • Ca=CB«; and if, in the 
opposite direction, CA he taken equal to CB, the whole line 
A(y will he cut harmonically. 

For, since CO : CB : : CB : CO^ it follows (by conversion and 
alternation) that CB + CO : CB - CO : : Ca+ CB : CC - CB ; 
that is, AO : BO : : AC : BO^. 

Conversely. If a line AO' he cnt harmonioaUyy and either 
of the harmonic Tneams (see Art 2), as AB, he hisected the three 
portions CO, CB, CC, Tnea^suredfrom the point of hisection C, to 
the remaining points in the line, will he in geometric proportion. 

This readily follows firom the last by reasoning ex ahsurdo. 
It may also be proved directly : — since AC : BC : : AO : BO, 
we have AC + BC : AC - BC : : AO + BO : AO - BO; that 
is, twice CC : twice CB : : twice CB : twice CO, and therefore, 
CO:CB:: CB : CC. 

Hence, when the line AB is given, the conjugate points O, 
C, considered as variable, move i/n opposite directions, and the 
hxx/rmonic conjugate of the middle poi/nt G is at an infinite 
distance. For, CO • CC = CB^ = a constant quantity ; therefore, 
if CO increase, CC must diminish, and if CO decrease indefi- 
nitely, CC must increase indefinitely. 

From the last remark, again, it follows, that when two inft- 




HARMONIC PROPORTION. 3 

nite quantities differ by a finite quantity, their ratio is one of 
equality. For, when O' goes to infinity, AO' and BO', both in- 
finite, have a finite difference, AB, ^nd are in the ratio of 
AC : BO, that is, in a ratio of equality. 

It is scarcely requisite to observe, that when three points of 
section of a Ime cut harmonically are given, a definite pair 
behig conjugate, the fourth is determined. 

4. To exhibit the relation between the arithmetic, geometric, 
and harmonic means between two given right lines. Let AO' 
and BO' be th.e given extremes ; on 
AB describe a semicircle; draw the 
tangent O'T and'TO perpendicular 

to the diameter. Then CO' is evi- a '. c^ o — b — ■ — ^' 

dently the arithmetic mean. O'T is the geometric mean (since 
A0'« B0' = 0'T2). And OO' is' the harmonic mean; because,. 
CTO' being a right-angled triangle, CO • C0' = CT^ = CB^ and, 
therefore (Art. 3), AO' is cut harmonically. Again, since CTO' 
is a right-angled triangle, CO' : TO' : : TO' : 00' ; that is, tfte 
arithmetic, geometric, and harmonic means are georaetHcally 
proportional, the arithmetic feeing the greatest, and the har- 
monic the least of the three, unless the extremes become equal, 
in which case the three means are also equal. 

5. From the preceding construction some important proper- 
ties of lines in harmonic proportion may be deduced. 

1°. CO' . 00' = 0'T2 = AO' . BO'; therefore (doubling both of 
the equal quantities), (AC + BO') • 00' = 2A0' • BO' ; that is, 
the rectangle under the harrrwnic mean a/ad the sum of the 
eoctrem>es equals twice the rectarigle under the adremes. 

2°. 2CO . 00' = 20T2 (since CTO' is a right-angled .triangle) ; 
therefore (AO - BO) • 00' = 20T2 = 2A0 • BO (Lardner's Euclid, 
B. ii. Prop. 14) ; that is, the rectangle under the harmonic mean 
a/nd the difference of the differences (see Art. 1) equals twice 
the rectangle under the differences.* 



* Considered -Blgebraically, the two properties jast given may be included in one 
entinciation. For, the equation in the second may be written (OB - OA) * 00' = 20B • 
- OA). Now, in applying algebra to geometry, a change of direction corresponds to 
a change of sign. Taking this into account, the two properties alluded to may be 



4 EXAMPLES ON HARMONIC PROPORTION. 

3". By the reciprocalC-jj of a line (I) is meant a third pro- 
portional to that line and some given line taken as a linear unit; 
thus, taking O'T as the nnit, (VA, O'C, O'B are the reciprocals 
of O'B, O'O, O' A ; that is, the reciprocals of three harmonicaZs are 
in arithmetic proportion. Also, taking OT as the unit, we have 

00' 2 NOB OA/ 

EXAMPLES ON HARMONIC PROPORTION. 

6. We shall now give a few examples on the preceding prin- 
ciples. , 

1°. When two circles cut each other orthogonally (that is, so 
that tangents, at a point of inter- 
section, are at right-angles), any 
line AO' passing through the cen- 
tre, C, of either, and meeting the 
other, is cut harmonically. For, 
in this case, it is evident that the 
tangent to one circle at the point 
of intersection, T, passes through the centre, C, of the other ; 
therefore, 0X^ = 00 • CO'; but CB = CT; therefore (Art. 3) 
AO' is cut harmonically. 

Conversely, if a line is cut harmonically, any circle passing 
through one pair of conjugates is cut orthogonally by the circle 
whose diameter is the distance between the other pair. 

2°. Suppose it were required to draw from two given points, 

A, B, two right lines, AT, BT, to a certain point T in a given 
curve, 80 that the ratio of AT to BT should he a m/iximum. 

Join the given points, and let TO and TO' be the bisectors of 
the angle ATB and its supple- 
ment ; then (Lardner's Euclid, 

B. vi.Prop. 3) AT : BT : : AO : 
BO : : AO' : BO'. Now, AO : 
BO is a maximum ratio when 





thus expressed: " When a line is cut harmonically, the distance Jrom any of the points 
of section (taken as origin) to its conjugate^ equals twice the product of the distances 
from the same point to the other pair of conjugates divided by their sum,^ 
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O is the nearest possible to B ; that is (since the conjugate points 
O, O' move in opposite directions (Art. 3) ) when 00' is a mini- 
mum or maximum ; therefore, as OTO' is a right angle, the 
problem proposed would be solved if we could find, in the given 
line, AB, a pair of harmonic conjugates, O, O', such that a semi- 
circle described on 00' should just touch the given curve. 

To reduce the question still further, let M be the middle 
point of OO' ; then (Art. 3) AM • BM = MO^ = MT^ ; and there- 
fore, a circle through A, B, T would touch MT at the point T. 
Hence, this circle must be orthogonal to the given curve at the 
required pointy since MT is at right angles to the line touch- 
ing the curve at that point. 

The solution cannot, of course, be completed unless the par- 
ticular nature of the given curve is taken into account. 

If the question had been, to make the ratio AT : BT a mini- 
mum, we should find, in a similar way, that OO' must be a maxi- 
mum or minimum. A circle on it as diameter must touch the 
curve, and the further reduction already made will still hold good. 

We shall illustrate what has been said by taking a circle for 
the given curve. 

Let N be the centre of the given circle, and let the required 
orthogonal circle cut the line AN 
in P. Join NT ; then, since NT 
is a tangent, AN • NP = NT^, and, 
therefore, the point P is deter- 
mined. This is the analysis of the 
question, and iodicates the follow- 
ing construction. Join the centre 
N of the given circle to one of the given points A ; on the 
joining line take NP a third proportional to AN and the radius 
of the given circle ; describe a circle through the points A, B, P ; 
this circle will cut the given circle in two points, one of which 
(T) will give the ratio AT : BT a maximum. 

The other point of intersection (T') of the two circles ren- 
ders the ratio AT' : BT' a minimum. 

3°. Let it now be proposed to find a point in a given right 
line, the ratio of whose distances from two given points, A, B, 
shall be a rruiximum or minimum. 
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At the middle point C of the line AB erect a perpendicular 
to meet the given line in D ; with 
D as centre, and DB as radius, 
describe a circle ; this circle will 
cut the given line in two points 
T, T', one of which answers to P 
the maximum, and the other to 
the minimum. For, this circle 
evidently cuts the given line orthogonally at T and T'; and 
therefore (by the reasoning in the last example) these points 
afford the solution of the question. 

There are some particular cases of the proposition just proved 
which we shall leave to the consideration of the reader : — 

Given in magnitude and position the base of a triangle, 
whose vertex lies on a given right line bisecting the base, the 
ratio of its sides is a maximum, when the vertical angle is right. 

Given the bsuse and one base angle (supposed acute), the ratio 
of the sides is a maximum, when the other base angle is right. 

Given the base and area of a triangle, the ratio of the sides 
is a maximum, when the difference of the base angles equals a 
right angle. 

4°. It is required to express the perpendicular on the base of 
a triangle, in terms of the radii 
of the exscribed circles touch- 
ing the two sides. (A circle is 
said to be exscribed to a trian- 
gle, when it touches any of the 
three sides, and the produc- 
tions of the other two). 

Let Q and R be the centres of the two circles, whose radii 
we shall express by rj, ra. Now, the line joining the centres 
evidently passes through the vertex A, and cuts the base pro- 
duced in a certain point T ; it is also evident, that the angles 
ACB and ACT are bisected ; therefore, (Lard. Euc. B. vi. Prop. 
3) RT, AT, QT, are in harmonic proportion ; and therefore so also 
are the three perpendiculars drawn from R, A, Q, upon the base 
(Art. 1). Calling the perpendicular of the triangle p, we have 

finally (Art. 5, 1°) p • (rg + n) = 2r2 • rg, and therefore p = — - — ? • 

^2 + ^3 
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5°. To express the same perpendicular, in terms of the radii 
of the inscribed circle and the exscribed circle touching the base. 

Let O and P be the centres of the two 
circles, whose radii we shall express by r 
and Ti, Now, the line joining the centres 
evidently passes through the vertex A, 
and meets the base in a certain point T ; 
also, the line AP is cut harmonically, as 
the angle ACT and its supplement are 
bisected, and therefore (Art. 5, 2°) AT • 
(PT-T0)=2.PT.T0. Bu t j>,r,r„ being 
perpendiculars on the base from A, O, P, 
are respectively proportional to AT, TO, 







i »c 






PT ; therefore P • (n - r) = 2ri . r, and finally, jp = 



2^1 • V 



r, 



r 



HARMONIC PENCILS. 

7. "Four right lines drawn from the same point O, and 
cutting a right line AD harmonically in B and C (called an 
haTTnonic pencil)^ will also cut harmonically any other right 
line A^D' meeting them/^ 

For, through C and 
C (see fig.) draw KL 
and K'L' parallel to 
AO ; then, since AD is 
cut harmonically, AD : 
DC : : AB : BC ; and, 
therefore, by similar 
triangles, AO : CL : : 
AOiKC. Hence KG 
=CL, and consequent- 
ly, K'C'=C'L' ; whence it readily foUows that A'D' : CD' : : 
A'B' : B'C ; that is, the line A'D' is cut harmonically. 

A similar proof shews that if A' be taken on the production of 
AO, as for instance at A", a line such as A"B" is cut harmonically. 

It follows immediately from the last remark, that when all 
the legs of an harmonic pencil are produced through the vertex, 
four other harmonic pencils may be said to be formed. Strictly 
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speaking, however (coxuddering a right line as infinite), these 
with the original constitute one and the same pencil. 

If B'D' coincide with K'L', the point A' is at an infinite dis- 
tance, and, therefore, since K'L' is bisected, in this case also we 
have (Art. 3) the transversal A'D' cut harmonically. 

The general property of an harmonic pencil now established 
was known to the ancients. (See Math. Col. of Pappus, Book 
vii. Prop. 145.) 

The alternate legs of an harmonic pencil are said to be conjvb- 
gate. It is evident that when three legs of cm harmonic pencil 
are given, a definite pair being conjugate, the fourth is deter- 
mined, 

8. If two alternate legs of an harmonic pencil be at right 
angles, one of them bisects the angle under the remainiTig pair 
of legs, and the other bisects the supplemental angle. 

Let the angle AOC (see last figure) be right ; then, KCO is 
a right angle, and, as KG = CL (Art. 7), the angle BOD is 
bisected. Again, as AOC is a right angle, it is evident that 
AO bisects the supplement of BOD. 




TRANSVERSALS. 

9. Lemma 1. — If three right lines 
AA', BB^ CC^ be drawn from the 
angles of a triangle ABC to meet in 
any point O, the segments of one 
side of the triangle will be in a ratio 
compounded of the ratio of the seg- ^ js^ x:, 

ments of the other sides, that is, BA : a'C^ : : j ? o' * 2'/^ 1 ' 

I AB' : B C J 

For, BA' : A'O : : A ABA' : A AC A'; also, BA' : A'C : : 
A BOA' : A COA' ; therefore BA' : A'C : : A ABO : A ACO, or 
.. fAABO: ACBOl ,, . . fAB':B'CV ^ 
•*tACB0:AAC0|'*^**^'=-"{BC':C'AJ-^- 
This relation may be otherwise expressed as follows : 
We have (Euclid, B. vi. Prop. 23) BA: A'C :: AB' • BC: 
B'C-C'A; and, therefore, AB'.CA^BC'=AB.C'A.B'C, this is, 
the continued products of the aUemate segments of the sides are equal. 



E,D, 
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Similar results will hold good when the point O is outside the 
triangle. In that case two of the points A', B^ C will lie on 
the sides produced. 

Conversely, it follows, ex dbeurdoj that if the relation above- 
mentioned obtains, amongst the segments of the sides of a 
triangle made by lines drawn from the angles (under the re- 
striction just stated, relative to a point outside), those lines 
will meet in one point. 

Lemka 2. — If a right line 
C'A' be drawn, cutting the 
three sides of a triangle 
ABC, their segments so 
formed will have a relation 
similar to that expressed in 
the former Lemma. 

For, draw CO parallel to 
AB (see figs.) ; then BA' : 
A'C::BC':CO:: 
c BC : C'A I 

I C'A : CO r 
butC'A:CO:: AB': B'C; 

therefore BA' : A'C : : 




(BC : C'Al 
lAB' : B'CJ * 



And so on as before. 



Conversely, if a point be taken on each side of a triangle 
(or the side produced), so that the segments thus formed shall 
satisfy the relation above referred to, those three points will be 
in one right line, provided that an odd number of the points 
shall lie on the productions of the sides. 

The propositions above given are of great importance in the 
theory of traTi^vermh. They are particular cases of more 
general propositions, which shall be given in the sequeL 

These Lemmas being premised, we shall now explain the 
harmonic properties of a triangle. 

" Let three right lines AA', BB', CC, be drawn (as in Lemma 
1) from the angles of a triangle, to meet in a point O, and let 
the lines A'B', B'C, C'A' be produced to meet the sides AB, 
BC, CA, respectively, in C^A^B"; then, r, aU the Unes- on 

C 



10 



TBAKSYEBSALS. 




the figure so formed are cut harmonically, and^ 2% the points 
A", B", C, are in one right line." 

1"". By the foregoing Lemmas 
BA' : A'C : : BA" : CA"; that is, 
BA" is cut harmonically. A similar 
proof applies to BC and AB". Again, 
if AA" be joined, as BA" is cut har- 
monically, so also is CA" (Art. 7) ; 
and in like manner CA' and B"C. 
For similar reasons BB' is cut har- 
monically, and also AA' and CC. 

2°. Join BB"; now, if the three ^ 
lines meeting at B" be taken as three 
legs of an harmonic pencil (B"B and 
B"C being supposed conjugate;, the 
fourth is determined (Art 7) ; but it 
must pass through A" and C", since these points are harmonic 
conjugates to A' and C respectively ; therefore B", A", C", are 
in the same straight line. 

10. If from the ends of the base of a triangle two lines be 
drawn to the opposite sides, so as to intersect on the perpendicu- 
lar to the base, the lines joining the foot of the jperpendicvZar 
to their intersections uith the sides, make 4qtid^p^^0ks with the 
base. For, if AA' be perpendicular to the^bt^ (see last fig,), 
A' is the vertex of an harmonic pencil (Art. 9, 1°) two of whose 
alemate legs are at right angles, and therefore (Art. 8) the 
angle B'A'C is bisected, and the prc^M^ipn ispi^ved. 

11. Some of the conclusions arrived at in Art. 9 may be other- 
wise expressed. The following definition must be first laid down : . 

If the opposite sides of a quadrilateral be produced to meet, 
the line joining their intersections may be oaU|6d thiS; third di- 
agonal of the quadrilateral Thus (see last figure), 13C ia tbe 
third diagonal of ACOB' ; 'ugaiji.^C'B' is the third xJiagQnal of 
ABOC ; and considering C'BB'Q aba i^ a quadril8*ie*«j,.^^^^^ 
its third diagonal We have then th^ fc^lowing propositions 

" The three diagonals of any quadrilateral belong also to 
two other quadrilaterals, whose sides are ^gments respectively 
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of those of the first quadrilateral ; and each of them is cut in 
conjugate harmonic points by the other two/' The figure 
formed by three such quadrilaterals is called by Carnot a connr 
plete quadrilateraL 

12. Given in position one pair of opposite sides of a quadri- 
lateral, and the point of intersection of the other pair, to find 
the locus of the intersection of the diagonals (that is, the 
diagonals as commonly understood). 

Let AB and AC be the lines given in position, and A" the 
given point, (see last figure) ; then, the intersection of the 
diagonals of the quadrilateral CB'C'B will evidently lie on the 
harmonic conjugate of A" A, with respect to AB and AC, 
namely AA'. This line is then the required locus. 

13. Let a right line revolve 
round a given point O, cmd 
cut two given right lines, VA' 
and VB', in A and B; let a 
portion OX he taken on it, 
such that its reciprocal shall be 
equal to the sum of the reci- 
procals of OA and OB (more concisely thus: — r z= -z— + ——J ; 

required the locus of the point X. (OX, OA, OB, are sup- 
posed to be taken in the same direction.)' 

• Draw any line irom O, and let A' and B' be the points 
where it cuts the giv^ lines ; cut A'B' in P' so that AT' : BT' 
::0A': OB' (EuclidrB. vi. Prop. 10) ; join OV and VF; then a 
right line bisecting OV and paxallel to VP' will be the locus re- 
quired. For, as OB' is cut harmonically, OB is cut harmonically 

(Art. 7) ; therefore (Art. 5, 3^) -^ + — = 2 . -i-; but by 
^ ^ ^ "^ OA OB OP "^ 

the definition of a reciprocal (Art. 6, 3°) it is plain that the 

reciprocal of half a line is double the reciprocal of the whole ; 

therefore, as the line drawn parallel to VP bisects OP, this 

parallel passes through the point X in all its positions. Q. E. D. 

If the revolving line take such a position that B comes to the 

other side of V (A remaining at the same side as before), it will be 
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found, by a similar proof, that it is cut by the same parallel in 

1 11 

a point X, so that 77= equals the difference of ttt ^^^7^^- ^^ 
^ OX OA OB 

order to reconcile this with the former result, we must recollect 
that OB and OA, being now measured from O in opposite di- 
rections, must have different signs (see Note on Art. 5). It 
frequently happens, as in this example, that some notions of 
algebra are required for the full comprehension of geometrical 
results. We shall not, however, in this work enter on that 
subject further than seems to be caUed for by questions coming 
under consideration. 

14. Let us now suppose the revolving line to cut a/ny number 
of given right lines in A, B, 0, &c., 
and let OX be taken (in the same 
direction with OA, OB, &c.), so 

*^^*OX=OA^OB^OC + 

&a ; the locus ofKis still a right 
line. For, if OX' (see fig.) be 

taken such that ;=-=, = -:— + rr— , the locus of X' is a certain 

OX UA OB 

right line (Art. 13), which may be considered as replacing the two 

right lines on which A and B are supposed to move ; that is, 

111 
the original condition now becomes ■;r^ = tt— , + -prp: + &c. If 

OX OX oc 

then the number of given lines is three, the locus of X is a 

right line by the last article ; if four, the question is reduced to 

the case of three by a similar process, and so on for any number. 




ANHARMONIC RATIO. 
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CHAPTER 11. 



ANHARMONIC RATIO AND INVOLUTION. 

15. " If four fixed right lines VA, VB, VC, VD be drawn 
from the same pointy and any transverse right line AD be cut* 
by them in four points A, B, C, D, the ratio of 
the rectangle AD • BC to the rectangle AB • CD 
is constant." (This ratio is called the anhar- 
monic ratio of the four points A, B, C, D). 

For, through C draw MN parallel to AY ; 

then, AD . BC : AB . CD : : Q^\ ^^| :: 

{MC : AVI 
' > : : MC : CN ; but this last ratio 

remains constant when the point C changes its 
position along the line VC ; the proposition is 
therefore proved. 

When the transversal coincides with MN, 
AB and AD become infinite, and are in a ratio 
of equality (Art. 3), and therefore AD • BC : 
AB . CD:: BC : CD :: MC : CN, as before. 

If the transverse line be drawn through C, 
BO as to intersect AV produced (see fig.) through 
V, we shall still find that A'D' . CB' : A'B' . CD' 
: : MC : CN ; and if C moves along VC into any other position 
C", we shall have for any line such as A"B", A"D" • B"C": 
A'B' • CD":: AD . BC : AB . CD. 

From the last remark it immediately follows that, if the 
four given lines be all produced through V, the ratio of the 
rectcmgles under the segments of any transversal cutting them 
in amy way will always he the sa/me, the rectangles being writ- 
ten as above, and the same letter A, B, C, or D, being used to 
represent a point anywhere along the whole extent of one and 
the same right line. In other words, the anharmonic ratio of 
the four points on the transversal will remain constant. 




14 ANHABMOmC RATIO. 

The right lines meeting in a point are said to form a pencil ; 
and the constant ratio ahove-mentioned is called the anharmonic 
ratio of the pencil. This may be expressed by the notation 
V • ABCD, V being the vertex of the pencil 

It is evident that, if two pencile cross the sa/me right line 
i/n the sa/me four points, the anharmonic ratios of the pencils 
are equals both being equal to that of the four pointa 

It is also evident, that if the angles contained by corres- 
ponding legs of two pencils be equal, the pencils have the same 
a/aharmonic ratio. 

The great importance of the anharmonic properties of a 
pencil was first indicated by Chasles in the Notes to his 
*' Aperfu Historique/' The principle itself is given in the 
Math, CoL of Pappus, B. vii. Prop. 129. 

16. There are two other constant ratios deducible from the 
preceding. 

For, the sum of the rectangles AD • BC and AB • CD (see 
laat fig.)=AB . BC+CD . BC+AB . CD=AC • BC+AC • CD 
=AC . BD. We have also AD . BC : AD . BC+AB . CD :: 
MC : MC+CN. Hence AD . BC : AC • BD :: MC : MN ; and 
(in like manner) AB . CD : AC • BD : : CN : MN ; both con- 
stant ratios. 

It follows from this, that when a given pencil is cut by a 
variable transversal, the ratio AD • BC : AB • CD is ^still a 
constant, even when the letters A, B, C, D, have been inter- 
cha/nged among the legs in any way. The value of the con- 
stant will not, of course, be the same during all the interchanges. 

It is evident that, when MN is bisected, the pencil is har- 
monic. But the subject of harmonic pencils is in itself so im- 
portant that we have treated it separately.* 



* Th€ anharmonic ratio of a pencil admUt of a remarkable trigonometriccU expres' 
tiont which is easily deduced from the geometrical 

For (see fig. of Art 16),^ = ^C CV _ smBVC ^ sJnAVD ^^^^^^^ 
^ ^ ^' CN CV CN sin AVB sin CVD » 

AD . BC sin AVD . sin BVC 
AB.CD == sin AVB.8inCVD > the required result 

If the figure represent an harmonic pencil, we shall have sin AVD . sin BVC = 
sin AVB . sin CVD. 
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1 7. Oiven in position three legs of a pencil, its (mharmonie 
ratio, and the relative position of the fourth leg, (that is, 
between which successive pair of the given legs it lies), its 
actual position is determined. 

For, it is easy to see that in all cases the line VA (see fig. Art. 
15) may be taken to represent one of the given legs, and that, if 
we draw any right line, MN, parallel to it, two of the three points, 
M,C,N, will be given, as well as the ratio, MC : NC, by which 
the third point is detemined, and therefore the fourth leg also. 

EXA3fPLES ON ANHABMONIO RATIO. 

18. We shall now exemplify the foregoing principles by the 
following proposition. 

" Given in magnitude and position the bases AE, BD of two 
triangles, AFE, BCD, whose ^ 
vertices, F, C, move each /V^^-^ 
along the base of the other / v^^^^^'^^;^--^ 
triangle, the line joining P / V^^h ^"^^^^^--^^^^^ 
the intersection of the sides ^^_\i/\/ ^^^^^^^^-->^ 

AF, DC, to Q, the intersec- ace r 

tion of EF, BC, constantly passes through a fixed point O, the 
intersection of the lines AB and ED.'' • 

For, draw AD, EB, OP, OQ, OC, and let DB and AE meet 
at R. Then the anharmonic ratio of the pencil OC, OE, OQ, 
OB (which we shall express more concisely by O • CEQB), is 
the same as that of the pencil EC, EO, EQ, EB (Art. 15), that 
is, O . CEQB = E . COQB ; but this latter anharmonic ratio 
equals A . EDFB (Art. 15), which again equals O • CDPA ; 
therefore O • CEQB = O • CDPA ; and therefore (Art. 17) P, 
0, Q must be in one right line. Q. E, D. 

If we call P' the intersection of AF with BC, and Q' that 



AD BP 
In a similar manner we should find (for any pencil) TG~~uK=^(s©e same figure) 

sin AVD . sin BVC . AB . CD sin AYE . sin CVD 
sin AVC . sin BVD ' ^^ AC . BD — sin AVC . sin BVD ' 

Since AD . BC + AB . CD = AC . BD, the last two equations give, hy additiom 
sin. AVD . sin BVC + sin AVB . sin CVD = sin AVC . sin BVD. 

This equation expresses the relation existing between the sines of the six angles, 
made by four right lines which meet in a point 
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of £F with DC, we shall find, in a similar manner, that the 
line joining P', Q' constantly passes through a fixed point, 
namely, the intersection of AD with BE. 

The student is recommended to draw separate figures repre- 
senting the varieties in the construction given above, cu3, for in- 
stance, when the point F lies on the production of BD, or when 
the lines AE, BD are given, cutting one another at a point be- 
tween A and E. By using the same letters as before to express 
the corresponding points in the new figure, there will be no 
difficulty in adapting the proof above given to any other case. 
It is only by a practice of this kind that the full extent and 
meaning of geometrical propositions can be understood. 

19. The preceding theorem leads to several remarkable re- 
sults : 

r. If CF be drawn, we have the following enunciation : 

Let a given quadrilateral be divided into any two others ; 
the line jomvng the intersection of the diagonals of one of them, 
with the intersection of those of the other, passes through the 
intersection of the diagonals of the given quadrHateraZ, 

2^. Again, let all the lines on the figure be considered fixed* 
except BC, DC, PQ, OC ; then we find that. 

If the angles of a variable triangle PCQ move on three 
given right lines, FA, AE, EF, and if two sides CP, CQ,pass re- 
spectively through two given points D, B, in directum with the 
intersection F of the two given lines on which the opposite angles 
mover the third side PQ also passes through a fixed point O. 

If, as before (Art. 18), we call P' the intersection of AF and 
BC, and Q' that of EF and DC, we shall have another variable 
triangle P'CQ', to which the preceding enunciation still applies, 
by changing P and Q into P' and Q', interchanging the points 
D and B, and substituting the intersection of AD and BE (which 
we shall call O') in place of O. The whole series of variable tri- 
angles, satisfying the given conditions, consists, therefore, of two 
distinct systems, corresponding to the two distinct points O and O'. 

3°. Conversely, if the sides of a variable triangle PCQ 
pass through thre§ fixed points D, B, O, and if two of the 
angles P, Q Tuiove on two given lines FA, FE, whose intersection 
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is in directum with the two points through which the opposite 
sides passj the locus of the third angle G is a right line AE. 
The establishment of this we leave to the reader. 

Again, if we conceive DQ and BP to be drawn, and to inter- 
sect at a point C, we shall have another variable triangle QC'P, 
for which the preceding enunciation still holds good, by chang- 
ing C into C^ and substituting in place of AE the line A'£^ (see 
last figure); and, therefore, the complete locus of the third 
angle of a triangle, moving under the prescribed conditions, 
consists, not of one right line, but of two. 

4^ If we take the six points A, F, E, D, C, B, and by (join- 
ing each successive pair AF, FE, ED, DC, CB, BA) consider 
them as the six vertices of a hexagon, the theorem in Art. 18 
becomes a case of Pascal's theorem concerning a hexagon in- 
scribed in a conic section ; that is, if the six vertices of a hex- 
agon lie on two right lines, the intersections of the opposite 
sides, (1 a/nd 4, 2 and 5, 3 a/ifid 6) lie in a right line. 

20. If two pencils have one leg common, and the same 
anharmxmic ratio, their vertices being different, the intersec- 
tions of the corresponding legs lie on a right line. 

For, join two of the intersections, and produce the joining 
line to meet the common leg ; this joining line must meet the 
fourth leg of each pencil in the same point (by what has been 
said in Art. 17) ; and the proposition is proved. 

21. The principle just established is often useful: we shall 
take the following theorem as an example : 

If the sides of a variable triangle pass through three given 
points in a right line, and if two o/ngles move on given right 
lines, the third angle will 
always lie on one of two 
definite right lines, passing 
through the intersection of 
the two given lines. 

Let Q, R, S be the given 
points, and VA, VA' the 
given lines. Take three po- \* q^ "^^ a ^ 

sitions of the moving triangle, and let BOB' be one of them. 

D 
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Then the anharmonic ratio Q • ABCD = R . A'B'C'D', each of 
them being equal to S • ABCD (Art. 15) ; therefore (Art. 20) the 
three positions of the point O lie in a right line. Now, let two 
of the positions of O be considered as fixed, and the third as 
variable ; then the last evidently moves on a right line. 

Again, if we conceive B to be joined to B, and B' to Q, and 
call O^ the intersection of the joining lines, we shall have another 
variable triangle B^OB satisfying the prescribed conditions; and 
it will appear, as before, that O' moves on a definite right line. 
It is evident, in both cases, that when the points B, B' coincide 
with V, the point O or O' will also coincide with V ; and there- 
fore the two right lines on which O and O^ move must pass 
through V. 

If we had taken only two positions of the moving triangle, 
the proof might have been completed by joining Y to Q, R, S. 
In this cade the point V represents an evanescent state of the 
triangle. ' 

22. Conversely, if the three arigles of a variable triangle 
move on three given right lines, which meet in a point, and 
if two aides pass respectively through two given points, the 
third side will also pass through one of two definite poirds in 
directum with the given poimts. The student will find no 
difficulty in establishing this result. 

We shall return in the next chapter to the relation existing 
between this proposition and that given in the last Article. 

COPOLAR TRIANGLES. 

23. As another example of the application ofthe principle 
contained in Art. 20, we shall take the following proposition, 
due to Desargues : P^ 

// two triangles, ABC, ^'^^'^""'^^""^iK 

A'B'C be such that the lines ^^^^-^'^^ cl 

joining corresponding ver- ^^^mZHH^ x 
tices AA', BB', CC, 'meet in ^^^^'^^^-^^Z~ ^\ / 
a point O, the intersections ^^^"^^^>.^ 

of corresponding sides (of \ 

BC and B'C, &c.)y lie on one \ 

right Une ; and conversely, R^ 

For, join P the intersection of BC and B'C to A, A' and O ; 
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then the anharmonic ratio A - PC A'B = A' • PC'AB', each of 
these ratios being equal to 0«PCA'B (Arfc. 15) ; and therefore 
(Art. 20) the three intersections P, Q, R are i/rv directum. The 
first part of the proposition is therefore proved. 

To prove the converse, let CC and BB' meet in O. Now, as 
P, Q, R are given in a right line, it follows, by applying the 
part already proved to the triangles QCC, RBB^ that the points 
O, A, A' are in one right line ; that is to say, " if the intersec- 
tioDS of corresponding sides of the two triangles ABC, A'B'C 
be in directuniy the lines AA', BB', CC, joining corresponding 
vertices, meet in one point." 

24. With respect to Desargues's theorems given in the last 
Article, it is remarkable that the conclusions are equally correct 
when the two triangles are situated in different planes. This 
may be proved a priori as follows : In the first part, it is granted 
that CC and BB' (see last figure) lie in the same plane ; there- 
fore, so also do BC and B'C ; the latter lines, therefore, meet 
one another on the line of intersection of the planes of the 
triangles The same reasoning applies to the other pairs of 
corresponding sides, and, consequently, the first theorem is 
proved. The second follows from the first, exactly as before. 

As these results are independent of the magnitude of the 
angle made by the planes, they will hold good when the angle 
vanishes ; and thus we have an independent proof of the pro- 
position contained in Art 23. 

The proposition referred to is sometimes stated in the follow- 
ing manner : " Two copolar triangles are co-axial, and vice versa. 



i. » 



ANHARMONIC PROPERTIES OF THE CIRCLE. 

25. The anharmonic properties of the circle depend on the 
following principle : — 

Iffourfiiced points, A,B,C,D, be taken 
in the circumference of a circle, and lines be 
drawn from them to a variable fifth point O, 
also in the circumference,theanharmonicra' 
tio of the pencil so formed with O, as vertex, 
is constant (This is called the anharmonic 
ratio of the four points on the circle.) 

For, while O remains between A and D, all the angles at O 
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remain unchanged in magnitude, and the proposition is evident 
(Art. 15). Now, let us suppose O to pass beyond A into the 
position (y. In this case the angles made by O with CD, CKC, 
O'B are equal respectively to those made by OD, OC, OB, with 
the production of AO through O (Euclid, B. iii. Prop. 22) ; 
therefore O' - ABCD = O • ABCD (Art. 15), and the truth of 
the proposition is manifest. 

26 . To eocpresa the cmharmonic ratio of four points on a circle 
(see Art. 25) by meana of the chords joining the given points. 

Let O be so taken that AB^= AB (see fig.) ; 
Draw B'Q parallel to CD, and join A to C and 
Q. Then, since the angle B^QC^ is equal to the; 
angle C'CD, equal to the angle OAB', AOQB'i 
is capable of being circumscribed by a circle 
(Euclid, B. iii. Prop. 22); and therefore the 
angle AQB' = AOB'=ACB ; also, the angle 
AB'Q = ABC (Euclid, B. iii. Prop. 22) ; therefore (Euclid, B.i. 
Prop. 26) B'Q = BC, and therefore B'C : CD :: BC : CD. 
Again, we have AD : AB':: AD : AB. Therefore, compound- 
ing the ratios, AD . B'C : AB' - CD :: AD . BC : AB . CD, 
which last ratio gives the required result.* 

27. If a hexagon he inscribed in a circle^ the intersections 
of the opposite sides are three points in one right line. 

This is Pajscal's theorem applied to the circle. 

Let P, Q, R be the intersections of 
the opposite sides of the inscribed hex- 
agon AO'BCDO ; join QC, OB, OC, 
O'C, O'D ; then Q . BCDR = O • BCDR 
= O . BCDA = (Art. 25) O' . BCDA = 
O' . BCDP = Q . BCDP ; and therefore 
(Art. 17) P, Q, R are in one right line. 
(It will be convenient to call this line 
a Pascal's line.) 




* If R be the radius of the circle, circumscribed to a triangle, it is easy to see that 
any side equals 2R multiplied by the sine of the opposite angle ; therefore, the result 
of this Article follows from the trigonometrical mode of expressing the anharmonic 
ratio of a pencil given in the Note on Art. 16. 
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M. Chasles has applied similar principles to prove Pascal's 
theorem in its general form. (Aper9u Historique, p. 336.) 

28. If the points A and O become coincident, AO becomes a 
tangent^ and we have the following theorem : 

" If a pentagon be inscribed in a circle, and a tangent be 
drawn at one angle to meet the opposite side, and if the sides 
containing the angle be produced to meet the remaining pair of 
sides, the three points of intersection, so found, are in one right 
Une.'' 

If B and C also become coincident, we find that 

'* If a quadrilateral be inscribed in a circle, tangents at the 
extremities of either diagonal, intersect on the third diagonal" 
(See Art. 11.) 

When three alternate sides of the hexagon vanish, the theo- 
rem becomes the following: 

" If a triangle is inscribed in a circle, tangents at the angles 
intersect the opposite sides in three points in one right line.'* 

29. There is another form of the theorem given in Art. 27, 
which leads to some remarkable results. 

Let the six points ABCDEF (see 
fig.) be joined consecutively, A to B, 
B to C, and so on, ending with the line 
FA ; the successive joining lines may be 
considered as sides (1, 2, 3, 4, 5, 6) of a K.| 
hexagon, to which Pascal's theorem will 
still apply. For the satisfaction of those 
not yet accustomed to this way of con- "" ^ 

sidering polygons, we shall give a distinct demonstration. 

Join CF, CE, AD, AE, LN, MN. Then, N . FMCE = 
C . FBDE (Art. 15), = A • FBDE (Art 25), =N - ALDE ; there- 
fore (Art. 17), LN, NM, are m directum ; that is, the inter- 
sections L, M, N of opposite sides (1 and 4, 2 and 5, 3 and 6) 
are in directum. QE.D, The following consequences are 
evident:— 




It also follows from the Note referred to (Euclid, B. iii. Prop. 20), that the anhar- 

sin i AD . sin j BC 
monic ratio of the four points A, B, C, D, on the circle, equals ^rj-^ ^q ^^ ^ qj) * 
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If DF and AG be drawn, we shall have two triangles, ABC, 
DEF, inscribed in a circle ; let the bases AC, DF be given in 
magnitude and position ; we find, then, that the line joining L 
and M, the respective intersections of the sides, constantly 
passes through a fixed point. 

In like manner: — ^If AB cuts FE in L', and BC cuts DE in 
M', the line joining L' and M', will constantly pass through the 
intersection of AD and FC. 

Again, let all the lines on the figure be fixed, except DE 
FE, LM, NE ; then, we perceive that a variable triangle MEL, 
whose sides pass through three given points F, D, N, and having 
two of its angles L and M on two given right lines, will have 
for the locus of its third angle E a circle, provided that the 
data be such, that a certain pentagon ADBFC will admit of a 
circle being circumscribed to it 

And conversely, it appears that, under certain circumstances, 
a triangle, two of whose angles move on given right lines, while 
the third moves on a given circle, and two of whose sides pass 
respectively through two given points, will have its third side 
also constantly passing through a fixed point. 

PROBLEMS RELATING TO ANHARMONIC RATIO. 

30. The preceding construction enables us to solve the fol- 
lowing problem: 

Given six points on a circle, to find a seventh (also on the 
circle)^ such that the anharmonic ratio of it, with three of 
the given points taken in a definite order ^ shall he equal to that 
of it, with the remaining three, taken aUo in a definite order. 

For example, let it be required (see last figure) to find K, 
so that the anharmonic ratio of E, A, E, C, shall be equal to 
that of K, D, B, F. 

Construct a hexagon with the six given points, in such a 
manner that the first set of points, A, E, C, shall be opposite 
vertices to the second set, D, B, F, respectively. (In the present 
case, the hexagon ABCDEF is the proper one, the first vertex, 
A, being opposite to the fourth, D, the second, B, to the fifth, E, 
and the third, C, to the sixth, F.) The Pascal's line (see Art. 
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27) belonging to this hexagon, will cut the circle in two 
points, K, K', either of which will answer the question. 

For, if we suppose KD and KA to be drawn, we shall have 
Art. ] 5) D . KAEC = A . KDBF ; therefore (Ari 26), the point 
K answers the question, and in a similar manner it may be 
proved for the point K'. 

31. If, in the enunciation of the foregoing problem, we sub- 
stitute a right line in place of a circle, we shall have another 
important problem, which is easily reduced to the former. 

Let A, E, C, and D, 
B, F, be the two sets of 
points, now given in a 
right line; take any 
circle, and any point R 
on it, and join B to the 
six given points. We 
shall have, thus, six 
points. A', E',C',D',B', 
F', on the circle. Find 
a seventh point K or K' on the circle, according to the condi- 
tions of the last problem, and join it to R ; the joining line 
will cut the given line in a point O, answering the present 
question. This appears from Arts. 25 and 16. For, R • AECO 
= R . A'E'C'K' = R . D'B'F'K' = R • DBFO. 

32. We can now give the solution of a very remarkable 
problem, viz. : — To inscribe, in a given polygon, another of the 
so/me rmmber of aides, so that each side may pass through a 
given point 

That the figure may not be too complicated, we shall take 
the case of a triangle, but the argument will equally apply to 
any polygon. 

Let P, Q, R (see figure on next page) be the three points 
through which the sides of the inscribed triangle KLM are to 
pasa Take on one of the sides of the given triangle three poinis 
Ml, Mg, Ma, as positions (on trial) of one angle of the required 
triangle, and construct three triangles whose sides shall pass 
through the given points, and whose second set of angles, Li,L2,L3, 
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shall lie on a second side of the given triangle. The sides con- 
taining the third set of angles will cut the third side of the tri- 
angle in six points, 
A, D, E, B, C, F. 
Now (Arts. 15 and 
16), P . KAEC = 

P • Lllj]lj2lis = 

Q • LL1L2L3 = 

Q.MMiM,M3= 

R . MMiM3M3= 
R.KDBF; 
therefore the anhar- 
xnonic ratio of K,A, 
E, C, equals that of 
K,D,B,F; the find- 
ing of the point K 
is therefore reduced 
to the problem given 
in Art. 31, and the 
solution is com- 
plete.* 

The applications of anharmonic properties given in the last 
three articles are due to Mr. Townsend. 

HEXAGON INSCRIBED IN A CIRCLE. 

33. We shall now return to the consideration of the hexa- 
gon inscribed in a circle. (See Arts. 27, 28, 29.) 

* In the soludon above given, the successive order of the angles and sides of the 
polygon to be inscribed, with respect to the sides of the given polygon and the given 
points, is supposed to be assigned. On this supposition the number of solutions is, in 
general, itoo, since (Art. 31) the point E admits of two positions on the side of tiie 
g^ven polygon. When the given points, P, Q, R, &c. lie on a right line, it is easily 
proved that one of the positions of E coincides with the intersection of that line with 
the side of the polygon ; and then the only effective solution is that determined by the 
other position of E. There is also but one effective solution when the given polygon 
vanishes into a point, that is, when the lines on which the angles of the required 
polygon are to lie meet in a point. In this case it will be seen that the point itself is 
one of the positions of E on any of the given lines, and that the other position must 
be taken in order to obtain an effective solution. 

When the successive order of the angles and sides of the requured polygon is not 
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1°. Let us find how many Pascal'a lines there are for in- 
scribed hexagons having the same vertices, A, B, C, D, E, F. 

When three points are given, we can form, by joining them, 
but one triangle. Wlfen a fourth point is given, we can make 
three quadrilaterals by joining it to the extremities of each side 
of the triangle taken in turn. In a similar way, it appears that 
we can make, with five points, 3 • 4 or 12 pentagons ; and with 
six points, 3.4.5 or 60 hexagons. Each inscribed hexagon 
has its own Pascal's line ; the number required is therefore 60. 

2°. Let us next find the number of distinct points of inter- 
section of the opposite sidea 

In the first place we shall prove that through every such 

point four Pascal's lines can be drawn. For, considering the 

four hexagons ABCDEF, ABFDEC, ABCEDF, ABFEDC, the 

intersection of the first and fourth sides, AB, DE, is the same 

for all ; and in the same way any other pair of opposite sides 

will always belong to four distinct hexagons. 

This being understood, it follows that the total number of 

fin ^ 

distinct points of intersection of opposite sides equals 

3°. We shall conclude this 
subject with one of Steiner's 
theorems (see Salmon's Conic 
Sections, p. 322) : — 

" The sixty Pascal s lines con- 
sist of tweiity sets of three, each 
set passing through a point." 

In order to prove this, let us 
consider (see figure) the two tri- 
angles PQR, P'Q'R'. We see that 
their corresponding sides intersect 
in three points, L, N, M, in one 
right line (Art 29), and therefore 
(Art. 23) the lines PF, QQ', RR', 
joiningcorresponding angles, meet 
in a point. But PP' is the Pascal's 

assigned, the total number of solutions equals (in general) 2« . 3* . . . . (m - 1)*, m being 
the number of the given points. (Poncelet, Traits des Proprietfes Projectives, p. 348.) 
This expression must be divided by two in the two particular cases before mentioned, 

£ 
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line of the hexagon ABEDCF ; QQ' is that of the hexagon 
ADEFCB ; and RR' belongs to the hexagon AFEBCD. In 
the same manner the proposition can be proved for another set 
of three, and so on. • 

All the sets may be formed by the following rule: 
'* Take three of the vertices as the firsts third, and fifth 
(always beginning with A), and put down the other three as 
second, fourth, and sixth, taking them in their order in the 
alphabet, and making each of the three, in turn, the second/' 
Thus, ACBEDF, AEBFDC, AFBCDE, represent a single set. 

INVOLUTION. 

34. We shall now explain the principles of Geometrical 
Involution. 

Lemma 3. — Given two pairs of points, A, A', and B, B', in a 
right line, a fifth point, O, can be found in it, such that O A • OA^ 
= OB . OB^ 

Draw any two lines through 
A and B parallel to one ano- 
ther, and two more through A' 
and B' ; the line joining the in> 
tersections M, N (see figures), 
will cut the given line in the 
required point. 

For, OA:OB::OM:ON 
: : OB' : OA' ; therefore 
OA . OA' = OB . OB'. 

We shall now lay down the 
following fundamental proposi- 
tion: 

Given two pairs of points jA^ 
A' cmd B, B', and also a fifth 
point t C, m a right Vme^ a sixth 
poi/ni Ocan be found in it, such 
that the a/nharmonic ratio of 

o/ny four whatever of the six a B O A' B' 

points shall be equal to that of their four conjugates. (The points 
forming any pair A, A, or B, B', or C, C, are said to be conjugate.) 






INVOLUTION. 



27 




This proposition may be divided into two cases, according 
to the relative positions of the four given points A, A', B, B'. 

First case. 
—When both 
points of one 
pair lie be- 
tween those of 
the other pair, 
or else when no 
point of either 

pair is so situated. (The figure represents B and B' between 
A and A'.) 

Let O be found (by the foregoing Lemma), so that OA • OA' 
= OB • OB', and let another point, C, be taken (on the sa/me 
side of O as is), such that 00 • OC == OA • OA' ; then C is 
the point in question. 

For, draw any line from O, and take in it two points, V, V 
(on the saTne side of O), such that OV • OV = OA • OA' ; and 
join VA, VB, VC, V'A', V'B', V'C, VC, V'C. It is evident, 
from the construction, that the quadrilaterals AA'V'V, BB'V'V, 
CC'V'V, are inscribable in circles (Euclid, B. iii. Prop. 36) ; 
therefore, the angle OVA equals the angle OA'V (Euclid, B. iii. 
Prop. 22) ; also, the angle O VB = OB' V ; and therefore the angle 
AVB = A'V'B'. In like manner the angle BVC -= B' V'C, and 
CVC = CV'C ; therefore (Art. 15) V • ABCC = V • A'B'C'C. 
In the same way, by joining V and V to the other points on 
the line, the anharmonic ratio of any other set of four points 
may be proved equal to that of their four conjugates. Q. E. D. 

When no point of either pair lies between the points of the 
other pair, B and B' will be at a different side 6f O relatively to 
A and A' ; the angle AVB will be the supplement of A'V'B'; 
and the angle BVC the supplement of B'V'C. As, however, 
the angle between two right lines, considered as indefinitely 
prolonged, may be a certain angle, or its supplement, it follows, 
from Art. 15, that the result will be the same as before. 

Should the given point C and the point A not be at the 
same side of O (as we have hitherto supposed) there will be no 
difference in the result. 
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The student is reoommended to examine separately the cir- 
cumstances indicated in the preceding remarks. 

Second Case, — When a single point of a pair (suppose A^) 
lies between the points of the 
other pair B,B'- (See figure.) 

In this case, the proof is 
completely analogous to that 
of the former, observing that 
O and C, as well as V and V, 
are now to be taken' on dif- 
fer&ni sides of O. 

35. If three pairs of 'points vn a right line be such that 
the omharmonic ratio of four of the pomta equals that of their 
four conjugates, and if the relative order of the two sets of points 
be also the same^ the anharmonic ratio of any other set of four 
is eqv/d to that of their four conjugates. (Six points in a right 
line, having this relation, are said to be in Involution,) 

For, five of the six points can be taken as the five points in 
the preceding proposition, such that, by Art. 17, the sixth point 
must coincide with the sixth point there determined ; and the 
proposition then becomes manifest. 

From what has been said it follows, that when three pairs of 
points A amd A', B and B', C and C, are in involution^ there 
always exists another point O in the same right line with them^ 
such that OA . OA = OB . OB' = 00 • OC, the points of every 
pair beingy moreover, situated both on the same side of this 
point O, or else on opposite sides of it. 

And conversely, if three pairs of points in a right line 
satisfy the foregoing conditions, they are in involution. 

36. Let us now consider the points and C as variable 
under the conditions just referred to, and we shall have a/n in- 
definite number of pairs of points, each of which is in invo- 
lution with the given pairs A, A' and, B, B'. Any three pairs 
of the entire system will also be in involution. 

There are, besides, some other remarkable properties of such 
a system, which we subjoin. 

1°. The point O (which is called the centre of the system) is 
the conjugate of a point at infinity. 
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This is evident from the condition, OC • 0C'= constant For, 
if OC becomes infinite, 00 must vanish. 

2°. A point which coincides with its conjugate is called by 
Chasles a double pointy and by Mr. Davies 9, focus of the system. 
Such a point can only exist in the first of the two cases men- 
tioned in Art. 34. In that case, there are two such points, F, F', 
at equal distances on difierent sides of the centre, the distance 
OF being given by the equation OF^ = OA • OA'. (See the 
figure of the first case in Art 34.) 

It follows from this (Art 3) that any pair of conjugate 
pointSy in the present sense of the term, are harmonic con- 
jugates in respect to the two foci._ Hence (Art. 3), if one 
focus bisect the distance between one pair of conjugates, the 
other focus is at an infinite distance, and therefore the distance 
between any other pair is also bisected. 

3°. When the foci are real^ a circle described on FF', as 
diameter, is the locus of a point, at which the angle subtended 
by any two of the system of points is eqvAil or supplemental 
to that subtended by their conjugates, according as the two 
points lie at the same or different sides of the centre. 

This is evident by supposing V and V' to coincide in the 
first case of Art. 34. 

The method here followed in explaining the properties of 
involution is a modification of that given by Mr. Townsend 
(Salmon's Conic Sections, Art. 317). In the construction given 
in the work referred to, the points V, V coincide, which 
consequently restricts its application to the first case of Art. 34. 
The analogous conclusions respecting the. second case, may be 
deduced by the aid of the principle of continuity ; but as that 
principle cannot be fully apprehended by those not yet ac- 
quainted with the application of algebra to geometry, we have 
thought it advisable to give the demonstration of Art. 35 in a 
form directly applicable to all cases. 

EXAMPLES ON INVOLUTION. 

37. We shall conclude this Chapter with some examples on 
the foregoing principles. 
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1 °. " Lines drawn from any point in the plane of a quadrilate- 
ral to the six points of intersection of the sides form a pencil in 
involution," that is, a pencil of six legs cutting any transversal 
in involution. (It is evident, from Arts. 15 and 35, that if one 
transversal be so divided, the same will he true of any other.) 

Let ABA'B' be the quadrilateral, C, C the intersections of 
the opposite sides, and V the 
given point. Let VA, VA' be 
taken as conjugate legs; also, 
VB, VB' and VC, VC Join 
BB'; then V . AB'BC = B . 
ABTA' (Art. 1 5), = V . CBTBA' 
= V . A'BB'C ; therefore, if we 
conceive a transversal to cut^ 
the pencil of six legs, having V as vertex, it will cut in invo- 
lution (Art 35), and therefore the pencil itself is in involution. 
Q. E. D. 

2°. A right line, AA', cutting the aides and diagonals of 
any quadrilateral, RVSV, is cut in involution. 

Let A, A' be taken as conjugate points ; also (see fig.), B, B' 
andC, C. Join VC and V'C. 
Then, V . ABCC = V . SRCC' 
= y . SRCC' = V . B'A'CC'= 
V'.A'B'C'C; therefore (Art. ^^ 

35), A A' is cut in involution. 

It appears from Art. 36, 2°, 
that if the transversal be drawn ^ 

through the intersection of the diagonals, that point will be one 
of the foci of the system determined by the two paira, A, A' and 
B, B^ If, in addition, AA' is bisected by the intersection of the 
diagonals, so also will BB^ In this case the other focus, and 
the centre of the system, will be at an infinite distance. 

3°. A right line cutting a circle, and the sides of a quadri- 
lateral, PQRS, inscribed in the circle, is cut in involution 

Join QB, QB', SB, SB', (see figure on next page) ; then, 
Q . ABCB' = Q . PBRB' = (Art. 26) S • PBRB' ^ S • C'BA'B' = 
S . A'B'C'B; therefore (Art. 35) AA' is cut in involution. 

If the diagonals of the quadrilateral be drawn, and the points 
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■where they cut the tranversal be called D and D', we shall have 
(by Prop. 2°) the two pairs of points, A, A/- 

A' and C, C, in involution with D, D' ; 
but they are also in involution with B, B' ; 
therefore (Art 36) any three of the four 
pairs are in involution. 

4°. If three chorda of a circle intersect ^ 
i/n a poi/nty lines drawn from any point 
in the iyircumference to the extremities of 
the chords^ form a pencil i/n involution. 
(See Ex. V.) 

Let AA', BB', CC, be the three chords. 
Join AC, AC, AB', CB^ Then, by Art. 1 5, 
A . CA^B'C^ = B' . CBAC = B' . C'ABC ; 
therefore (Art 25), if V be any point on 
circumference, V • CA'B'C = V • C'ABC, 
and the proposition becomes evident by 
Art. 35. 

6°. If cmy nvmher of circles pa^es through the sams two 
povnts, and cmy tromsversal cut them^ the points of intersection 
form a system of points i/n involution. 

Let the circles intersect in P, Q (see fig), and let the line 
joining P, Q cut the transver- 
sal in O. Then (Euclid, B. iii. 
Props. 35, 36), OA . 0A'= OP . 
OQ = OB . OB' therefore OA • 
OA', OB . OB', 00 . OC, &c., 
are all equal, and theref6re, by 
Arts. 35 and 36, the system of 
points A A', BB', CC, &c., is in involution, O being the centre 
of the system. 

It is evident, (Euclid, B. iii. Prop. 36), that if two circles be 
described through P and Q, to touch the transversal, the points 
of contact will be the foci of the system. These will, of course, 
be imaginary (Art 36), when the point O lies between P and Q. 

If the transversal be parallel to PQ, one focus and the centre 
of the system are at an infinite distance. 
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CHAPTER III. 

POLES AND POLARS IN RELATION TO A CIRCLE. 

38. Given a point O, and a circle whose centre is C (see nezt 
figure) ; let CO be joined, and, on the joining line, a portion, CO^, 
be taken (in the same direction from C as O is), such that CO • 
CO^ is equal to the square of the radius of the circle ; a perpen- 
dicular to the line C0^ at the point C, is called the polar of 
the point O, in relation to the given circle, and the point O is 
called the pole of the perpendicular. 

Hence, when the pole is within the circle, the polar is ivith- 
out it; when the pole ia on the circle^ its polar is the tangent 
drawn at the pole ; a/nd, when the pole is without the circle, its 
polar coincides with the chord of contact of tangents to the 
circle drawn from the pole (Euclid, B. vi. Prop. 8). 

39. Any right Une through the pole is cut harmonicaUy by 
the cvi^cle a/nd the polar, (The right line is supposed to meet 
the circle.) 

Let us first consider the case when the pole is vdthin the 
circla Let PR be the line (see fig.). 
Join CP, CQ, OT, O'Q ; then, since 
CO . C0'= CQS we have CO : CQ : : 
CQ: CO', and, therefore (Euclid, B. vi. 
Prop. 6), the angle CQO is equal to 
the angle CO'Q ; in the same way the 
angle CPO is equal to the angle CO'P, 
and therefore the angles CO'Q and 
CO'P are equal, and also their comple- 
ments ; therefore, CO and O'R are the 
internal and external bisectors of the 
angle PO'Q, and therefore PR is cut 
harmonically (Lardner's Euclid, B. vi. 
Prop. 3). 

Let us now suppose the pole to be without the circle. Let 
OQ be the line. As before, we find the angle CQO = CO'Q, and 
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the angle CPO = CO'P ; but the angles CQO and CPO are sup« 
plements ; therefore CO'Q and CCKP are supplements ; therefore, 
the angles, OOT and CO^Q, are equal, and also their comple-* 
ments ; therefore, O'O and CK B are the external and internal 
bisectors of the angle FO'Q, and the line OQ is cut harmoni- 
cally. 

40. From the preceding Proposition, very important conse- 
quences may be deduced. 

1°. If any number of points, on a right line, be taken as 
poles, their polara, with respect to a given circle, pass through 
one point, namely, the pole of the right line, 

For^ taking (YR as the right line, and R as one of the points 
(see the preceding figures), it follows, from the last Proposition, 
that the polar of R must pass through O, since the line through 
R and O is cut harmonically. 

From this it follows (Art. 38), that if pairs of tangents be 
drawn to a circle from all the points of a given right line^ the 
chords of contoAst pass through one point. 

Also, the lime joi/ning any two poi/nis has, for its pole, the 
intersection of the polars of the points. 

2". If any number of right lines pass through a point, the 
locus of their poles, with respect to a given eirde, is a right 
line, namely, the polar of the povat 

For, let O (see the preceding figures) be the point; conceive 
any line to be drawn through O, and its pole to be joined to 
that point ; then, as the joining line is cut harmonically, the 
pole of the line drawn through O, must lie on O'R 

. Hence, it appears, that " if any number of lines be drawn 
through a given point, so as to cut a given circle, and tangents 
be drawn at the points of intersection of each line with the 
circle, the locus of their intersection is a right line, namely, the 
polar of the given point/' 

The reader may, perhaps, imagine that Props. 1° and 2** are 
not to be relied on in all cases, as the proofe above given will 
sometimes require us to consider a line cut harmonically with 
one pair of conjugates imaginary, (namely, when the points R 
and O are both without the circle). The validity of the proofe 

F 
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depends on the principle of oontinaityy which we shall endea- 
Yoor to exphun in a future Chapter. Another proof of Props. 
1** and 2® is given below.* 

3^ If through a given povnij A, any two right Hues be 
dravm^ cuMvng a given circle in the povnta B, C^ arid B% C^ 
tJie lines joining those points (whether directly or transversely) 
will intersect on the polar of the povnt A. 
. Let BB^ CCy intersect at O (see fig.). Join AO ; then, taking 
OB and OC as two conjugate legs of an 
harmonic pencil, and OA as a third 1^, 
the fourth leg OD is determined (Art 7), 
which, as it cuts AC and AC harmonically, 
must be the polar of A. The point O lies, 
therefore, on the polar of A ; and by join- 
ing ACy, it follows, in the same way, that 
O also lies on the polar of A. 

The figure represents A without the 
circle, but the proof applies in every case. 

4^ If four right Ivnes be drawn from the same pointy P, so 
as to cut a ci/rde, the anharmonic ratio of 
any four of the povrvts of intersection (see 
Art 25), as A, B, C, D, is the same as thai 
of the remaining four^ A', B', C, IK. 

Join A to B', C, D' (see %), and A' to 
B, C, D. Then, the intersections of the join- 
ing lines respectively (AB' with A'B, AC' 
with A'C, and AD' with A'D), Ke on the 
polar of P (Prop. 3°) ; therefore A . A'B'C'D' 

* 1°. Let O'S be a given right line, of which O 
is the pole, and let S be any point on it. Join S to 
the centre of the circle, and draw OS' perpendicular 
to CS. We have, then (see fig.), CS : CO' :: CO : 
OS', and, therefore, CS . CS' = CO . CO', equal to 
the square of the radius. It follows that OS' Ib the 
polar of S, and this proves Prop. 1^. 

2^. Again, let OS' represent any right line, 
passing through a given point, 0, whose polar is 
O'S. Draw CS perpendicular to OS'; we have then, 
as before, CS . CS' equal to the square of the radius ; 
and, therefore, S is the pole of OS', which proves Prop. 2^, 
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= A' • ABCD, both pencils cutting the polar in the same four 
points, and the Proposition is proved.* 

A similar proof applies when the point P is within the circle. 

5°. If four poles he taken on a right Une, their polo/reform 
a pencil^ whose anha/rmonic ratio is the same as that of the 
fov/r poles. 

In the first place, it follows from Prop. P, that the four 
polars meet in a point, and therefore form a pencil. Again, it 
is plain, that the angle subtended by two poles at the centre of 
the circle, is equal to that made by their polars (as the angle 
between two lines is equal to that made by two others 
perpendicular to them) ; therefore the pencil formed by joining 
the centre to the four poles, has the same anharmonic ratio 
(Art. 15) as that formed by the four polars. Q, E- D. 

POLAR PROPERTIES OF QUADRILATERALS. 

41. We shall now give some remarkable polar properties of 
quadrilaterals inscribed in, or circumscribed to, a circle. 

r. " If a quadrilateral be inscribed in a circle, the intersec- 
tion of the diagonals and the extremities of the third diagonal 
(see Art. 11) are three points, such that each is the pole of the 
line joining the other two." 

Let BCC'B' be the quadrilateral (see the figure of Prop. 3° 
of the last Article). In the demonstration of the Proposition 
referred to, we proved that 00' is the polar of A ; in the same 
way AO' is the polar of O ; therefore, the intersection of 00' 
and AO' is the pole of AO (Art. 40, 1°) ; this completes the 
proof of the Proposition. 

2°. ** If a quadrilateral be circumscribed to a circle, and an 
inscribed quadrilateral be formed by joining the successive points 
of contact, the diagonals of the two quadrilaterals intersect in 



* This Proposition, expressed trigonometrically (see Note on Art. 26), gives the 
following equation: 

sin ^AD . sin ^BC sin jk'D' . sin jWC 
sin JAB . sin JCD ~ sin J A'B' . sin JC'D' * 
There are two other equations of a similar form (not independent, however) corre- 
sponding to those given in the Note on Art. 16. 
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the aame point, and form an harmonic pencil ; and the third di- 
agonala of the two quadrilaterals are coincident." 

Let PQRS be the circumscribed quadrilateral, and ABCD 
the inscribed P 

(see fig. ;) and 
let AB and 
CD meet in 
O. Then, ^ 
AB and CD 
are (Art. 38) 
the polars of 
P and R, the 
point O is the 

pole of the o^ o 

line PR (Art. 40, 1°), and, therefore (Art. 40, 3°), that line 
passes through V, the intersection of the diagonals of the in- 
scribed quadrilateral ; and in a similar way it is proved that 
the line joining S and Q is the polar of O^, and, therefore, passes 
through V. 

Again, as PR has been proved to be the polar of O, it must, 
when produced, pass through O', the intersection of AD and BC 
(Art. 40, 3°) ; but, as O' is the pole of SQ, AO' is cut harmoni- 
cally (Art. 39) ; therefore, VA, VS, VD, VR, form an harmonic 
pencil. 

Lastly, as AC and BD are (Art. 38) the polars of the extre- 
mities of the third diagonal of PQRS, this third diagonal is the 
polar of their intersection V (Art, 40, 1°) ; and therefore is 
coincident with the third diagonal of the inscribed quadrilate- 
ral ABCD (Prop. V of this Art). 

3°. " If a quadrilateral be circumscribed to a circle, the inter- 
section of each pair of the three diagonals is the pole of the 
remaining one.'' 

Let PQRS be the quadrilateral (see last figure). 

In the first place, it is evident from the proof of the last 
Proposition, that the intersection of PR and QS is the pole of 
the third diagonal. 

It was also proved that 0', the intersection of AD and BC, 
lies on PR, and on the third diagonal of PQRS ; therefore, O' 
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is the intersection of PR with the third diagonal ; but O' is 
also the pole of QS ; therefore, the Proposition is proved so far 
as regards the diagonal QS, and in a similar way it can be 
proved for the remaining diagonal PR. 

4^ If a quadrilateral be inscribed in or circumscribed to a 
circle, whose centre is C, the line joining the centre with the in- 
tersection of the diagonals (which point we shall call V), is per- 
pendicular to the third diagonal, and cuts it in a point V, such 
that CV • C V' is equal to the square of the radius. For, this is 
merely saying that the point V is the pole of the third diagonal, 
which has been proved in Props. 1° and 2° of this Article. 

5°. ^' If a quadrilateral be inscribed in a circle, and through 
the intersection of the diagonals a line be drawn, parallel to the 
third diagonal, the portion intercepted by either pair of opposite 
sides is bisected." 

Referring to Art. 37, Prop. 3°, let us suppose D and D' to 
coincide ; then, since a chord drawn through any point parallel 
to the polar of the point, is bisected (Euclid, B. iii. Prop. 3), 
we have (Art. 36, 2°) the proposition above given. 

6**. Given in ^magnitude and position one aide, AB (see 
last figure) of a quadrilateral inscribed in a given circle, the 
line joining the intersection of the diagonals to that of the padr 
of sides adjacent to the given one, passes through a fUced point 

Let ABCD be the quadrilateral ; then, since the points P, V, 
O', all lie- on the polar of O, the line joining V and O' passes 
through the fixed point P, the intersection of tangents at A and B. 

METHOD OF RECIPROCATION. 

42. By means of the theory of polars, every Proposition be- 
comes, as it were, double ; that is, it leads immediately to another, 
called its redprocal The process by which one Proposition is 
thus deduced from another, is called reciprocation. The propriety 
of the name, as well as the general nature of the process itself, 
will be understood from the examples which we shall give ; but 
the complete power and extent of the method can only be appre- 
ciated in its applications to the higher departments of geometry. 

1®. Suppose it were required to find the reciprocal of Pascal's 
theorem. (See Art. 27.) 
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Draw tangents at the six vertices of the inscribed hexagon ; 
by this means a circumscribed hexagon is formed, whose three 
diagonals (that is, lines joining opposite angles) are the polars of 
the points of intersection of the 
opposite sides of the inscribed 
hexagon ; for instance, C^F' (see 
fig.) is the polar of O (Art 40, 
l""). Now, as the three points 
of intersection are in one right 
line, their polars pass through 
one point (Art 40, l""). Hence, 
we have Brianchon's theorem, 
" The lines joining the oppo- 
eUe angles of a hefcagonj dr- 
cv/macrihed to a circle, meet in one poi/at" 

If we examine this process, it will be seen that we have con- 
structed a new figure (the circumscribed hexagon, and its three 
diagonals), each line in which has for its pole, in respect to the 
given circle, a corresponding point in the original figure, the 
tangents having for poles the points of contact. It will also be 
seen that the original figure stands in exactly the same relation 
to the new one. The two figures are, therefore, properly called 
polar reciprocals; and the same name is applied to express the 
relation between their properties. Pascal's and Brianchon's 
theorems are, then, mutually polar; and either being provedt 
the other follows aa a matter of course. 

What we have said of the preceding example may be taken 
as a general account of the method, which we shall now further 
illustrate by other examples. 

The fundamental properties of polars, proved in Art. 40, 1°, 
2^ and 5°, should be constantly borne in mind. 

2"". If we suppose the circumscribed hexagon to become sue- 
cessively a pentagon, a quadrilateral, and a triangle, by the 
coincidence of two points of contact, we have the following 
theorems, the reciprocals of those given in Art. 28 : — 

'* If a pentagon be circumscribed to a circle, and the extremi- 
ties of any side be joined to those of the two adjacent sides, the 
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intersection of the joining lines is in directum with the point of 

contact on the first side, and the opposite angle of the pentagon/' 
'^ If a quadiilateral be circumscribed to a circle, the line 

joining either pair of opposite points of contact passes through 

the intersection of the diagonals." (This we have already 

proved in Prop. 2^ of Art. 41 .) 

'' If a triangle be circumscribed to a circle, the lines joining 

the angles to the opposite points of contact meet in a poiuf 

3°. the anharmouic ratio of four points on a circle is con- 
stant (Art. (25) ; required the reciprocal property. 

We begin by drawing the polars of the four given points, 

A, B, C, D, and of the variable point V 

(see fig.) ; that is, we draw five tangents 

at those points, and thus get four points. A", 

B', C, D', the poles of the four lines AV, 

BV,CV,DV. Now, recollecting (Art. 40, 

5^) that the anharmonic ratio of four points 

in a right line, is the same as that of their 

four polars, it follows that the anharmonic 

ratio of the four points y where a variable 

tangent cuts four fixed tangents to a cir- ^ 

clCj is consta/nt. This is the required reciprocal theorem. 

4°. If tangents he drawn to any plane curve, and their 

poles be taken with respect to a given circle, the locus of the 

poles is a new curve, called the reciprocal of the original. In 
what does the reciprocity consist ? 

Let A'T and B'T (see fig.) be two tangents to the original 
curve A'B', and let A and B be the 
two corresponding points in the new A"^~^^ 

curve AB ; then, T, the intersection -" ~t^ /^P 

of the tangents, is the pole of the 
chord AB, with respect to the given 
circle, (whose centre is the point C 
on the figure). Let us now suppose 
the point B^ to approach indefinitely 
to A'; the point B will, in conse- 
quence, approach to A, the point T will ultimately coincide 
with A', and the line AB become a tangent at A ; that is, any 
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pomt such as A!inthe original curves is the pole of the tcmgefot 
drawn ai; the corresponding point of the new curve. The 
reciprocal relation between the two curves is therefore obvious 
It is evident that the lines CA^ and CA are respectively 
perpendicular to the tangents AP and AT', and that C A' • CP 
=CA • CP' = the square of the radius of the circle. 

43. In the examples above given, a circle formed part of the 
original construction. When tiiat is not the case, we may take 
any circle, and perform the reciprocation with respect to it 
The following examples are of this kind: — 

I"". A right line meeting the sides and diagonals of a quadri- 
lateral is cut in involution (Art. 37, 2°) ; what is the reciprocal 
property ? 

Take any circle, and construct a new figure, in which, each 
line shall be the polar with respect to the circle of a correspond- 
ing point in the original figure. We shall thus have a new qua* 
drilateral, the six intersections of whose sides are the poles of the 
sides and diagonals of the given quadrilateral. Corresponding to 
the six points in involution, we shall leave a pencil of six Unes 
in involution (Art 40, 1° and 5°), whose vertex is the pole of 
the transversal, and whose legs pass through the intersections of 
the sides of the new quadrilateral. The reciprocal theorem is, 
therefore, that which we have already given in Art 37, Prop. I''. 

2"". If the angles of a variable triangle move on three given 
right lines, and if two sides pass respectively through two given 
points in directum with the intersection of the two given lines on 
which the opposite angles move, the third side will pass through 
one of two fixed points (Art 19, 2°). What is the reciprocal? 

Take any circle, and construct a new figure as before, having 
a line corresponding to each point, and a point corresponding to 
each line in the figure of the given proposition. We shall find 
the following result, already given in Art 19, 3°: — 

If the sides of a variable triangle pass each through a given 
point, and if two of the angles move on two given lines, whose 
intersection is m directum with the two points through which 
the opposite sides pass, the third angle wiU move on one of two 
fixed lines. 
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3®. In like manner the Propositions given in Arts. 21 and 
22 are polar reciprocals with respect to any circle. 

4*4 The following theorems are the reciprocals of others 
already proved : — 

1**. " If from the same point be drawn two tangents to a 
circle, any third line, and a fourth to the pole of the third line, 
the four lines form an harmonic pencil." (Eeciprocal of the 
Proposition in Art 39.) 

2°, If a quadrilateral be circy/mscribed to a circle^ two tan- 
gents from any pointy and four lines from the same point to the 
angles of the quadrilateral^ form a pencil in involution^ This 
is the reciprocal of Art. 37, 3°. It may be proved independently 
by the aid of the property established in Art. 42, 3°. We shall 
give the proof as an illustration of the use of that important 
property. 

Let ABA^B' be the quadrilateral, and V the point. Let the 
tangents VC, VC (see fig.) be produced y 

to meet A'B. Then considering VC, VC, 
AB, A'B', as four fixed tangents, the an- 
harmonic ratio of their intersections with / / J— ^rV — ^^' 
a fifth variable tangent is constant ; there- ^ 
fore, V.ACCB' = VBCC'A' = V. A'O'CB, 
AB' and A'B being taken successively as 
the fifth tangent. 

3° If three pairs of tangents be drawn 
to a drcUffrom three points in a right li/ney any seventh ta/n- 
gent will be cut in involution- This is the reciprocal of the 
Proposition proved in Art. 37, 4°. 

4°. We saw in Art. 40, 5°, that a line passing through the 
intersection of the diagonals of a quadrilateral, inscribed in a 
circle, and parallel to the third diagonal, gives equal intercepts 
between that point and either pair of opposite sides. In place 
of saying that the intercepts are equal, we may say that they 
subtend equal angles at the centre, which is an evident conse- 
quence of the former result. Taking the reciprocal of the theo- 
rem in this form, we have the following Proposition: — 

If a qv/idrilateral be circumscribed to a d/rcle, a/nd a per- 
pendicular be drawn from the cenire to the third diagonal, 

G 
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Imea from the foot of the perpemUculaTj to either pair of 
opposite anglesj make equal cmglee with the third diagonal. 
This follows immediately from the former, bearing in mind 
that the angle between two polars is equal to that subtended 
at the centre by their poles. 

It is not difficult to establish this Proposition independently. 

Some additional examples of reciprocation, involving pro- 
perties of angles, will be found in Chapter IX. 

45. In connexion with the method of reciprocation, the fol- 
lowing principle, due to Mr. Salmon, is of use : — 

The distance of any two poles from the centre of a circle, 
are to one another as their distances from the alternate polars. 

Let O and P be the two poles, and O A and PB (see fig.) their 
distances from the alternate polars. 
Draw OX and PY perpendicular to 
CP and CO respectively. Then, since 
CO . CO' = CP . CF (both being equal 
to the square of the radius), CP' : CO' 
: : CO : CP, or, : : CX : CY; therefore, 
CP' - CX : CO' - CY : : CP' : CO', or, 
: : CO : CP ; therefore, CO : CP : : O A 
: PB. Q. J?. D. 

46. In order to exemplify the application of the foregoing 
principle, we shall first prove the following theorem : — 

If a quadrilateral be inscribed in a circle, the recta/ngles 
under the perpendiculars, drawn from any point in the cir- 
cumference to each pair of opposite sides, are equal. 

Let ABCD be the quadrilateral, and OP, OP', OQ, OQ', the 
perpendiculars. Join OA, OC, PQ, P'Q'. 
Then, as the quadrilateral, OQAP, has the 
angles at P and Q right angles, it is inscri- 
bable in a circle, and therefore the angle 
POQ is the supplement of PAQ; for a 
similar reason the angle P'OQ' is the sup- 
plement of P'CQ' ; therefore, the angle 
POQ = P'OQ' (Euclid, B. iii. Prop. 22). Again, the angle OQP 
= OAP (Euclid, B. iii. Prop. 21) = OCD = OFQ' ; the trian- 
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gles OPQ and OQT' are, therefore, similar, and we have OP : 
OQ : : OQ' : OF ; therefore, OP • OP' = OQ . OQ'. Q, E. D. 

If the points A and B become coincident, and also C and D, 
AB and CD will become tangents. We have then the following 
theorem : — 

If perpendiculars he drawn from any point in the cir- 
cumference of a cirde upon two tangents a/ad their chord of 
contact, the square of the last perpendicular is equal to the 
rectcmgle under the former. 

47. Let us now see what theorems can be derived from the 
preceding by the method of reciprocation. 

Draw tangents at the five points A, B, C, D, O ; draw LX, NX', 
perpendicular to the fifth tangent (see 
fig.) ; and join the centre C' to O, L, 
and N. Then, as O is the pole of the 
fifth tangent, and L the pole of AD, 
we have (Art. 45) LX : OP : : C'L : 
CO; also, NX' : OF :: C'N : CO; 
therefore, LX . NX' : OP • OF : : C'L • 
C'N : CO*, that is, in a constant ratio, 
when the points A, B, C, D are fixed, 
and O moves on the circumference. 

In a similar manner we have MY • 
RT' : OQ • OQ' in a constant ratio (MY and RY' being perpen- 
diculars from M and B to the fifth tangent, and OQ, OQ', the 
same as in last Article) ; and therefore, as OP • OP' = OQ • OQ' 
(Art 46), we have finally LX • NX' : MY • BY' a constant ratio. 
The resulting theorem is aa follows : — 

If a quadrilateral be circumscribed to a circle, a/nd a fifth 
variable tcmgent be drawn, the rectangles under perpendiculars 
on it from each pair of opposite angles, are in a constant rcUio. 

If, as before, the points A and B become coincident, and also 
C and D, we have the following theorem : If two fixed tangents 
he drawn to a circle, a/ad also a third variable ta/agent, and if 
perpendiculars be drawn on the third ta/agent from the points 
of conlact of thefioced tangents and their point of intersection, 
the square of the last perpendicular is to the rectangle under 
the former in a constant ratio. 
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48. We shall now exemplify the use of the theory of polars 
in the solution of problems. 

1°. From a given point O, without a given circle^ let a secant 
be dratvn, cvMvng the circle in P arid Q, 
and let a portion, OX, (see fig.) be taken on 

it, such that — = qP "*" OO ' ^^^^^^ 
t?ie locus of the point X ? 

Construct the polar of the given point, 
and let it cut the revolving secant in the 
point 0'. Then, as the secant is cut harmonically, we have (Art. 

the required locus is, therefore, a right line, parallel to the polar, 
and bisecting OO' in any one of its positions. 

Should the point O be within the circle, the result above 
obtained will still hold good in the sense explained in Art. 13. 

If the revolving Utic Tneet any number of given circles, or 

circles cmd right lines in P, Q, R, S, ^c, cmd if —— = — — - + 

1 1 

-— -{- — — - -|- &c., it will appear, as in Art. 14, that the locus 
OQ OR 

of ^is still a right line. 

2^ " Given a circle and a point O, another point O' may be 
found, whose distances, O'P, O'Q, 
from the extremities of any chord 
through O, shall be to one another 
as the corresponding segments OP, 
OQ of the chord.'' (The point O 
is first supposed within the circle.) 

Draw a perpendicular 00' from 
the given point O on its polar ; the 
foot of the perpendicular is the required point. 

For, it appears, from the proof of Art. 39, that when any 
line is drawn through the pole O, the angle PO'Q is bisected, 
and, therefore (Euclid, B. vL Prop. 3), OP : OQ : : O'P : O'Q. 
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If O be given without the circle, the same result holds good. 

Since CO • CO' is equal to the square of the radius, the points 
O and O' are mutually convertible, so that, if O' were the given 
point, O would be the point answering the proposed question. 

The foot of the perpendicular from a point to its polar may- 
be called the middle point of the polar. 

S^. " From a given point 
O, in the produced diameter 
of a given circle, it is required 
to draw a secant, cutting the 
circle in two points, P and 
Q (see ^gure), the rectangle 
(AP • BQ), under whose dis- 
tances from the adjacent ex- 
tremities of the diameter shall equal a given quantity." 

Analy8i8. — Let OQ be the required secant. Join PB, QA, 
and produce AP and BQ to meet in C. The point C, and the 
intersection of AQ and PB, lie on the polar of O (Art. 40, 3°), 
which is a line given in position, as O and the circle are given. 
Let CO' be the polar. Now, as AP • BQ is given, the ratio 

{AP: ABl 
TiO- ABl 

is given. But, since the triangles APB, AO'C are similar, and 
also the triangles BQA, BO'C (Euclid, B. iii. Prop. 31), AP : AB 
: : AO' : AC and BQ : AB : : BO' : BC ; therefore (Euclid, B. vi. 
Prop. 23) the ratio AO' • BO' : AC • BC is given ; and therefore 
(as AO' • BO' is given) the rectangle AC • BC is given. But the 
difference of the squares of AC and BC is also given, being 
equal to the difference of the squares of the segments AC, BO' 
(Euclid, B. i. Prop. 47). The question comes, then, finally to 
this : — *' Given the difference of the squares of two lines, and 
the rectangle under them, to find the lines." From these con* 
ditions, the lines AC and BC may be found (Lardner's Euclid, 
B. ii. Prop. 14), and the triangle ABC constructed, which evi- 
dently determines the position of the required secant. 

If the rectangle PB • AQ had been given in place of PA • QB, 
the preceding analysis would again apply, by changing C into 
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C^ the intersection of PB and AQ, and interchanging the let- 
ters P and Q. 

The problem may be solved in a similar manner if the point 
O is given, cutting the diameter internally. 

4°. '^ Given in position one pair of opposite sides of a quadri- 
lateral, inscribed in a circle, and also the point of intersection 
of the diagonals, to find the locus of the centre of the circle.'' 
(See the figure of Art. 40, Prop. 3°.) 

Let CA, C^A be the given lines, and C/ the given point, and 
let O be the intersection of the other pair of opposite sides of 
any of the inscribed quadrilaterals. Then, as O is the pole of 
the line joining A and CK (Art. 40, 3^), A is the vertex of an 
harmonic pencil, three of whose legs, AC, AC, AO', are given 
in position ; and therefore AO, the leg conjugate to AO', is 
(Art. 7) also given. A perpendicular firom the given point O' 
to AO is (Art. 41, 4°) the locus required. 

5°. To i/nacribe a polygon in a given circle^ so that each side 
shall pass through a given point (the order of succession of the 
sides, with respect to the given points, being assigned). 

Proceeding as in Article 32, we can construct three polygons, 
whose sides shall pass through the given points, and all whose 
angles, except one, shall rest on the circle, this one being the 
corresponding angle in alL Let the legs containing this angle 
cut the circle in the points A, D for one of the polygons, in B, E 
for another, and in C, F for the third, and let K be the point 
where the corresponding angle of the required polygon should 
be. It will appear at once, from Art. 40, 4^, that the finding of 
the point K is reduced to the problem solved in Art. 30 ; and 
either of the points so found will determine a polygon answer- 
ing the question. (See Salmon's Conic Sections, Art. 322.) 

As the line which determines the point K (see Art. 30) may 
not meet the circle, the two solutions above mentioned may 
become imaginaiy. 

6°. To ci/rcumscribe a polygon to a circle^ so that each angle 
shall rest on a given right line (the successive order of the 
angles, with respect to the given lines being assigned). 

Analysis. — Join the successive points of contact; we have 
then an inscribed polygon, each of whose sides passes through 
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a given point (Art. 40, 1°). The problem is, therefore, reduced 
to the last. 

This is an example of the use of reciprocation in the solution 
of problems. 

T. " To inscribe a polygon in another of the same number 
of sides, so that each side shall touch a given circle, which 
touches a pair of consecutive sides of the given polygon." 

Construct three polygons, whose sides shall touch the given 
circles, and all whose angles but one shall rest on the sides of the 
given polygon, this one being the corresponding angle in alL It 
will then appear from the property of a fifth tangent, proved in 
Art 42, 3"", that the position of the corresponding angle of the 
required polygon is determined by means of Art 31. 

The solution of this problem is due to Mr. Townsend. 

49. Problem 5"" of the preceding Article becomes indetermi- 
nate in certain cases. Such are the two which follow: — 

1°. When the wwrnher of given points is three, each being 
the pole of the line connecting the other two. 

Let A, O, O be the three given points (see the figure of Art 
40, Prop. 3°), and let any trianglcy BCC, be inscribed in the 
given circle, with two sides, BC, CC^, passing through two of the 
given points, A and O ; the third side, BC', will pass through C. 

For, as A is the pole of OO^, AC is cut harmonically, and 
for a like reason (if AO' be produced) OC is cut harmonically; 
therefore 0' is the vertex of an harmonic pencil, of which OA, 
O'D, O'C are three legs, and whose fourth leg (conjugate to 
(yC) passes through the points B and C ; therefore (Art. 7), the 
points B, O', C, are in one right line. 

2°. When the number of points is even there is an indeter- 
minate case, which will appear from the following theorem : — 

If a quadrilateraly PQRS, be inscribed in a given circle^ 
so that three of its sides Toay pass through three given points 
va a right Iv/lCy the fourth side will constantly pass through 
another fiaed poi/rvt in the same right Ivae (the successive order 
of the sides being sussigned as before). 

Let A, B, C be the three given points in a right line ; the 
fourth point, D (see figure on next page), is also fixed. 
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For, draw QO parallel to the given line ; join SO, and let it 
meet the given line in N. 
Then, the angle CNS = 
NOQ =SPQ (EucUd,B.iii 
Prop. 22); therefore, the 
quadrilateral FANS is in- 
scribable in a circle, and 
CA.CN = CSCP; but 
this latter rectangle is a 
given quantity ( Euclid, 
B. ili. Prop. 36), as the 
point C and the circle are given ; therefore, CA • ON is given, 
and the point N is determined. Again, the angle RDN =; RQO = 
RSO ; therefore, a circle will pass through S, R^ N, D (Euclid, 
B. iii. Prop. 21), and BS • BR = BD • BN ; but the first of these 
rectangles is given ; therefore, so is the second, and therefore (as 
BN is a given line), BD is determined. This proves the theorem. 

Let us now suppose a figure of any even number of sides to be 
inscribed in the given circle, so that all its aides but one shall pass 
respectively through given points in a right line; the remaining 
side will also pass through afiased point in the same right li'M- 

For, by drawing diagonals from one angle of the polygon it 
can always be divided into quadrilaterals, to which the preceding 
theorem becomes applicable. This consideration immediately 
proves the Proposition. 

If the circle and the entire system of points mentioned in 
this Proposition were given, we could, of course, inscribe an 
indefinite number of polygons, whose sides woidd pass respec- 
tively through those points. 

50. Problem 6^, of Article 48, must also admit of indeter- 
minate cases. 

The following correspond to those given in the last Article :— 
1^. The problem r^erred to is indeterminate '^{;^6n thegiv^ 
lines are three in number, and form a triangle, each ofwfiose 
sides is the polar of the opposite vertex. 

For, if a triangle be circumscribed to the circle, so that two 
of its angles shall lie on two of the given lines, its remainiBg 
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angle will aliso lie on the third given line. This is the recipro- 
cal of Art. 49, 1^ 

2*^. The problem is evidently also indeterminate, when the 
given lines are of an even number, and meet in a point, pro- 
vided that, if all of them but one be supposed given along with 
the circle, the remaining one shall coincide with that determined 
by the following theorem : — 

If a 'polygon of an even nv/mber of sides be drcwinscribed 
to a given circle, so that all Us angles but one shall move re- 
spectively on given right Unes, which rneet in a povrU, the 
locus of the remaining angle will be another right line pass- 
ing through the sams point 

This is the reciprocal of the second theorem given in Art. 
49, 2°. 

51. The problem of inscribing a triangle in a circle, so that 
each side shall pass through a given point, can be solved in 
another manner, which we shall explain, as it depends on a 
very remarkable proposition in the theory of polars. 

If two triangles be polar reciprocals, with respect to a circle, 
(that is, such that every side in 
each is the polar of a correspond- 
ing vertex in the other), the three 
points of intersection of corre- 
sponding sides are in one right 
line ; and the lines joining cor- 
responding angles meet in one 
point (In the annexed figure 
the circle is not drawn.) 

Let ABC, A'B'C, be the two 
triangles, A being the pole of B'C, 
A' of BC, &a, and let P, Q, R, be 
the points of intersection of the 
corresponding sides. Join C'R, C ^ 
A, and AA'. Now, the point of 
intersection of AB and B'C, which 
we shall call T (see fig.), is the pole 
of AC (Art. 40, 1^), and for a 
similar reason P is the pole of AA'. We have then four points 

H 
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in a right line, P, T, (7, B', ihe poles of the four lines, AA% AC^, 
AB, AC, and, therefore (Art. 40, 5""), the anharmonic ratio R • 
PT(yB' = A.A'(yTQ, which again equals B • B'CTQ = R . QT 
C'B'. Since B.PT(yB' = R.QTC'B', RQ and RP are in one 
right line(Art 17); and the first part of the Proposition is proved. 
We proved above that P is the pole of AA^ and in the same 
way it is plain that Q is the pole of BB^ and R that of CC 
Then, as P, Q, R are in one right line, AA', BB% CC^ meet in 
one point. This is the second part of the Proposition, and is 
the reciprocal of the first part 



52. If we look back to the solution of the problem contained 
in Art. 48, 5"", we shall see that two triangles (with real or ima- 
ginary vertices) may be inscribed in a circle, so as to have their 
sides passing through the same three points. The six vertices of 
the two triangles (when real) can (m general) be found by a con- 
struction founded on the second part of the preceding Proposition. 

Let A^ B', C be the three given points, and ABC the tri- 
angle formed by their po- 
lars. DrawAA^BB^CC' 
(which, by the last Arti- 
cle, will meet in a point), 
and let the points L, M, 
N, where they meet the 
sides of the triangle ABC 
be joined (see fig). The 
joining lines will meet the 
circle in six points, one 
set of which, P, Q, R (see 
fig)> 'will be the vertices 

of one of the inscribed a. k S b 

triangles, and the remaining set will belong to the other. 

It will evidently be sufficient to prove that the points P, 
C, Q are in directum, as the same argument wUl apply to the 
other vertices. 

From Art. 9 it appears that BM is cut harmonically by the 
lines NC and NL, and, therefore (Art. 7), the line joining P and 
C is (when produced) cut harmonically by NB and NL; but this 
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line is also cut harmonically by the circle (Art. 39), the three 
points P, C, S remaining unchanged ; therefore, it will cut the 
circle and NL in the same point, that is, it will pass through Q. 

This demonstration is taken from Salmon's Conic Sections, 
Art. 322. 

If the three given points were on the circumference, it is easy 
to see that the two inscribed triangles would become coincident 

If the three points be so situated, that the two triangles 
A'B'C, ABC, are coincident, the Hues AA', BE', CC, become 
indeterminate, and, therefore, the question itself also, as we 
have already seen (Art. 49, 1*^).* 



CHAPTER IV. 

THE RADICAL AXIS AND CENTRES OF SIMILITUDE OF TWO CIRCLES. 

53. To find the locus of a point, from which tangents 
drawn to two given circles are equal. 

Let A and B be the centres of the given circles, and O the 
point from which the equal 
tangents OT, OT' are drawn. 
Draw OP perpendicular to the 
line joining the centres, and 
join AT and BT'. Then, since 
OT and OT' are supposed 
equal, we have (Euclid, B. i. 
Prop. 47) AT2-BT2 = A02-^ 
BO^. This latter quantity is, therefore, given ; and, as AB is 




* It has been assumed in the foregoing demonstration, that the lines LM, MN, NL 
"will meet the circle, when the problem proposed is possible. Thb assumption is, how- 
ever, justified by the proof itself. For, since (as we have seen) those lines (supposing 
them to meet the circle) determine, by their intersections with it, aU the vertices that 
serve to solve the question, if any of them did not meet it, two of the vertices would 
become imaginary, and consequently the two inscribed triangles also ; but this is qon^ 
trary to the hypothesis. 
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also given, the locus required is the right line OP perpendicular 
to AB, and cutting it so that AP* -- BP» = AT« - BT'«.» 

This right line is called the racUoal aaia of the two circles. 

When the cirdes irUersect, it ia tvid&nt (Euclid, B. iii. Prop. 
36) that the radical axia coincides with the comTnon chord. 

In this case, tangents cannot be drawn firom a point of the 
interior portion of the chord. In an algebraical point of view, 
however, the tangents may still be considered equal, although 
imaginary. 

When the circles touch, the radical axis becomes the tangent 
drawn at the point of contact. And when they do not meet 
one another, it meets neither of them. In the last case, which 
is that represented in the figure, the radical axis is said to be 
an ideal chords common to the two circles. 

If from any point in the radical axia two right limes 
be drawn, cutting the two circlea reapectively^ the rectangles 
under the aegmenia of each chord, (meaaured from the poini) 
are equal (Euclid, B. iii. Props. 35, 36). This property holds 
good in all the cases above mentioned, and is of importance, as 
it applies to the points above noticed, fix>m which tangents 
drawn to the two circles are imaginary. 

54. We shall now consider more particularly the case repre* 
sented in the preceding figure. 

Since tangents di*awn from P to the two circles are equal, 
we have AP^ - AT^ = BP^ - BT'^. Now, if we suppose the 
lengths of the lines BP and BT' to vary simultaneously in such 
a manner that BP^— BT'^ shall remain constant, we shall find 
an indefinite number of circles, having their centres on the 
right line AP, any of wliich may replace the circle whose centre 
is B, the other circle, whose centre is A, and the radical axis, 
remaining unaltered. The lengths of BP and BT' are capable 
of indefinite increase ; but it is evident that, as they decrease 



* We have here assumed the following Proposition (which is evident from Euclid, 
B. i. Prop. 47):— 

When the base and the difference of the squares of the sides of a triangle are ffiveny 
the locus qfihe vertex is a right line perpendicular to the base. 
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simultaneoujEdy, BP will be the least possible when BT^ vanishes. 
This limiting position of ilie centre B is represented in the 
figure by the point F^ which is determined by making PF'^ 
equal to the constant quantity BP^ - BT'S or APa - AT*. 

Let us now conceive the centre and radius of the circle 
hiaierto supposed fixed to vary in a similar manner, that is. 
without altering the quantity AP^ - AT^, and it is evident that 
the radical axis will still remain unchanged, and that there will 
be a limiting position, F, of the point A, such that PF^ is equal 
to the constant quantity AP^ - AT^. This limiting poiMy F, 
is the position occupied by the centre A, when the radius AT 
vanishes, and its distance from the radical axis is eqaol to thai 
of the other limiting point F', since PF^ = PF'«. 

It also follows, that every pair of the entire system of circles 
found by the variation of the centres A and B aXong the line 
PA, under the conditions above specified, vdll have for their 
radical axis the line PO. 

The radical axis is obviously commoh when a system of circles 
touches the same right line at the same point, or when they pass 
through the same two points. In the former case, the limiting 
points coincide with the point of contact. In the latter, they do 
not exist, or, speaking algebraically, they are imaginary. This 
appears from the subjoined figure :— ^^ 

For, the value of PF^, above given, 
is APa - AT^, a negative quantity. 




55. If a circle be described with 
any point, O, on the radical axis, as 
centre, and one of the equal tangents, 
OT (see the two preceding figures), as radius, it will touch the 
two lines AT and BT, and will, therefore, cut the two circles, 
whose centres are A and B, orthogonally (see Art. 6, 1°). And 
conversely, any circle cutting at right angles two other circles, 
will have its centre on their radical axis. 

From this remark it appears that, if an infinite system of 
circles have a comrnon radical aods (see last Article), a correla- 
tive system also exists, with the following properties : — 
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1®. "Every circle of either system cuts orthogonally all the 
circles of the other sjrstem." 

Z". " The centres belonging to either system lie on the radical 
axis of the other/' 

S''. '< Every circle of one system passes throngh the limiting 
points (if there be such) of the other system/' (This is imj^ed 
in V, since the limiting points are to be regarded as infinitely 
small circlea) 

4^. ^< If the limiting points of either system be real and 
distinct, those of the other are imaginary ; and vice versa. If 
in one system they be coincident, the same is true of the other/' 

56. A system of circles, having a common radical axis, pos- 
sesses another remarkable property : — 

" Take any of the circles which cut the given system ortho- 
gonally, and let one of its diameters be drawn, the polar of 
either extremity of this diameter, with respect to any circle of 
the system passes through the other extremity/' 

Let RS be a diameter of the circle cutting orthogonally the 
system of circles, two of which 
are represented in the figure, hav- 
ing for centres the points A and 
B. Let the line joining R and 
A cut this circle in V, and let 
the lines SV and AT be drawn. 
Then, from the conditions of the 
question, it follows that AT is a 
tangent to the circle whose cen- 
tre is O ; therefore, RA . AV = AT^, and, bs the angle RVS is a 
right angle, the line SV is the polar of the point R, with respect 
to the circle whose centre is A ; that is, this polar passes through 
the point S. It is evident that a similar result will hold if the 
polar of R be taken with respect to any other circle of the system, 
for instance that whose circle is B. Exactly in the same way it 
appears that the polars of S will pass through R. 

57. This theorem enables us to solve the following problem : — 
Given a pointy and a system of circles havvtig a common 

radical axis, it is required to find a^i^ther point through which 
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the polara of the given paint, with reaped to the circles of the 
sydevroj ahaU all pass. 

The question is manifestly reduced to this : — 

*' Through a given point to describe a circle, so as to cut 
Orthogonally a given system of circles having a common radical 
aads.'^ This may be done as follows : — 

1°. If the given system has real and distinct limiting points, 
a circle described through them and through the given pointj 
will be the circle required (Art. 55, 3°). 

2^. If the limiting points be coincident, we shall have to de- 
scribe a circle passing through a given point, and touching a given 
right line at a given point, a problem whose solution is obvious. 

3°. If the limiting points be imaginary, that is, if the given 
system of circles have a common chord, describe a circle through 
the given point, and through the extremities of the chord ; draw 
a tangent to this circle at the given point, and let it meet the 
chord produced ; a circle described with the point of intersection 
as centre, and the tangent as radius, will be the required circle 
(Euclid, B. iii. Prop. 36). 

58. When the point given in the preceding problem coincides 
with either of the limiting points F, F' (see figure in Art. 53), 
its polar, with respect to any circle of the system, is constant 

For, since (Art 54) AP^ - AT* = PF*, AT^ ~ AP* — PF^ = 
(AP + PF) (AP - PF) = AF'. AF ; and, in like manner, BT^= 
BF • BF'; consequently, the polar of F, with respect to the circle 
whose centre is A, and its polar with respect to the circle whose 
centre is B, are the same line, namely, a perpendicular to AB 
drawn through F'. Since A and B represent the centres (Art. 54) 
of any pair of circles of the entire system the Proposition is 
proved. 

It follows from this, that if two circles be given (not meeti/ng 
one a/nother), two povnts can he found, such that each has the 
aa/rae polar with respect to one circle as it has with respect to 
the other. 

59. We saw in Art. 37, 5"*, that a right line cutting a system 
of circles, which have a common chord, gives a system of points 
in involution. It will appear &om Art. 53, that a similar result 
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holds good when the oommon chord is idecd. The centre of the 
system of points is on the radical axis, and the foci are the points 
where two of the circles touch the line. In the present case, those 
points are always real, and are found by taking on the transver- 
sal a portion on each side of the centre equal to the distance of 
this point from either of the limiting points (Art. 55, 3<>). When 
the transversal coincides with the line containing the centres of 
the circles, the limiting points become themselves the foci. 

This example of a system of points in involution has been 
noticed by Mr. Davies in the **^ Mathematician.'^ 

60. The limiting points above-mentioned, considered in rela- 
tion to the radical axis and a single circle of the system, possess 
some properties worth noticing. 

1°. Through either of the limiting points (suppose F), let any 
right line be drawn, cutting 
the circle in C and C\ and the 
radical axis in O ; then, OC, 
OF, OC, are proportionals. 

For, since (Art. 55, 3°) OF 
is equal to the tangent drawn 
from O, we have OC • 0C' = 
OF«. In like manner O'F' (see 
fig.) is a mean proportional between O'D and O'D^ 

2°. Making the same suppositions as before, let CQ, C'Q' be 
drawn perpendicular to the radical axis; then, the rectangle 
CQ • C'Q' is constant. 

For, since by Proposition r, OC : OF :: OF : OC, it fol- 
lows (by similar triangles) that CQ : FP : : FP : CQ' ; therefore, 
CQ . CQ' = FP« = constant. 

In like manner the rectangle DS • D'S' (see fig.) = F'P* = 
constant. It is evident that the constant quantity is the same 
whichever of the points F, F' is taken. 

3°. Since PF is equal to the tangent to the circle from P, AP* 
— • PF« = the square of the radius = AC' (see fig.). We have 
then AF» + 2AF . FP = AF» + FC + 2AF • FX (X being the 
foot of the perpendicular from C upon AP), and therefore, 
2AF . XP = FC«, or, 2AF . CQ=FC. 
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In a similar manner we shall have 2AF' • DS = F'D«. 

61 . The preceding properties may easily be exhibited in a diffe- 
rent form. The last, for instance, gives a locus of some importance. 

Given a point (F or F') , and a right line OP in position (see 
last figure), required the locus of a point C, the square of whose 
dista/nce from the given point shall eqyual the rectangle under a 
given line and the perpendicular from C upon the line given 
in position. 

It follows from the property referred to that the locus is a 
circle lying entirely on one side of the given right line. If it 
is supposed to lie on the same side as the given point (F), the 
circle is constructed by drawing the perpendicular FPupon 
the given line, and producing it through F, until AF is equal 
to half the right line given in length. The point A so found is 
the centre, and the square of the radius is equal to AP*— PF', 
a given quantity. 

If the locus is supposed to be at a side of the given line diffe" 
rent to the given point (F'), draw FT perpendicular to the given 
line, and produce it through P until AF' is equal to half the right 
line given in length. The point A so found is the centre, and 
the square of the radius equals AP"— PF'*, a given quantity. 

In the latter case the locus vanishes into a point when the 
line of given length is equal to four times PF', and becomes ima- 
ginary when it is less. 

THE RADICAL CENTRE. 

62. It was remarked by Monge that the common chords of 
every pair of three intersecting circles meet in a point This is 
evident ex absurdo, from the annexed figure. For, let V be the 
point of intersection of two of the chords, 
and, if possible, let the third chord not pass 
through V. Join C V, and produce it to C 
and C", and we readily find (Euclid, B. iiL 
Prop. 35) OV . VC = CV • VC", which is / KS^CZ:^ 
absurd. 

The Proposition just proved suggests 
the more general statement : — 

The radical aooes of every pair of a sys- 
tem of three circles meet in a point (This 
point is called the radical centre of the three circles.) 

I 




58 THE RADICAL CENTRE. 

For, if tangents be drawn to the three circles from the point 
•of intersection of two of the radical axes, they are evidently equal, 
and are, therefore, all imaginary or all real, that is the point of 
intersection is either within each of the three circles, or without 
them all (a result easily verified by drawing the figures of the 
various cases). Now the Proposition has been proved already 
on the former supposition ; and on the latter it follows at once 
from the equality of the tangents.* 

The consideration of the radical centre evidently enables us 
(Art 55) to describe (when possible) a drole cuMing three given 
circles orthogonally, 

63. The following theorem, given by Mr. Davies (see the 
Lady's Diary for 1850), is a good illustration of the foregoing 
principle : — 

If any two circles X and Y be described cutting three given 
circles, P, Q, R, and if two triangles, ABC, A'B'C, be formed, 
whose sides coincide with the common chords found by taking 
X and T, respectively, with the three given circles, the points of 
intersection of the corresponding sides will lie in one right line. 

For (Art. 62), a pair of corresponding angles (suppose A and 
A') will lie on the radical axis of the circles Q and R ; and there- 
fore the line joining them is the radical axis of Q and R Hence, 
the lines joining every pair of corresponding angles of the two 
triangles ABC, A'B'C, meet in a point, namely, the radical centre 
of the three circles, P, Q, R (Art. 62), and, consequently (Art. 
23), the intersections of corresponding sides lie in one right line. 

If any of the chords forming the sides of the triangles were 
ideal (see Art. 53), a similar demonstration would apply, and a 
similar result be arrived at. 

64. The solution of the following problem depends on the 
same principle (see the Lady's Diary for 1851) : — 

To describe a circle such that the radical axes determined 

* The Proposition jast proved leads immediately to the following : — 
If a variable circle he described through two given points i^ cut a given circle, the 
common chord passes through a Jixed point on the line which Joins the given points. 
This will appear by taking two positions of the variable circle. 
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by it a/nd three given circles shall pass respedively through 
three given points. 

Let P, Q, E be the given circles, and X the circle required 
(see last Article). It follows from what has been said that the 
three radical axes in question will form the sides of a triangle 
(such as ABC) whose angles lie on the radical axes belonging 
to every pair of the given circles. The question proposed comes 
then to this :— « To describe a triangle, having its angles on three 
given right lines, and its sides passing each through a given point." 
In the present case, the three given right lines meet in a point, 
and the triangle is readily constructed by the aid of Art. 22. 
The centre of the required circle is found by drawing perpendi- 
culars from the centres of two of the given circles upon the 
corresponding sides of the triangle, and its radius is determined 
by the final equation given in Art. 53. 

CENTRES OF SIMILITUDE. 

65* We shall now explain the properties of the centres of 
similitude of two circles. 

** If the line joining the centres A, B of two circles be di- 
vided externally at C, and internally at C, into segments propor- 




tional to the corresponding radii, the former point of section is 
said to be the eocternal, and the latter the internal centre of 
similitude of the two circles." The propriety of the name will 
appear from the second of the properties which follow. 

1°. A tangent drawn from either centre of similitude (sup- 
pose 0) to one of the circles, is also a tangent to the other. 

Let CT touch the circle whose centre is A. Join AT, and 
draw a perpendicular from B upon CT (produced, if necessary). 
Then, since AC : BC : : AT : the perpendicular, it follows from 
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the definition above given, that the perpendicular is equal to the 
radius of the circle whose centre is B, and therefore the line CT 
touches that circle. 

A common tangent to two circles, such as TT^, may be called 
direct, and one through the internal centre of similitude C 
transverse. 

It follows from what has been said, that when one of the 
circles is entirely within the other, both centres of similitude lie 
within both circles, since the common tangents are in that case 
all imaginary. 

When the circles touch one another, one of the centres of 
similitude coincides with the point of contact, and when they 
intersect, the external centre of similitude lies without both 
circles, and the internal centre within hoiji. 

The student is recommended to draw separate figures, corre- 
spondiug to the various cases just enumerated, and to follow out 
the properties of the centres of similitude in each. 

2°. " If a right line be drawn from a centre of similitude 
(suppose C), cutting one circle in the points O, V (see last figure), 
and the other in O', V, we shall have in all cases, CO : CO' : : the 
radius AO : the radius BO', and CV : CV in the same ratio." 
(The points O, O' are supposed to be taken, so that the angles 
COA and CO'B are both obtuse or both acute.) 

For, since CA : CB :: AO : BO', we have CA:AO::CB: 
BO', and therefore (Euclid, B. vi. Prop. 7) the triangles CAO 
and CfeO' are similar. In like manner the triangles CAV and 
CBV are proved to be similar, and the Proposition immediately 
follows : — 

** If the secant be drawn from the other centre of similitude 
C, we shall have C'P : C'P' : : the radius AP : the radius BF, 
and C'Q : C'Q' in the same ratio" (see last figure). 

Two points, such as O, O', or V, V, are said to correspond. 
In like manner P, P' and Q, Q' are corresponding points. Tan- 
gents at two such points are evidently parallel, since the corre- 
spending radii are parallel. 

3®. *' We shall also have, in all cases, CO • CV = constant, 
for all secants drawn from C, cutting the same pair of circles, 
and CV • CO' = the same constant quantity/' 
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For, CO . CV : CO' . CV : : CO : CO', that is, in a constant 
ratio (Prop. 2°), but CO' • CV is constant (Euclid, B. iiL Props. 
36, 36), therefore, CO • CV is constant. 

Again (Prop. 2°), CO : CO' : : CV : CV, therefore CV • CO' 
= CO . CV = constant 

" In like manner, C'P • C'Q' = C'Q • C'P' = constant'' 

Two points, such as O and V, or V and O', may be said to 
correspond inversely. The same may be said of P and Q', and 
ofP'andQ. 

4°. If a circle touch two others^ the right line joining the 
points of contact passes through their external centre of simi- 
litude^ when the contacts are of the same kind, and through 
the vntemal centre when of different hinds. 





(In the first of the annexed figures, the contacts are of the 
same kind ; and, in the second, of difierent kinds.) 

In the first case, join the points of contact O', V, and let the 
joining line cut the line joining the centres in C, and draw the 
radii BC, AV, AO. The radii BO' and AV will meet in X, the 
centre of the circle touching the two others. The angle VOX 
= O'VX = AVO = AOV ; therefore, AO and BO' are parallel, 
and AC : BC : : AO ; BO', that is to say, C is the external centre 
of similitude of the two circles whose centres are A and B. 

In the second case, making a similar construction, we find 
the angle PQ'X = Q'PX = APQ = AQP ; therefore, BQ' and AQ 
are parallel, and (calling C the point where the line PQ' meets 
AB) AC : C'B : : AQ : BQ', that is, C is the internal centre of 
similitude of the two circles touched by the circle whose centre 
is X. 

In a similar way the Proposition may be proved for any 
other variety of the figure. 
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It is to be observed that m all cases the points of oonta^ are 
such as we have called inversely corresponding (see Prop. 3°). 

66. The following applications will serve to illustrate the 
importance of the properties just proved : — 

V. It is required to draw a right line parallel to a given 
onCy so that one of the parts intercepted by the circu/mferences 
of two given circles may he a maxvnhwm- 

Let A and B (see fig.) be the centres of the given circles, 
and K the given right line. 
Through C, the internal 
centre of similitude, draw a 
light line, PP', parallel to 
K; the intercept PF is a 
maximum. 

For, let SS' be the cor- 
responding intercept made 
by any other right line pa- 
rallel to K, and let it meet tangents at P, P' in T, T'. Now, 
since the tangents (Art. 65, Prop. 2**) are parallel, PP'^TT', 
and, therefore, PP' is greater than SS'. Q. E. D. 

It is to be observed that when each of the given circles is 
entirely without the other, the same right line PP' determines 
a minimum as well as a maadmum. 

For, the tangents at Q, Q' (see fig.) are parallel, and there- 
fore (the circumferences at those points being turned in opposite 
directions) the intercept QQ' is less than the corresponding 
portion of any other line parallel to E, such as BR^ 

2^. Any number of circles being described to touch two 
given circles (the contacts being supposed of the same kind), 
cmother circle may befovmd which will cut them all orthogo- 
nally. 

Referring to the first figure of Art. 65, 4^ let us suppose the 
circle whose centre is X to represent one of the indefinite num- 
ber of circles. Now, since 0',V are points inversely correspond- 
ing, the rectangle CV • CO' is the same for all the circles (Art 
65, 3") ; therefore, tangents to them drawn firom C are all of equal 
length, and consequently, a circle described with C as centre, 
and one of the tangents as radius, will cut them all orthogonally. 
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It is easy to prove that the radical axis of the variable dr^ 
clea taken in padra all pass through C. If the contacts were of 
different kinds, they would pass through the internal centre of 
similitude of the two given circles, and the circle orthogonal 
to the system of touching circles would become imaginary. 

3°. It is required to describe a circle through a given point 
to touch two given circles- 

Referring again to the first figure of Art. 66, Prop. 4j®, let us 
suppose M to be the given point, and MNV to be the lequired 
circle. From what was said in that Proposition, it is evident 
that the rectangle MC • CN (which is equal to CV • CO') is a 
known quantity ; therefore^ since M and C are given points, CN 
is a known length, and consequently the point N is determined. 
The proposed question is now reduced to the following: — 

To describe a circle through two given points to touch a 
given circle (either of the two original circles may be taken). 
This may be done as follows: — 

Through the given points M, N (see fig.), describe any circle 
cutting the given circle DTT', and let 
the common chord, DE, be produced to 
meet the line MN in F ; from F draw 
two tangents FT, FT'; a circle de- 
scribed through M, N, and either of 
the points of contact, T or T', will 
touch the given circle. 

For, the rectangle MF • FN = DF • 
FE = FT» ; therefore, a circle described 
through M, N, and T, will touch FT at the point T (Euclid, B. 
iii. Prop. 37), and will, of course, touch the given circle at the 
same point. The same proof applies to the point T'. 

If MN and DE be parallel, the points T and T' are found 
by drawing a perpendicular to MN at its middle point.* 

Returning now to the orignal question, it is evident that it 
admits of two solutions by the aid of the external centre of 




* The following important problem can be rednced to that now solved : 

'^To find a point, C, in a given right line, so that the sum or dijQPerence of its 
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similitude. Two more may be obtained by means of the inter- 
nal centre, so that the entire number of solutions is four. 



AXES OF SIMILITUDE. 

67. By the aid of the problem whose solution has just been 
completed, we can describe a circle to touch three given circles^ 
The reduction of this to the former we shall leave as an exercise 
to the student. There is, however, another method of solution, 
by which the points of contact of the required circle with the 
three given ones are directly determined. This method we 
propose to explain, as it is connected with some remarkable 
properties of a system of three circles, and also as it will fiir- 
nish additional applications of the principles established in Art. 
65. We shall commence with the following Proposition : — 

The six centres of similitude of three circles taken in pairs 
lie three by three on four right lines (called axes of similitude). 

In order to establish this Proposition we shall first prove 
that the three external centres of similitude lie on one right 
line. (This we shall call the external axis of similitude.) 

Let A, B, C be the centres K c" b c' 

of the three circles, and C, B', 
A' the external centres of simi- 
Htude (see fig.). Let K, R', R" 
represent the radii of the cir- 
cles. We have then (Art. 65) 




BC 

AC 


R' 
R* 


AB' 
CB' 


R 
R"' 


CA' 
BA' 


R" 

~R" 


therefore 


BC 

AC 


• AB' 

• CB' 


• CA' 
.BA'~ 



distances from two given points, A, 6, shall equal a given 
line." 

With A as centre, and the given snm or difference as 
radius, describe a circle ; from the other point, B, draw a 
perpendicular BP upon the line given in position, and pro- 
duce it until PE = BP ; describe a circle through B and E 
to touch the former circle ; the line joining A to the point 
of contact, D or D', will determine the required point. 

As an example of the use of this problem, we shall give another which is imme- 
diately reducible to it : — 

" To describe a circle so as to touch two given circles, and have its centre on a 
g^ven right line." 
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R'» R • R" 

g'j^/ j^, = 1, and consequently BC • AB' • OA' = AC • CB'* 

BA'. It follows from this result (Art. 9, Lemma 2) that A', B', 
C' are in one right line. 

We shall next prove that any of the external centres (such as 
A') is m directum with two internal centres (such as B", C,). 
(There will, in this way, be three right lines, which may be 
called internal axes of similitude.) 

In order to see this, it is only requisite to put the letters B^^ 
and C (see fig.) in place of B' and C in the former proof. 

68. We shall now give the analysis of the problen referred 
to at the beginning of the last Article. 

A circle touching three given circles may be considered as 
the limiting case of a circle 
touching two and passing 
through a variable point on 
the third. From this observa- 
tion, combined with the con- 
cluding remark of Art. 66, it 
appears that the entire number 
of circles, which can be de- 
scribed to touch three given 
circles is eight. These may be 
divided into four pairs, the 
circles of each of which have 
contacts of oppoaitekindB with 
the given circles. (In the fig. 
PP'F' and QQ'Q" represent 
a pair of the required circles, for one of which the contacts are 
all external, and for the other all internal) Now (Art. 65 4°), 
the lines QQ' and PP' meet at C, the external centre of simi- 
litude of the two given circles A^ B (see fig.) ; and, also, PQ, 
P'Q', and P"Q" meet at R, the internal centre of similitude 
of the required pair of circles. Again (Art 65, 3°), the rect- 
angles RP . RQ, RP' . RQ', and RP" • RQ" are equal, and there- 
fore the point R is the radical centre of the three given cir- 
cles, and consequently a given point. For the same reason^ 

K 
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the rectangles C'Q • C'Q', CT • CT' are equal, aad therefore C 
IB a point on the radical axis of the required pair of circles. 
Hence it immediately follows that this radical axis is the exter- 
nal axis of similitude of the three given circles, and is therefore 
given. Moreover, if tangents be drawn at the points P'^Q', their 
intersection T must lie on the same radical axis (as the tangents 
P'T and QT are equal), and therefore (Art 40, V) the chord of 
contact P'Q' must pass through the pole of the axis of similitude 
with respect to the circle B, that is, through a given point. But 
this chord also passes through R It is therefore entirely deter- 
mined ; and, in a similar way, the other chords PQ and P^'Q". 
The three chords being constructed, the two sets of points of 
contact are found, and therefore the two circles themselves. 

The points of contact of the other three pairs of touching 
circles may be determined, in like, manner, by means of the 
three internal axes of similitude. 



CHAPTER V. 

ADDITIONAL EXAMPLES ON THE SUBJECTS CONTAINED IN THE FIRST 

FOUR CHAPTERS. 

69. The present Chapter may be regarded as supplementary 
to those which have preceded. The arrangement hitherto oh- 
served shall be adhered to. The following are a few additional 
examples on the principles of harmonic proportion and har- 
monic pencils, 

1®. Oiven the harrnonic mean and the difference of the 
extremes f to find the extremes. 

Referring to the figure in Art. 4, we are given 00' and AB, 
to find AC and BO'. 

Now, CO • CO' = CT* = a given quantity ; if, then, we consider 
CO and CO' as two unknown lines, we have their difference and 
the rectangle under them, from which they can be found (Lardner's 
Euclid, B. ii. Prop. 10), and consequently AO' and BO' also. 

2°. Oiven the sum, and the sum, of the squares of three lines 
in harmonic proportion^ to find the lines. 



Daemonic proportion and harmonic penciia 
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Let X, T, Z represent the three lines. Subtracting the sum 
of their squares from the squareof their sum, we have the sum of 
the double rectangles under every pair ; that is, 2X • Z + 2 • Y • 
(X + Z) will be a known quantity. But (Art. 5, 1°) 2X • Z = Y • 
(X+Z) ; therefore 3Y • (X+Z) becomes known, and consequently 
Y • (X + Z). Now, considering Y and X + Z as two lines, we 
have their sum and the rectangle under them and therefore (Lard- 
ners' Euclid, B. ii. Prop. 10) Y and X + Z become separately 
known. We have then X + Z and the rectangle X • Z, from 
which X and Z can be found, and the question is solved. 

3^ The perpendicular CP on the hypotenuse of a Tight- 
angled triangle is an harmonic mean between the segments of 
the hypotenuse Toade by the point of contact of the inscribed 
circle. 

Let O be the centre of the inscribed circle, and OT, OV, OX, 
perpendiculars from it on the sides. 
Complete the rectangles CN, CY, 
TB. Since OX = OT, OX = A Y, 
and therefore the triangle OKX 
= AKY; and, in like manner, the 
triangle OLX =BLZ; and conse- 
quently the rectangle ON = the 
triangle ABN = the triangle ABC. 
Hence, AX • BX (which is the 
same as AT • BV, or the rectangle 
ON) = the triangle ABC, and therefore 2 AX • BX = (AX+BX) . 
the perpendiccular CP, and (Art. 5, 1"*) the Proposition is proved. 

4^ If two tangents be draivn to a 
circle, any third tangent is cut harmoni- 
cally by the two former by their chord of 
contactj and by the circle. 

Let AC be the third tangent, cutting 
the first of the given tangents in A, and 
the second in B. Draw AV parallel to 
the second tangent ; then, AO' : BO' : : 
AV : BT' (see fig.). But, since TX =. 
T'X, TA = AV ; therefore AC : BO' : 
Q. E. D. 





AT:BT'::AO:BO' 
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6^ In a righi-angled tria/ngle^ the square of the hieectar of 
the vertical angle is an harmonic mean between the squares of 
the segments into which it divides the hypotenuse. 

Let ABC be the triangle, and CN the bisector of the right 
angle. Draw OP perpendicular to 
CN at the point N, and OX paral- 
lel to CP. It is evident from the 
construction that ON = CN = NP ; 
therefore OX = BP, and CB : BP 
: : CB : OX : : CA : AO. ItfoUows A 
that the rectangles CA • AO and 
CB • BP (being similar) are in the ratio of the squares of C A 
and CB (Lardner's Euclid, B. vi. Prop. 20), or as the squares of 
AN and NB (Euclid, B. vL Props. 3 and 22). But since the tri- 
angles CNO and CNP are isosceles, CA • AO = AN«-CN« (Lard- 
ner's Euclid, B. ii. Prop. 6) and CB-BP = CN»-NB«; therefore, 
finally, AN« : NB« : : AN* ~ CN« : CN«- NB«. Q. E. D. 

6°. If the sides of a triangle he produced^ the bisectors of the 
external angles meet the opposite sides in three points, which lie 
on one right line. 

Let ABC be the triangle, and let the bisectors meet the oppo- 
site sides produced in P, Q, B. Join 
A and P to V the point where BQ 
and CB intersect Then, since V 
is the centre of the exscribed circle 
touching BC, the line AV bisects 
the angle B AC, and therefore (Lard- 
ner's Euclid, B. vLProp. 3) AC, AV, 
AB, AP form an harmonic pencil, 
and consequently VC, V A, VB, VP 
also form an harmonic pencil (both 
pencils cutting the line PC in the 
same points). It follows (Art. 7) that the line joining P, R must, 
when produced, cut AQ and VQ in the same point, namely, the 
harmonic conjugate of the point B ; that is, this joining line must 
pass through Q, which was to be proved. 

This Proposition may also be proved by the converse of 
Lemma 2° of Art. 9. 
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7^. It is evident from Art. 9, Lemma 1, that the lines drawn 
from the angles of a tria/ngle to the Tmddle poirUs of the oppo- 
site sides 'meet m a point 

It is easily proved also that they trisect each other. For, if 
AE and BD be the bisec- 
tors of two of the sides of 
the triangle ABC, D£ is 
parallel to AB, and there- 
fore BO : OD :: AB : DE 
:: AC: CD:: 2:1. This 
Proposition is required in 
our next example, which is as follows: — 

If through the intersection O of the bisectors of the sides of 
a tria/ngle ABC, a transversal RQ he drawn, cutting the three 

aides m R, P, Q, it is required to prove that tvtt = ryp + qQ' 

OR bevng the intercept which (measured from O) lies in a di- 
rection different to that of the other two. 

For, draw BF parallel to AC, and let it meet DE produced 
in F and the transversal in O', Now, since CE=EB, DE = 
EF, and therefore (Art. 7) BD, BE, BO', BQ form an harmonic 
pencil, and consequently OQ is cut harmonically. We have, 

therefore, (Art 5, 3^) gp + ^ = 2 • qq7 = qr (^^^ ^^' 
: OR : : BO : OD : : 2 : 1). 

ADDITIONAL EXAMPLES ON TRANSVERSALS. 

70. We shall now give some additional Propositions on the 
subject of transversals. 

1^. Let a right line be drawn pa/rallel to the. base of a tri- 
a/ngle, and its intersections with the sides he joined to the 
opposite extremities of the base, to fund the locus of the inter- 
section of the joining lines. 

Let the line joining C and B' (see fig. of Art. 9, Lemma I) 
be supposed parallel to the base BC. We have then (Euclid, B. 
vi Prop. 2) BC : AC: : B'C : AB', therefore BC • AB'=AC • 
B'C, and consequently (Art. 9, Lemma 1) BA'=A'C. The 
locus required is therefore the right line joi/aing the vertex A to 
the middle of the base. 
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2^. The principle established in the preceding example is 
important As an instance of its application we shall take the 
foUowing problem:— 

" Oiven all the angles of a quadrilateral and one of its sides, 
to construct it so that one of its diagonals may bisect the other." 

Let AC'OB' (see fig. of Art. 9, Lemma 1) be the required 
quadrilateral, and AB' the given side; then, since the angles 
are also given, the triangle AB'B is entirely known, and the 
triangle AC'G is given in species (that is, we can make one 
similar to it). Now if we construct a triangle of this species, 
and equal in area to AB'B (Euclid, B. vi. Prop. 25), and if we 
conceive AC'C to be made equal in all respects to the triangle 
so constructed, and to be placed with regard to the given tri- 
angle AB'B as Id the figure, the quadrilateral so found will 
solve the question. For, if B'C and BC be drawn, we have 
the triangle BC'B' = the triangle CB'C ; therefore B'C is 
parallel to BC, and consequently (Prop. 1°) BC is bisected by 
AO ; therefore, so is B'C also. 

If the side were not given, it is easy to see that we could find 
the species of the quadrilateral by taking any line to represent AB', 
and proceeding as abova The species being determined, any other 
quantity,such as the area, or perimeter, &c., being supposed given, 
the problem becomes determinate, and its solution evident. 

3°. If three right Ivaes^ AA', BB', CC, he drawn from the' 
angles of a triangle to meet in O, . 

and a n^w triangle A'B'C he 
formed hy jovning their inter- / 

sections vdth the opposite sides, 2/ 

it is required to prove that three /^\^vj 

right lineSyAF,BQ,CB,,draiun / V^ 

from A,B,C to the middle points /,y^'\ l 

of the correspo'ading sides of the jI^j^ \j/ 

laUer triangle^ meet in a point. ^ J^! x C 

In order to prove this theorem, let us suppose AP and BQ 
to meet in V ; let VX, VY, VZ be drawn perpendicular to the 
sides of the triangle ABC, and VA', VB', YC be joined. Then, 
since QA'=QC', the triangle BAV=BC'V, that is, BA' • VX= 

BC • VZ or g^ = == ; in like manner -^-jj^ = ^y ; and therefore 
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BA^ • AC VY B WA>* a T ,.BA'.AC'.CB' , 

AB- . BC^ = VX- ^"* (^- ^' ^«"'°* 1) BC- ■ AB- ■ CA ^ = ' " 

ItfoUowsthat ^. gj-,= l; that is, VY . CB' = VX . CA', 

and therefore (joining C V) the triangle C VB'= the triangle CVA', 
Hence it appears, ex absurdo, that the joining line C V must pass 
through R, the middle point of A'B'. The Proposition is there- 
fore proved. 

4®. The following extension of Art 9, Lemma 1, is due to 
Poncelet. (Traite des Propri^tes Projectives, p. 85.) 

" If lines be drawn from the angles of a polygon of an odd 
number of sides to meet in a point, the continued products of the 
alternate segments so formed on the opposite sides are equal." 

(The figure represents a pen- 
tagon, but the proof will apply in 
general.) 

Let O be the point through 
which the transversals AA', BB', 
&c. are drawn, and let the lines 
AC, AD, &c. be drawn joining 
each angle to the extremities of 

the opposite side. We have then q^ x J) 

AD; __ the triangle AOD BE^ _ BOE CA/ _ AOC DB' _ 
BD' - the triangle BOD' CE' - COF DA' - AOD' EB^ - 

DOB - EC EOC ^. . . ' A' ^i. I' 

£7yp, and -^p7 = XT^; therefore, by compounding the ratios, 

AD' . BE' . CA' • DB' . EC , , . , ., ^ 

B D' . CE' . DA' . EB' ■ AC = ^' ^'''^^ P'^'^''^^ *^^ Proposition. 

Poncelet's demonstration depends on a principle of projection 
which the reader will find in Chapter VII. of this work. 

6°. The second Lemma of Art 9 is only a particular case of 
the following general theorem due to Camot. (Geometric de 
Position, p. 295.) 

If a tranaveraal he drawn cutting the aides of a polygon 
(or the aides produced)^ the continued products of the alternate 
segments so formed on the sides are equal. 

Suppose the polygon to be for instance, a pentagon (see figure 
on next page), and let CD' be the transversal. Draw AP, BQ, 
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&c., perpendiculars firom the angles of the polygon on the trans- 
versaly and we have 
AD'^AP BE^ BQ 
BD' - BQ' CE' - OR' 
CA' _ CR DB' _ DS 
DA' - 0S' EF - ET' 
EC ET 



and 



there- 



A(T' - AP ' 
fore, by compounding 

Aiy.BE'.CA'.DB'.EC 




the ratios, 



, = 1. Q. E, D. (In the 



BD' . CE' . DA' . EB' . AC 
proof CD' and CD are supposed to meet at a point A^) 

A similar demonstration evidently applies to a polygon of 
any number of sides. 

It is also easy to see that the proof holds good, even when 
the sides of the Polygon do not lie in one plane (in which case 
the polygon is said to be '' gauche''), and the segments axe made 
by a transverse plane instead of a right line. We have only 
to consider AP, BQ, (&a to be drawn perpendicular to the tram^ 
verse plane, and the proof goes on as before. 

6^. If two transversals jMS o/ndFQ, cut the opposite sides (^ 
a " gauche^'* quadrilateral 
ABCD vn such a manner that 
AM ^ DN ,AQ ^ 
BM = ^'CN''''^DQ=^' 

pp, K being a number y it is 

required to prove that the two 

transversals meet oneanother. 

AM • CN 
For, the conditions of the question give K = ptlt •nM ^^'^^ 

K= ^^^; therefore AM. CN.DQ.BP=AQ.CP.BM.DN, 

AM.DQ CP.DN ^ . .^^. ,. , „^ , 
^^ AQ RM ~ ON RP ' ^^^> since ABD is a triangle, MQ and 

BD are in the same plane, and may be supposed to meet at a point 
O, which cuts BD so that 5g -. ^^'^^ (Art. 9, Lemma 2) ; 
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and for a like reason FN will cat BD in a point, which we may 
call O', such that g^y = p^' -pp . It follows then that MQ 

and PN intersect BD in the same point (since ^^^ = ^7y )> 

and are therefore in the same plane, and consequently that MN 
and PQ are also in the same plane. Q, E. D. (Charles, ^' Aperfu 
Historique/' p. 242.) 

71. The following properties of a complete quadrilateral are 
worth noticing. (See Art. 11.) 

1° ** In a complete quadrilateral, the triangle whose bases 
are any two of the three diagonals, and whose common vertex 
is one extremity of the remaining diagonal, are to one another 
as the triangles having the same bases as the former triangles, 
and their common vertex at its other extremity." (Camot, 
G^om^trie de Position, p. 283.) 

For (see last figure of Art. 9), we have the triangle ABC : 
OBC : : AA' : OA' and the triangle AC'B' : OC'B' : : AX : OX 
(X being the point where AO cuts B'C) ; but since (Art 9) 
AA' is cut harmonically, AA': OA': : AX : OX; therefore the 
triangle ABC : OBC : : AC'B' : OC'B', and therefore ABC : 
AB'C : : OBC : OB'C. This proves the proposition when BC 
and B'C^ are taken as bases, and in a similar manner it may be 
proved for any other pair of the three diagonals AO, WC/, BC. 

2^ The middle points of the three diagonals of a complete 
quadrilateral are in one 
right line. 

Let IFGM, lEGL, 
FEML be the component 
quadrilaterals, and IG, 
FM, LE the three diago- 
nals of the complete qua- 
drilateral (see figure). 
Produce these to form 

the triangle ABC, and l ~ m 

join BG and EC. Then, since (Art. 1 1 ) BM is cut harmonically, 
BG also is (Art. 7) cut harmonically ; and therefore (since (Art. 

L 
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11 ) £L is cut harmonically) the points A, D, F are in one right 
line. Now let X, T, Z be the middle points of LE, FM, IG, and 
we have (Art. 3) BX : EX : : EX : AX ; therefore (conversion 
and alternation) BE : AE : : BX : EX, whence, BE« : AE« : : BX« 

: EX' : : BX : AX, that is -^^^ =: j-^. In like manner we get 
GC«^CZ' *^^ BF« ~ BY' ^^^ therefore, by compounding the 

,. be«'.ag-.cf« BX.AZ.CT rrx. ... .u 

"^^'"^^ AE» . CG« . BF' = AX. OZ . BY The quantity on the 
left hand equals unity (Art 9, Lemma 1) (since AF, BG, CE 
meet in a point D) ; therefore BX . AZ . CY= AX • CZ, . BY 
which proves (Art 9, Lemma 2) that X, Y, Z are in one right line. 
This demonstration is borrowed from Poncelet (Traite des 
Propri^t^s Projectives, p. 87). There is, however, another de- 
monstration of the property in question which depends on a 
very useful principle not yet explained. This we shall give in 
the following Article. 

72. Lebima 4. — Given in magnitude cmd position the bases 
of two triangles fiaving a cow/mon vertex ; given also the sum 
of their areas ; required the locus of the common vertex. 

Let AB, CD be the bases of the triangles, and V the vertex. 
Produce the bases to meet 
in O, and take OP=AB, 
and OQ = CD, and join 
PV, QV, OV, PQ. It is 
evident then that the qua- 
drilateral OPVQ equals 
the sum of the triangles 
ABV and CDV, and its 
area is therefore a given quantity. But the triangle OPQ is 
also given ; therefore the area PQV is a given quantity, and 
consequently the locus of V is a right line parallel to PQ. 

In the figure we have supposed the point V to be between 
the lines AB, CD. If it should take a position such as V (see 
fig.) on the parallel above determined, it is easy to see that it is 
the difference of the triangles ABV and CDV, which is equal 
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to the given quantity. (The algebraical explanation of this 
circumstance is, that the triangle CDY changes its sign when 
its vertex passes from one side of the base to the other.) 

We shall now apply this Lemma to prove the second Propo- 
sition of the last Article. 

Let ABCD be one of the component quadrilaterals (see fig.), 
and Z, Y, X the middle points 
of the three diagonals- of the 
complete quadrilateral Then, 
since AC is bisected at Z, it is 
evident that the sum of the tri- 
iangles ABZ and CDZ = i • (qua- 
drilateral ABCD), and since BD 
is bisected at Y, the sum of the 
triangles ABY and CDY also 
= i • (quadrilateral ABCD). 

Again, the triangle ABX = APX — BPX = (since PQ is bisected 
at X) i (APQ — BPQ) = i . (ABQ), and in like manner the 
triangle CDX = i • (CDQ) ; therefore the triangle ABX — the 
triangle CDX = i . (ABQ — CDQ) =- i • (quadrilateral ABCD). 
It appears now from the Lemma that the three points Z, Y, X, 
being three positions of the common vertex of two triangles 
having two fixed bases, AB, CD, and the sum of the areas con- 
stant (in the sense above explained), lie on the same right line. 
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73. The following Propositions relate to the application of 
anharmonic principles : — 

1**. If all the sides of a polygon pass through given points 
"which lie in oTie right line, and all its angles except one move 
on given right Ivnes, the locus of the free angle is a right lirie 
(the successive order of the sides and angles of the variable 
polygon, with respect to the given points and right lines, being 
supposed to be assigned.) 

Let us conceive a quadrilateral whose sides pass respectively 
through four given points, P, Q, R, S, in a right line, and three 
of whose angles. A, B, C, move on three given right lines. By 
taking three positions of the quadrilateral, and proceeding as in 
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Art. 21 (which is a particular case of the present theorem), the 
student will find that the three positions of the free angle D 
lie in a right line ; and a similar proof will aj^ly in the case of 
any polygon. 

Calling A\ B', C the povnJtB where the given right Imea, on 
which the cmgles (of the quadrilateral) move^ are intersected by 
the right line containing the given pointSy and calling D^ the 
point where the locue cute the same right line, there eoAsts a 
remarkable relation amongst the segments of D'A' Tnade by P, 
o/ A'B' mocfo by Q, o/B'C m^Le by R, and of CD' made by S. 

In order to see this relation let us consider PS as a transver- 
sal cutting the sides of the quadrilateral, and we have ^Art 70, 
5°) PA.QB.RC-SD = PD.QA.RB.SC. This equation is 
true for all positions of the moving quadrilateral, and therefore 
is true in the extreme case, where its sides become in directum, 
and its angles A,B, C, D coincide with A', B', C, D' req)ectively. 
When this takes place, the equation becomes PA' • QB' • RC • 
SD'= PD' • QA' • RB' • SC, which expresses the relation in ques- 
tion. (Poncelet, Traits des Propri^t^s Projectives, Art. 501.) A 
similar relation obviously holds good in the case of any polygon. 
2®. If all the sides of a polygon pass through given pointsyand 
oM its ambles except one move on given right Unes m^eeting in 
apoi/ntyWhichism6jxec^xan.with p v' S 

the points through which the sides 
containing the free angle pass, 
the locus of this angle is a right 
line (the same supposition being 
made as in the last Proposition.) 

The figure represents the case 
of a quadrilateral ABCD, in which 
D is the free angle, and P, Q, R, S 
the given points. Then, taking 
three positions of the quadrilateral, 
and joining Q and R to V, the in- 
tersection of the given lines VA, 
VB, VC, we have the anharmonic 
ratio P • VAA'A" = Q • VAA'A"= 
Q . VBB'B" = R . VBB'B" = R . VCC'C" = S • YC<yO\ and there- 
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fore (Art 20) D, D', D'' are in one right line. The locus of D 
is therefore a right line. 

It is evident that a similar proof will apply when the poly- 
gon has any number of sides. 

Proposition 3^ of Art 19 is a particnkr ease of this theorem. 

74. The polar reciprooala (see Art. 42) of the preceding 
theorems, (with respect to any circle) are the following: — 

1"*. If all the OTiglea of a polygon move on given right liTiea 
meeti/ng vn a pointy a/ad all its aides except one pass through 
given points^thissidealsoconstantlypassesthrough a fixed point 
(the supposition of the former enunciation being still retained). 

The theorem in Art. 22 is a particular case of this. 

2^. If all the angles of a polygon move on given right lineSy 
a/ad all its sides eoocept one pass through given points which lie 
in a right line passing through the i/atersection of the lines on 
which the eoctremities of the free side raovcy then this side also 
passes through afuced point (on the same supposition as before). 

Proposition 2^ of Art. 19 is a particular case of this theorem. 

75. The following are additional examples on the application 
of anharmonic properties: — 

I*'. Let a seca/at AD he drawn fro^m the i/atersection A of two 
ta/ngents AT, AT' to a circle and let it cut 
the circle in two points B a/ad D, it is re- 
quired to prove that the rectangle DT • BT' 
= i.BD.Tr. 

Considering T as the vertex of a pencil 
whose legs pass through T, T', B and D, 
we have the anharmonic ratio T • ACBD 
= T . TT'BD. But since AD is cut har- 
monicaUy (Art. 39), T . ACBD (which 

equals x p \yr\ J = i C-^^^t. 1 6) ; therefore, 

T .TT'BD also = J; that is (Art 26) ^/ gp = i, which was 

to be proved. 

This Proposition admits of an easy proof on other principles. 
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• 

2^. From two given paints P, R m the circuinfererice of a 
given circle to inflect two chords PO, QO (see 
fig.), 80 that the segments AC, A B, vntercepted 
on a given ckord AD, ina/y have a givenratio. . 

Analysis. — Join AO and DO. Then 

since A, P, Q, D. are given points, a p , np 

BC 
is a given ratio (Art 26) ; but -^^ is a given 

AD 

ratio (since AC : AB is given) ; therefore t^ is a given ratio, 

and consequently CD is determined, which solves the question. 

3°. Oiven a triomgle ABC (see fig.), let PQ and RS be dnuwn 
paralleltogivenrightlvnes; required 
the locus of the intersection of PB 
and BA, the segTnents AQ cmd BS 
being taken in a given ratio, yOv^^'*^^ ^---^ 

Taking three positions of the yxVV^^ 
point O, whose locus is required, it 
is easy to see from the conditions of ^ Q S b 

the question, that A and B are the vertices of two pencils having 
the same anharmonic ratio, and therefore the locus of O is (Art. 
20) a right line. 

4°. If in the last question^ the lines PQ and RS are to pass 
through given points in place of being parallel to given Unes, 
the rest remaining as before, it will be found on similar principles 
that the locos is still a right Une. 

The last question may be considered a particular case of the 
present, namely, when the given points are at an infinite distance. 

ADDITIONAL EXAMPLES ON INVOLUTION. 

76. Weshall place here two remarkable properties of siaj^jomfe 
in involution not given in the former Articles on that subject. 

1"*. The rectangles under the distances from one of the points 
to the other pairs of conjugates are to one another as the rect- 
angles under the distcmces from the conjugate of that point to 
the same pairs of conjugates respectively. 
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Let AA', BB', CC, be the three pairs of points. We have 

^, ^ AB . AB' A'B . A'B' , 
to prove that ^^ j^^, = ^ /q , ^/q/ > ^d so on. 

For, (Art. 35), tlie anharmonic ratio of the four points A, C, 
A', B being equal to that of their four conjugates, we have 

AB.CA^ A^B^ . C^A . .. . .r, .^n A/n/ at^ 
AC ' A'B "^ A^Q/ , j^Qf > ^^^ therefore AB • A C • A'C • AB = 

AC • A'B • A'B' • AC, from which the required result follows 
immediately. 

We saw in Art 37, Prop. 3°, that a right line cutting a circle 
and the sides of an inscribed quadrilateral is cut in involution. 
Hence the result above mentioned expresses a property of the 
circle, A, A' being supposed to represent the points where the 
transversal cuts one pair of opposite sides C, C', those where it 
cuts the other pair, and B,B' those in which it intersects the circle. 
This property is due to Desargues, who proved it for any conic 
section. The relation between the six points of the transversal 
he expressed by the phrase *' involution of six points,^' which 
became one of five when a pair of conjugates happened to coin- 
cide, as for instance when the transversal became a tangent to 
the circle. The definition of involution, which we have given 
in Art 35, is that laid down by Chasles. (Aper9u Historique, 
p. 318.) 

2°. If we take three points belonging to three pairs (sup- 
pose A, B, 0), each of them makes two segments with the con- 
jugates of the other two ; of the six segments thus formed, the 
product of three which have no common eoctremity is equal to 
the product of the remaining three. 

We have to prove AB' • CA' . BC = A'B . C'A • B'O. 

For, (Art. 35), the anharmonic ratio of the four points A, B', 

AC • B'C 
C, C being the same as that of A', B, C\ C, we have .r>/ pp^ =* 

A'P • BC 

A ^R ' CO » ^^^ which the required result is evident. 

If in forming the six segments we take the point B' (sup- 
pose) in place of B, we have only to interchange the letters B 
and B' to get the corresponding result, which is AB • CA' • B'C 
= A'B' . C A . BC ; and so on. 
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The relation established in this PropoBition was known to 
Pappus as a property of the six points in which a transversal is 
cut by the sides and diagonals of a quadrilateral. (See Art. 37, 2°.) 

It is evident £rom the proofs given in Ibhe present Article, 
that if three pairs of points in a right line have either of the 
relations expressed in Propositions l"" and 2°, they are such that 
the anharmonic ratio of four is the same as that of their four 
conjugates, and are consequently in involution (Ari 35). Hence 
either of the relations amongst three pairs of points remarked 
by Pappus and Desai^es implies the other.* 

ADDITIONAL EXAMPLES ON THE THEORY OF POLARS. 

77. The following properties of a quadrilateral inscribed in a 
circle are connected with the theory of polars : — 

1°. " K a quadrilateral be inscribed in a circle, the square of 
the third diagonal is equal to the sum of the squares of the tan- 
gents from its extremitiea 

Let E, F be the extremities of the third diagonal (see fig.). 
Now (Art. 41, 1°) TT', the polar of 
E, passes through F, and therefore 
(Lardner's Euclid, B. ii Prop. 6) 
EF2 - ET2 = FT . FT' = the square 
of the tangent from F. Hence EF* 
= the sum of the squares of the tan- 
gents from E and F. 

2®. "A circle described on the ^ m f 

third diagonal as diameter cuts the given circle orthogonally. 



* It fbllowB from the Note on Art 16, that certain rekuioru amongst the sefftnents of 
a line cut in involution are true of the sines of the angles made by the legs of a pencil m 
involution. (See Art 37, 1°.) Hence it appears that if three right lines passing through 
the same point cut the circumference of a circle in three pairs of points. A, A', B, B', C, C, 
(see fig. of Art. 37, 4°), the relations above mentioned will hold amongst the sines qf the 
halves of the intercepted arcs. We shall have, for instance, the following equations cor- 
responding to the relations of Desargues and Pappus given in the text : 
sin^ AB . sin^ AB^ _ sin^ A3 . sin^ A^B; 
• sini AC . sin J AC sinj A'C . sini A'C* 

2o. sinj AB' . sini CA' . sinj BC = sinj A'B . sinj C'A . sinj B'C. 
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Let M (see last figure) be the middle point of the third 
diagonal EF, and let it be joined to the centre O. We have then 
(Lardner's Euclid, B. ii. Prop. 14) 2 • OM^ + 2 • EM^ = E0«+ 
FO^ = ET'« + FT"« + 2 . 0T'« = (Prop. 1**) EF« + 2 . OT'^=r 
4 . EM« + 2 . OTK Hence, OM^ = EM^ + 0T'>; therefore 
EM*=0M3 « 0T'» = the square of the tangent drawn from M, 
and consequently EM equals that tangent, which proves the 
Proposition. 

3^ '^ Given a circle, and the length of the third diagonal of a 
quadrilateral inscribed in it, the distance from the centre to the 
middle point of this diagonal is determined/' 

In the demonstration of the hat Proposition we found (see 
last figure) 0M» = EM* + OX'S which proves the Proposition. 

78. Oiven a circle, and the lengths of the three diagonals of 
a quadrilateral inscribed in it, to construct the quadrilateraL 

The solution of this problem depends on polar properties. 
In addition to the principles already laid down, the following 
Lemma is required:— 

Lemma 5. — Given two sides of a triangle, and the length of 
a line drawn from the vertex cutting the base in a given ratio, 
the triangle can be constructed. 

Analysis. — Let ABC be the re- aC 

quired triangle, and let its base AB 
be cut in D, so that AD : BD is 
given. Draw BK (see fig.) parallel 
to AC. Since AC : BK : : AD : BD, 
BK is known ; also since CD : KD 
: : AD : BD, KD is known, and there- 
fore CK also. We have therefore the ^7 
three sides of the triangle CBK which determine that triangle, and 
consequently the triangle ABC. 

We shall now return to 
the analysis of the original 
problem : — 

Let O be the centre of 
the given circle, and M", M', 
M the middle points of the 
three diagonals of the required 

M 
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quadrilateral ABCD. Draw OM'' and OM'^ and let the joining 
lines meet the third diagonal in P and Q respectively. Now, 
since the intersection of the diagonals AC, BD (which is marked 
Y on the figure) is (Art 41, 1*^ the pole of the third diagonal, 
EF, it follows (Art 40, 2^ that the pole of AC is on the line 
EF, andis therefore the point P ; and for the same reason the pole 
of the line BD is the point Q. We have then (Art. 38) OP-OM'' 
= the square of the radius = a given qnantiiy. But, since AC is 
given, and the radios also given, OM^'is evidently known ; and, 
therefore OP is known. For a like reason OQ is known. Also, 
since M, M', M" are in one right line (Art. 71, 2**), we may con- 
sider MM^ as a transversal cutting the sides of the triangle OPQ, 

and therefore (Art. 9, Liemma 2) |jq = Q^/^QiLf// = * known 

quantity. We have then, finally, to construct a triangle OPQ, in 
which are given two sides OP, OQ, and the line OM (which is 
known by Prop. 3"" of last Article) cutting the base in a given ratio. 
This can be done by means of the Lemma, and the construction 
of the triangle evidently determines the quadrilateral required. 

79. CUven the base of a tria/ngle in magnitude and position ; 
given also the difference of its sides; it is required to prove that 
the polar of the vertex^ with respect to a circle of given radius 
whose centre is at one extremity of the base, constantly touches 
a given circle. 

In order to prove this Proposition we shall require the fol- 
lowing Lemma : — 

Lemka 6. — ^Given the base and the difference of the sides of a 
triangle, if a perpendicular be 
drawn from either extremity of 
the base on the line bisecting 
the vertical angle, its foot lies 
on the circumference of a given 
circle. 

Let AB be the given base, 
andC the vertex of the variable 
triangle. Let BO be the per- 
pendicular from B on the bisec- 
tor of the vertical angle, and let it be produced to D (see fig.). 
Now, it is evident from the construction, that AD = the difference 
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of the sides, and is therefore given. It is also evident that BD is 
bisected in O ; and therefore the line joining O to M, the middle 
of the base, is parallel to AD, and equal to 4 * AD. The point O 
lies therefore on the circumference of a circle whose centre is 
the middle point of the base, and whose radius equals i • the 
given difference of the sides. 

We shall now prove the theorem above stated. 

Let BR be the radius of the given circle whose centre is B (see 
last figure), and PT the polar of the vertex G. Let BO, the per- 
pendicular firom B on the bisector of the vertical angle, cut the 
circle, on which O lies (by Lemma 6), again in Q, and let T be 
the point where the same perpendicular cuts the polar. DrawTK 
parallel to BC ; then, a circle having K for centre, and TK 
for radius, will possess the properties asserted in the enunciation. 

For, join M, Q. Then, the angle MQO -: MOQ = CDB 
(since MO is parallel to AD) = CBD ; therefore MQ is parallel 
to CB, and therefore to TK. Also (since C is the pole of PT), 
BE« = CB.BP= TB.BO (since CB : BO :: TB : BP). The 
rectangle TB • BO is therefore a given quantity, and the rectangle 
BQ • BO also being (Euclid, B. iii. Prop. 36) a given quantity, 
the ratio of these rectangles, namely TB : BQ, is given. It fol- 
lows that the ratios BE : BM and TE : QM are both given, and 
therefore that the point E is fixed, and the length of TE constant. 
Since the angle ETP is a right angle, a circle described with E 
as centre, and TE as radius, will touch the line PT at the point 
T, and the Proposition is proved. 

80. Lemma 7. — ^Given the base and 
the sum of the sides of a triangle, the 
foot of a perpendicular from either end 
of the base on the external bisector of 
the vertical angle lies in the circum- 
ference of a given circle. 

Let ABC be the triangle, and CO 
the external bisector of the vertical 
angle, and BO the perpendicular on it 
from B. It is evident from what has 
been said in proving the last Lemma, 
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tbat MO is parallel to AD, and equal to 4* the given snm of sides. 
The point O lies therefore on a circle haying the middle point M 
of the base for centre, and half the sum of sides for radina 

This Lemma leads to a theorem analogous to that given in 
the last Article: — 

Given tiie base and the sum of the eidea of a triaTiglej the 
polar of its vertex wUhreepect to a cirtle of given radius, whose 
centre is at one end of the base, constantly touches a given cirde* 

Let PT (see last figure) be the polar of the vertex C with 
respect to a dicle whose centre is B, and whose radius is given. 
(This circle is not drawn on the figure). We have then BO • BT 
= BC • BP = a given quantity, and also BO • BQ = a given 
quantity (Euclid, B. iiL Prop. 35). The rest of the proof goes 
on exactly as before. 

81. From the last two Articles the following theorem is 
derived: — 

If advrde touch two given circles (the nature of the contacts 
being given), the polar of its centre with respect to one of the 
given ci/rcles touches a given cirde. 

for, if we consider the centre of the variable circle as the 
vertex of a triangle whose base is the line joining the centres of 
the given circles, it will be found that in all cases the sum or 
difference of the sides remains constant. This will be seen by 
the inspection of the figures of the various eases^ two of which 
are annexed. 





In both figures^ A and B represent the centres of the given 
circles, and C the centre of the variable circle. In the first, 
AC — BC remains constant, and in the second AC + BC. 

82. The middle point of the polar of a given point with 
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respect to a given circle (see Art. 48, Prop. 2^) possesses other 
properties worth noticing in addition to those contained in the 
Proposition referred to. 

1^ '^ If lines be drawn from a given point and the middle of 
its polar to any point on the circle, their ratio is constant.^' 

This is evident from the proof of Art. 39. For (see figa of 
that Art), since the triangles COQ and CQCV are similar, we 
have OQ : CO : : O'Q : CQ, and therefore OQ : O'Q : : CO : CQ. 

2^ "If any chord be drawn through a given point, the 
rectangle under the distance from its extremities to the middle 
of the polar of the point is constant.^' 

For (see the same figs.), when the pole is withm the circle, 
we have, since the angle PO'Q is bisected, PO' • Q0'= PO . QO 
+00^* (see Lardner's Euclid, B. vi. Prop. 17). Now, as the drde 
and the pole O are supposed to be given, the rectangle PO • QO 
is constant (Euclid, B. iiL Prop. 35), and the Proposition is proved. 

When the pole O is without the circle, we have the angle 
PO'Q bisected externally, and (Lardner's Euclid, B. vi. Prop. 17) 
PO' . QO' = PO . QO — 00'* = a constant quantity (Euclid, B. 
iiL Prop. 36). 

We might have proved both cases of this Proposition more 
concisely (Euclid, B. iii. Props. 36 and 35) by observing that the 
segment O'Q is equal to the distance from O' to the second 
point in which PC)' cuts the circle. 

83, The Proposition just proved leads to the following gene- 
ral theorem : — 

1°. If a triangle be inscribed in a given circle so that OTie 
side rfkjay pass through a given pomt, the remaining sides in- 
tercept on the polar of the point segments, which (measured 
from the middle of the polar) conMin a consta/ni rectangle. 

Let PQR be the triangle inscribed in 
the given circle (see fig.), O the given 
point, and O' the middle of its polar. 
Join PO', QO', PQ'. Now, since the 
angle PO'Q is bisected, O'P = O'Q', and 
the line PQ' is therefore perpendicular 
to the diameter, and consequently paral- 
lel to the polar ST. We have then the angle PTO' = RPQ' 
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(Euclid, B. iii. Prop. 22) SQO', and therefore (the angles SCKQ 
and PCT being equal) the triangles SCQ and PO'T are similar, 
andSO: 0'Q::PO': CT; whence SO' • O'T = 0'Q.PO',acon- 
stant quantity (Art 82, Prop. 2°). The Proposition enunciated 
is therefore proved when the pole is within the circle, and a 
similar proof applies when it is without 

By taking the point R at either end of the diameter AB, 
we may deduce the following result: — 

2®. If a chord he drawn through a given poird m the diameter 
of a given circle, the lines joining its extremities to one end 
of the diameter vntercept^ on a given perpendicular to the lot- 
ter^ segments, which contain a constant rectangle. 

Let KS' be the given perpendicular to the diameter, O and 
(y remaining as before; we have to 
prove that when the chord PQ revolves 
round the given point O, the rectangle 
ES' • ET' is constant. 

ES' 

By similar triangles we have 7y^= 

AE , ET' AE ,, . , 
-^, , and f^ = jjQf ; therefore, by 

ES' • ET' 
compounding the ratios, or)/ , rpo/ = 

^2, that is, ES' • ET' : SO' • TO' is a given ratio ; but SO' • 

TO' is constant by the theorem above proved, and therefore 
ES' . ET' is constant 

In the Proposition just proved, let the point E coincide with 
B, the other end of the diameter, and we shall have another 
theorem : — 

3°. If through a given point on a diameter a chord he drawn 
cviting a given circle, tan^gents at its extremities will intercept, 
upon a tangent at one extremity of the diameter, segments which, 
m^asuredfrom the point of contact^ contain a constant rectangle. 

We have to prove (see figure on next page) that when the 
chord PQ revolves round the given point 0, the rectangle BM • 
BN remains cx)nstant. 

Join BQ, BP. Then, since MQ and MB are tangents, they 
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are equal, and (BQS' being a right angle) M is the middle point 
of BS', and in like manner N is the 
middle point of BT'. It follows that 
the rectangle BM • BN is one-fourth of 
the rectangle BS' • BT', and is there- 
fore constant, since the latter rectangle 
is so. 

Hence, conversely, if two tangents 
intercept upon a fixed tangent to a 
given drclesegTnenta containing a con- 
stant rectan^le^the chord of contact passes through afixedpoin;t. 

84. We shall conclude this part of our subject with the fol- 
lowing problems : — 

1 °. From a given point O in the produced diameter of a given 
circle, to draw a secant OPQ q 

such that perpendiculars on the 
diameter from the points of sec- ^^ 

tion P and Q vnay intercept a 
portion ST of given length. 

Analysis, — Join P, T, and Q, S, and through the intersection 
of the joining lines draw a perpendicular to the diameter. Now, 
the line OY (see fig.) is (Art. 9, 3°) cut harmonically at X and 
V, and therefore OQ is cut harmonically ; consequently the per- 
pendicular VO is the polar of O, and therefore given in position. 
Of three lines in harmonic proportion, we have then the mean 
00', and the difference of the extremes OS and OT, from which 
the extremes themselves can be found (Ari 69, I*'), and therefore 
the position of the secant determined. 

2^ Retaining the other conditions of the last question, let 
the ratio of PS : QT he given (the point O bevng no longer 
given) ; it is required to find the position of the line PQ. 

Since PS : QT (see last figure) is a given ratio, OS : OT is a 
given ratio, and therefore, ST being also a given length, it is easy 
(Lardner's Euclid, B. vi. Prop. 10) to find the lengths of OS and 
OT. Again,since (Art. 9, 1°) OT is cut harmonically in S andO', 
SO' : O'T :: OS : OT, that is, in a given ratio, and therefore SO' 
and O'T canbe separately determined. Finally, callingC the centre 
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of the circle, and considermg (X) and CO' as two unknown lines, 
we have their difference OO' (which is equal to OS + SOQ and 
the rectangle under them (which is equal to the square of the 
radius, since VO' is the polar of O), and therefore (Lardner's 
Euclid, B- ii. Prop. 10) the lines can be found. The position 
of PQ is then evidently determined. 

Our next problem requires the following Lemma: — 

Lebima 8. — '' Given a triangle ABC and a point O in the base 
produced, if a line OXT be drawn 
cutting the sides in such a manner 
that parallels XD, YD to the sides 
shall meet on the base, the line XY ^^ 

is thebaseof the moo^mttm amongst 
all triangles inscribed in the given 
triangle, so as to have their bases 
passingthroughO, and their vertices ^ ^ 
at another given point E, also on the base." 

Let PQE be one of the inscribed triangles, and conceive per- 
pendiculars to be drawn from D and E to the line OPQ ; then, the 
triangles PQD and PQE, having a common base PQ, are to one 
another as the perpendiculars, that is, as OD : OE, which is a 
given ratio. It follows that the triangle PQE is a maximum 
when PQD is a maximum. Now the latter triangle is a maxi- 
mum when PQ coincides with XY ; for, joining PY, we have the 
triangle DXY equal to DPY, which is evidently greater than 
DPQ, because QY is parallel to DX. This proves the enuncia- 
tion above given. 

3®. In a given circle it is required to inscribe a triangle so 
that its vertex shall be at a given paint, that its base shaU pass 
through another given 
point on the tangent 
drawn atthe former pointy 
and that its area shall be 
a rrutodmum. 

Let E be the given 
vertex, and O the given q a e d b 

point on the tangent at E. Now it is easy tojprove, in the 
first place, that if OY couldbe drawn so that parallels XD, YD 
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to the tangents at the points T, X should meet on the given tan- 
gent OE, the triangle XYE would be the triangle required. 
For, it would be a maximum (Lemma 8) amongst all triangles 
inscribed in the triangle ABC (see figure), having their vertex 
atE, and their bases passing through O, which proves (a fortiori) 
that it would be gi'eater than any other triangle inscribed in 
the circle under the prescribed conditions. 

This being understood, we shall now continue the analysis. 
Since C is the pole of XT, and E the pole of OE, the line join- 
ing C and E is the polar (Art 40, 1°) of O, and therefore passes 
through the point of contact T of the second tangent drawn from 
0. Again, since CE is cut harmonically, the lines OC, OT, OY, 
andOE make an harmonic pencil, and therefore cut the line CD 
harmonically in V and F. We have then C V : VF : : CD : FD, 
or : : 2 : 1 (since CXDY is a parallelogram) ; and therefore DF 
(which is equal to CF) = 3 . VF. Now the angle OFD is a right 
angle, since the tangents CX, CY are equal, and therefore the de- 
termination of the line OY finally comes to this: — -" Given the 
vertical angle of a triangle (namely the angle DOV) and the 
ratio in which its base (DV) is divided internally by a perpen- 
dicular from the vertex, to find the angles made by the perpen- 
dicular with the sides/' To complete the solution, take any right 
line and divide it into two segments, one of which equals three 
times the other; at the point of section raise a perpendicular to 
meet the circumference of a segment of a circle described on the 
divided line, and containing an angle equal to the given vertical 
angle, and join the point of intersection of the perpendicular and 
circle to the ends of the divided line. The angle subtended by 
the greater segments is equal to that which the required line OY 
makes with the given line OE.* 

" " I' '"" ' I iiii-i.i™ ■ ■— a^BM I I 111 I •■ 11 II I II. Ill 

DF VF 

*Since|^ =tanDOF, and=^=tan VOF, the required line OY divides the 

given angle TOE in such a manner that =;-^ = 3. The angles may he computed 

tan J. ijr 

separately as follows : — 

tan DOF + tan TOF . sin (DOF + TOF) 

--^-_ — =r= f = 2 ; therefore — ^ ■ = 2, and sin (DOF 

tan DOF - tan TOF sin (DOF - TOF) ^ 

- TOF =: ^ . gin TOE. We have then the sum and difference of two angles, and con- 
sequently the angles themselves. 

When the line OE is equal to the radius of the circle, the angle TOE = 90®, and 

N 
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ADDITIONAL EXAXPLES ON RADICAL AXES ASD CENTRES OF 

SIMILITUDE. 

85. We shall conclude tbis Chapter with a few additional 
Propositions concerning radical aaes and centres of similitude. 

V*. If a system of circles have a coTwmon radical aads, to 
find the locus of the m/iddXe points of the polars (see Art 48, 
2®) of a given point, with respect to the circles of the system. 

Referring to the figure of Art. 56, it is evident that (taking R 
for the given point) the locos of all sach points as Y is the circle 
passing through R and cutting the given system orthogonally. 
The mode of describing this circle is explained in Art 57. 

2^ When the common chord of the system is ideal, the line 
joining the give^ point to the fixed point through which its 
polars pass (see Ari 57) subtends a right angle at either of the 
limiting poinls. 

This is evident from Art. 55, 3*^. 

3^. Retaining the supposition of the last proposition, a com- 
mon tangent to any two circles of the system subtends a right 
angle at either of the limiting pointa 

For, a circle on the common tangent as diameter cuts the 
two circles orthogonally, and therefore (Art. 55, 3°) passes 
through the limiting points. 

86. " Given a circle TPT' and a point O (see fig.), let any two 
secants OQ, OQ' be drawn ; it is required to 
find the locus of the point X, in which cir- 
cles round the triangles OPQ', OP'Q will 
cut one another .'' 

The three chords OX, PQ', P'Q meet in 
one point (Art. 62), lying (Art. 40, 3°) on ^^ 
the line TT', the polar of O. Again, the 
rectangle TV . VT' = PV . VQ' = OV . VX, 
and therefore, a circle described through the 
three given points O, T,T',must pass through 
X, and is the locus required. 

therefore tan TOF = cot DDF ; therefore tan* DOF = 3, whence tan DOF = VS, 
and DOF == CO^, 
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87. If two secants CV, CP' be drawn from either centre of 
similitude of two circles (suppose C), we have the following 
properties: — 

1**. ** A chord of one ^*^ '^^v . x 
of the circles joining any 
pair of the points in 
Vhich the secants cut the 
circle (such as OP), is 
parallel to the corre- 
sponding chord (O'P') of the other cirde." 

For (Art 65, 2°), CO : CO' : : CP : CF, and therefore OP is 
parallel to OT^ ; and a similar proof applies to the other cases. 

2°. Hence, tangents at two corresponding points are paral- 
lel. This appears by considering them as indicating the limiting 
directions of evanescent chords. This property has been already 
stated in Art. 65, 2*". 

3*^. " Two chords inversely corresponding (such as VQ, O'P) 
meet on the radical axis of the two circles.^' 

For (Ari 65, 3«»), C V . CO' = CQ • CF ; therefore the quadri- 
lateral OT'QV is inscribable in a circle ; and therefore XO' • XP' 
= XV • XQ. Tangents drawn from X to the two circles are 
therefore equal, and the Proposition is proved. 

4^ It follows from the last that tangents drawn at two points 
inversely corresponding (such as O' and V) intersect on the 
radical acds. For, if we conceive the secant CP' to revolve 
round C until P coincides with V, and Q' with O', the chords 
VP and O'Q' constantly meet on the radical axis, and will con- 
tinue to do so in their limiting state. 

88. If four secants he drawn from either centre of si/mil/Uude 
of two circles J the anharmonic ratio of a/ay four of the points 
where the secants cut one of the circles is the same' as that of 
the four points of the other circle correspondingj all of them 
directly, or else all inversely^ to the former. 

In order to prove this let us conceive two other secants, such 
as CV (see last figure), to be drawn. We shall thus have two 
other points such as O, which we may represent by Oi and Oj, 
and also another pair such as 0', which we may call O'l, OV Let 
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US DOW conceive P to be joined to Oi and O2, and P' to be joined 
to Oi and O't, and it will appear at once (Art. 87, 1°) that the 
Enharmonic ratio P - QOOiO, = P' • Q'CyOiOV This proves 
the Proposition in the case of points directly corresponding, and 
that of points inversely corresponding foUows from the former, 
by Art 40, 4^ 

89. To find the locua of the point of contact of two circles 
which touch one avMher^ and each of which also touches two 
given cirde8<, either both externally or both i/ntemally. 

It follows from what has been said in Art. 66, 2°, that the 
common tangent drawn at the point of contact of the two vari- 
able circles passes through the external centre of similitude of 
the two given circles, and therefore that the locus required is a 
circle with that point for centre, and the tangent as radius. 

90. Required the " envelope^^ of a systefm of circles touching 
a given circle^ and cutti/ng another given circle orthogonally. 

(The " envelope" of a system of curves or right lines means 
a fixed line which is touched by each member of the system.} 

Let X be the centre of the variable circle which touches at O 
the given circle, whose 
centre is * A, and cuts 
orthogonally the circle 
whose centre is C, and 
radius CT. Join CO, 
and produce the joining 
line to V (see fig.) ; join 
also CA, XA, and XV', 
and let this last drawn line cut CA in B. We have then, by 
the conditions of the question, CV • CO = a constant, and 
CV . CO = CT2 a constant also, and therefore CV : CV is a 
constant ratio. It follows (AV and BV being parallel) that B 
is a fixed point, and BV a constant length; and therefore a 
circle described with B as centre, and BV as radius, is tbe 
envelope sought. 

This Proposition is given in the Lady's Diary for 1851. It 
is evidently the converse of Prop. 2° of Art 66. 

91. Given the hypotenuses of two right-angled triangles y anxd* 
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the sum of one pair of their sides, it is required to construct 
them so that the sum of the other pair shall be a ma^cvmum. 

Let AB be the given sum of the pair 
of sides of the two required right-angled 
triangles. With A and B as centres, de- 
scribe circles having for radii the given 
hypotenuses. Through their internal cen- 
tre of similitude, C, draw EF, perpendicu- 
lar to AB ; then, it is evident (torn Prop. 
1^ of Art. 66, that AEC and BFC are the 
two right-angled triangles required. 

92. Lemma 9. — ^If AT and TN (see fig.) be tangents to a cir- 
cle, and NX a line inflected on the 
diameter, and equal to TN, and if 
from N two. other lines be drawn, 
on^, NP, perpendicular to the diame- 
ter, and the other, NO, bisecting the 
angle TNX, a right line, OY, drawn ^ 
from O perpendicular to NP, is equal to the radius of the circle. 

Produce NO to V, and draw the radii NO, 00. From the 
conditions of the question it is evident that NV is perpendicular 
to TX ; and therefore the angle NO Y (which is equal to NVX) 
is equal to the angle ATX. We have then, by similar triangles? 
OY:0N::AT:TX, or::TN:TX. Again, the angle TNX, 
being the double of TNO, is equal to (Euclid, B. iii. Props. 20 and 
32) the angle NCO ; therefore the triangles TNX and NCO, being 
isosceles, and having equal vertical angles, are similar, and conse- 
quently TN : TX : : NO : ON. It foUows that Y : ON : : NO : 
ON, which proves that OY = NC. 

The following prob- 
lem depends on the Lem- 
ma above given : — 

FromagivenpointY 
in tlte produced dda/me- 
terj AB, of a givendrde, 
to draw a secant VN, so 
that the inscribed quadrilateral ABNO (see fig.) shall be a 
maximum. 
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AnoUyais. — Join B, O ; draw ACK parallel to the joining line, 
and join BO^ We have then a triangle, BNO^ equal to the qua- 
drilateral Also, since VO' : VO : : VA : VB, it is evident that 
if YN be considered as a line revolving on V, the locus of the 
point O' is a circle having with the given circle the point V as 
their external centre of similitude. This circle is determined by 
taking VA' : VA : : V A : VB, which proportion gives the posi- 
tion of A' one extremity of its diameter, the given point A being 
the other. Again, the points O' and N being inversely corres- 
ponding, tangents drawn at these points meet (Art 87} 4"") on the 
radical axis of the two circles, that is, on their common tangent 
AT. Now it is easy to see that the triangle BNO' is (Art. 84, 
Lemma 8) a maximum when VN is drawn so that CKX and NX, 
parallel to the tangents at N and OS intersect on the line VB ; in 
which case the parallelogram TNXO' is evidently a rhombus, and 
the angle TNX bisected It appears then by the foregoing Lemma 
that the position of the line VN, which solves the problem, is 
such that perpendiculars from O and N, on the diameter AB, 
intercept a portion equal to the radius CA. The question is 
therefore finally reduced to Prop. 1° of Art 84. 

93. The succeeding problems depend on the principle con- 
tained in Art. 65, 4*^. 

1**. To describe a circle touching two given circles, avd 
bisecting the drcurnference of a third. (The nature of the con- 
tacts is supposed to be given.) 

Let A and B be the centres of the given circles which the re- 
quired circle whose centre is X (see fig. in Art. 90) is to touch 
and let P be the centre of the third given circle whose circum- 
ference is to be bisected. Now, by Art. 65, 4**, the line joining 
the points of contact O and V passes through one of the centres 
of similitude C, and, those points being points inversely corre- 
sponding, the rectangle CO • CV is (Art. 65, 3°) given, and there- 
fore (Lardner's Euclid, B. iL Prop. 6) CX"— OX* is a given quan- 
tity. Again, since, by the conditions of the question, the points 
Q, P, R lie in a right line, the angle QPX is a right angle, and 
QX" — PX' is Sj, given quantity. It follows (OX and QX being 
equal) that CX« — PX* is a given quantity, and therefore (Note 
on Art. 58) that X lies on a known right line. The question 
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comes then to this : — ** To describe a circle touching two given 
circles, and having its centre on a given right line/' the solution 
of which will appear from the Note on Art 66, 3**. 

The figure represents the ease when the line joining O and 
V passes through the external centre of similitude, but a similar 
analysis applies in the case of the internal centre. 

2°. To describe a circle touchvfig two given circles^ and 
cutting a third orthogonally, (The nature of the contacts being 
given as before.) 

The investigation of this problem is so like^lie last, that we 
shall leave it to the student, merely observing that the angle 
PQX is now a right angle in place of QPX. (See the figure in 
Art. 90 ) 

94. "We shall place here some additional theorems connected 
with a system of three circles. 

1*^. In a system of three circles the lines joining each of the 
three centres to the internal centre of similitude of the other 
two ch'cles meet m a point. 

J<or (see Art b7), we have g^ = jjy, g^, — ^, and^^ 

^'' ,1. ^ I. A^ .1. .• AC''>BA''>CB'' 

= :5~ ; therefore, by compounding the ratios, pp// p\/f ati/^ "^ 

■ p, p^^ -p = 1. The Proposition follows by Lemma 1 of Art. 9. 

2^ We saw in Art. 68 that four pairs of circles can be de- 
scribed to touch three given circles, each pair having the same 
internal centre of similitude, namely, the radical centre of the 
three given circles, and having for its radical axis a corre- 
sponding axis of similitude. 

From these properties it immediately follows that a perpendi- 
cular drawn from, the radical centre to the axis of sim^ilitude 
corresponding J^o a pair' of touching circles passes through 
their centres. 

3^ It appears from Art. 64 that each of the pairs of circles 
above mentioned may be considered as determining an infinite 
system of circles having a common radical axis. We shall now 
prove that a circle orthogonal to the three given circles belongs 
to each of the four systems thus determined. 

For, a circle orthogonal to the three circles must have for its 
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centre the radical centre R (see fig. of Art. 68), and for its radius 
the tangent RV (Art. 66). Now since T is the pole of T'Cy 
(which (Art. 68) passes through R), the chord W of the orthogo- 
nal circle (being the polar of R) must (Art. 40, l"") pass through 
T, and therefore the square of the tangent from T to that circle 
= TV • TV' = TP'> = TQ'*. This proves that the tangent from 
T to the orthogonal circle is equal to that from T to either circle 
of the pair in question. A similar result holds good for the 
other points analogous to T, and the Proposition immediately 
follows. * 



CHAPTER VI. 

THE PRINCIPLE OF CONTINUnT. 

96. We have referred, on two or three occasions, to ths prin- 
ciple of continuity, and in this Chapter we propose to explain 
its elementary geometrical relations. The principle in question 
must have been to some extent employed in every period of 
geometrical science ; but it is only in modem times that its 
importance as a mode of discovery or of proof has been ade- 
quately estimated. In the writings of Monge, and the members 
of his distinguished ^' school,'' are to be found many beautiful 
results of this principle in the higher departments of geometry ; 
and it cannot be entirely useless to illustrate, by simpler 
examples, its meaning and validity, as well as the method of 
applying it. The following may be taken as a statement of 
the principle itself : — 

** Let a figure be conceived to undergo a certain conti/nuoiLS 
variation, and let some general property concerning it be granted 
as true, so long as the variation is confined within certain limits; 
then the same property will belong to all the successive states of 
the figure (that is, all which admit of the property being ex- 
pressed), the enunciation being modified (occasionally) according 
to known rules/' 

96. In order to elucidate the foregoing Proposition, we shall 
commence with a class of cases which very commonly occur, 




THE PRINCIPLE OF CONTINUITY. 97 

namely, where, having proved some general property of a figure, 
we wish to apply it in an extreme or WmitiThg state, as it is 
called. In these cases the principle of continuity is identical 
with the fundamental principle of the method of limits, which, 
when considered geometrically, assumes that whatever is true of 
a variable figure up to a certain limit is also true (mutatis 
vnutamdis) at the limit The following are examples: — 

1*^. Suppose it proved (Lardner's Euclid, B. ii. Prop. 6) that 
when any right line (such as OQ) is drawn 
from a given point O, so as to cut a given 
circle whose centre is C, the rectangle 
QO . PO = C03-CP2 (O being supposed 
to be without the circle). What does this 
property become when the right line OQ, 
being conceived to revolve round the point 
O, ceases to cut the circle, and becomes a 
tangent ? In this Umiting case we have, 
of course, OT^ = OCa — CT^. 

2^. Again (see last figure) the angle CPQ = CQP. What 
does this property become in the same extreme case ? Since the 
three angles of the triangle CPQ, are equal to two right angles, 
and the angle PCQ vanishes when the points P and Q coincide, 
the result is that the limiting value of CQP, which is CTO, is 
a right^angle. 

3^ 'Th^opposite angles of a quadrilateral inscribed in a circle 
are supplemental From this we infer, in a similar manner, that 
the angle made by a tangent and a chord drawn from the point 
of contact equals the angle in the alternate segment. (Lardner's 
Euclid, B. iii. Prop. 32). 

These examples are sufficient to show the mode of deducing 
properties of tangents to a circle from those of secants or chords. 
This process has been frequently employed in the foregoing pages. 
See Arts. 28, 46, 75 (Prop. 1^), 87 (Props. 2° and 4^). 

4°. When two tangents are drawn to a circle or any other 
curve, cmd their points of contact become coincident, their poiTVt 
of intersection reaches a limiting position, namely, the point of 
contact itself This Proposition may be taken as self-evident. 

o 
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We may verify it in the case of the circle, by recollecting that 
the intersection of two tangents is the pole of the chord of con- 
tact. The principle in question has been employed in Arts. 42 
(Props. 2° and 4°) and 47. 

The principle of continuity, taken in the point of view pre- 
sented in this Article, has also been made use of in Arts. 3, 4, 
21, 24, 54, 55 (Prop. 3°), 70 (Prop. 1°), 73 (Prop. 1^ 

97. We shall now give some examples in which the modifi- 
cations of a property result from the changes in the relative 
position of certain parts of the figure produced by the successive 
variation mentioned in Art. 95. In order to understand these 
examples, the reader will require to be acquainted with the 
frmdamental rule of the application of algebra to the geometiy 
of position. (See Note to Art 5.) 

1^. It is proved in the fifth Proposition of the second Book of 

Euclid, that if AB be a . . 

given line, C its middle -^ C D B D 

point, and D cmy point between A and B, AD • BD + CD^ = 
CB^. What does this Proposition become when the point D, 
supposed to move along the line AB (considered as extending 
indefinitely in both directions) takes a position such as D' ? 

The principle of continuity assumes that the property ex- 
pressed in the equation above given, being true for an infinite 
number of successive positions of the point D, is a general relation 
between the distances of a variable point of the hue from the 
three given points A, C, B, and must continue to be true for 
any position whatever of the point on the indefinite right line, 
the expressions of the distances being modified according to the 
established rule above referred to. Now, when D passes into 
the position D^, its distance from B changes its sign, and the 
equation becomes AD'. — BD' + CD'2=CB^ that is,— AD'. BD' 
+ CD'2 = CB2, and therefore CD'^ = C^^ + AD'. BD', which 
is the sixth Proposition of the second Book of Euclid. 

2*^. If ABC (see figure on next page) be an obtuse angled 
triangle, and CDB a right angle, we have (Euclid, B. ii. Prop 
12) AC" = AB2 + BC« + 2AB • BD. Let us suppose the angle 
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ABC gradually to become less, so as to pass into an acute angle. 
What does this equation then become ? >^C 

In this case it is evident that the dis- 
tance 6D will change its sign, and we 
shall have the thirteenth Proposition 
of the second Book of Euclid. 

3®. Let CD (see fig.) bisect the an- a"'' B 

AC AD 
gle ACB, and we have (Euclid, B. vi. Prop. 3) qb=db' "^^^ 

let the right line AB revolve round the point D, so as to come 

into the position A'B'. How j^ C j^ 

must the equation be modified ? 

In this case the distance CA ^"^ / -^^ 

evidently changes its sign. 

Also DA changes its sign rela- "^B 

tively to DB, we have, therefore, 

— CA' -A'D 




CB' 



= g^ , or CA' : CB' : : A'D : B'D. 



4°. Again (Lardner's Euclid, B. vL Prop. 17) granting that 
(see last figure) CD« «= AC • CB — AD . DB, we infer by the 
principle of continuity that CD« = — A'C • B'C + A'D • B'D, 
or CD« + A'C . B'C = A'D . B'D. 

5°. When two chords are drawn 
through any point O within a circle, 
we have OP . OQ = OR • OS. Now 
let O move gradually until it gets 
without the circle. It is manifest 
that OP and OR change their signs 
relatively to OQ and OS, and the 
equation becomes — O'P' • O'Q' = — O'R' • O'S', and therefore 
OT' . CQ' = O'R' . O'S'. 

In the class of cases which we are now considering, the prin- 
ciple of continuity is identical with that laid down by Camot, 
under the title " la correlation des figures'' (see his Geometry of 
Position). He proceeds, however, in a manner somewhat dif- 
ferent to obtain the requisite modifications in his " correlative 
figures." For instance, his mode of derivation in the last ex- 
ample is as follows : — 
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The equation OP • OQ = OR ■ OS may be written OQ • {PQ 
— OQ) = OS - (RS — OS). Now wten O comes into the poei- 
tion O', we shaU stiU have O'Q' (FQ'— 0'Q')=0'S' • (R'S' — 
CS') (since all the qoautitiee entering into the former equation 
remain finite during the transition), and, ehanging the signs on 
both sides, we find CQ* . (O'Q' — P'Q') = 0*8' • (O'S' — B'S') ; 
tiiat ia, CQ* ■ 0'F=0'S' ■ O'R', as before. (G^om^trie de Posi- 
tion, p. 47). 

98. In the last Article the properties under consideration 
involved the magnUitdes of certain quantities. There are others 
of a different kind which we may mention here. Such are 
those which refer to certain points as lying on the same right 
line, or to certain lines as meeting in a point. It is in general 
sufficient, in these cases, to affix the same letters constantly to 
the points of intersection of corespoading lines (right lines 
being always coneddered as infinite in both directions) in order 
to recognise the varieties of the original Proposition resulting 
from a change of figure. 

The examples given in Arts. 18, 19,29, 33, will serve aa 
illustrations of what has been said. 

99- We come now to a class of cases which deserves particu- 
lar attention as being that in which the power of the principle 
under consideration has appeared to greatest advantage. The 
cases referred to are those in which the variation of the figure 
is such that some parts of it cease to exist, or (spealdog alge- 
braically) become imaginary. 

1°. The proofs of Propositions 1° and 2° of Art- 40 depend on 
this, that any right line through a point taken as pole, is cut har- 
monically by the circle and the polar. We saw, however, that in 
a certain case one pair of the harmonic conjugates become imagi- 
w the principle of continuity implies that the result b 
fiected by circumstances of this nature, (provided thai 
ation of a Proposition do not cease to have ageometricat 
rom its involving directly or indirectly the parts of the 
ch have become imaginary). If, for example (see the 
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second figure of Art. 39), the first of "the two theorems in question 
is known to be true so long as B is cmywhere on the portion of 
the given line within the circle, we conclude that this is a gene- 
ral property of the indefinite line, and will continue to be true 
when B passes withovi the circumference. This conclusion is 
verified, accordingly, by the proof given in the Note to the 
Article referred to. 

2°. The two Propositions of which we have been speaJdng 
are true, no matter how small the square of the radius of the 
circle may be. They should therefore be true even when the 
square of the radius becomes negative, that is, when the radiua 
id i/magmaryy provided that the enunciation still retain a geo- 
metrical meaning. Let us examine this case, supposing that 
the centre of the circle remains a real point. 

From the definitions of pole and polar, with respect to a given 
circle (see Art. 38), it appears that 
their distances, measured from the 
centre, are such that their algebrai- 
cal product equals the square of the 
radius. If, then, the square of the 
radius be negative, one of the dis- 
tances must become negative, which 
indicates that the pole and polar must lie on different sides of 
the centre. Let C (see figure) be the centre of the imaginary 
circle, and — K^ the negative value of the square of the radius ; 
and let CO' be perpendicular to SO'. Take on the production 
of O'C a portion CO, such that CO • CO' = K^ then O will be 
the pole of SO'. This being understood, let S be any point on 
the polar, and OS' a line through the pole perpendicular to CS 
produced through C, and it immediately appears that CS • CS' 
= CO • CO' = K^, and consequently that the point S and the 
line OS' (being at different sides of C) are pole and polar in the 
present point of view. This proves that Prop. 1 ® of Art. 40 
holds good, and it is evident that the same is true of Prop. 2^. 
The results indicated by the principle of continuity, are, there- 
fore, completely verified in the present case. 

3®. We proved in Prop. 8^ of Art. 37 that a transversal cutting 
a circle and the sides of a quadrilateral inscribed is cut in involu- 
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tion. Again, we proved (Art. 34) that when five out of six points 
in involution are given, two definite pairs being conjugate, the 
sixth point is determined. Hence it follows that if a quadrilateral 
be inscribed in a given circle, so that three of its sides pass respec- 
tively through three given points in a right line which cuts the 
cvrde, the fourth side also constantly passes through a fixed point 
in the same right line. Let us now suppose that the line contain- 
ing the three given points moves gradually until it no longer 
meets the circle, and we infer by the principle of continuity that 
the result before arrived at still holds good, even though the 
former method of proof does not now admit of being applied. 
Accordingly, the reader will find this conclusion verified in 
Art. 49, where we have given a demonstration of an entirely 
different kind. 

4®. Our next example requires the following theorem : — 
If three circles be drawn through the same two poirUs, tan- 
gents dra/wn to two ofthemfrom any pomt of the thirdarein 
a constant ratio. 

Let E be the variable point firom which the tangents are 
drawn. Join EC, EB, AB, and 
BD (see fig.). It is evident that 
as the line AE revolves round C, 
the angle BAC remains constant 
(Euclid, B. iiL Prop. 21). For a 
like reason the angles BDC and 
BEC remain constant ; and, there- 
fore, the triangles BAD and B AE are given in species. The ratio 

x^ is therefore constant, and also -^j^ and consequently the 

AE 

ratio compounded of these two, namely, ^-j^. But the ratio 

AE 

jjp being fixed, the ratio AE : DE is fixed, and therefore the 

ratio of the rectangle AE • CE : DE . CE, or the ratio of the 
squares of the tangents drawn fi-om E. It follows that the ratio 
of the tangents themselves remains constant. Q. E. D. 

Let us now suppose the common chord of the three circles to 
becomeidea? (see Art.53), and we shall have the following result; 
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If three drclea belong to a system havvng a comToon radical 
aids (see Art. 54), tangents drawn to two of them from a/ay 
point on the third are in a constant ratio. 

100. It is easy to infer conversely, from the last example, 
that the locus of the intersection of tang&ntsto two given circles 
havi/rvg a given ratio is (excepting the case of equality) a circle 
belonging to the same radical system as the given circles. 

In the particular case where the ratio of the tangents is the 
same as that of the radii, the locus passes through the centres of 
similitude of the given circles, and has hence been called by Mr. 
Davies their circle of similitude (see the Lady's Diary for 1851.) 
This circle possesses the following property:— 

" If from any point on the circle of similitude of two circles 
two tangents be drawn to each 6f the circles, the angles con- 
tained are equal.'' 

The reader wiU find no difficulty in proving this. 

In the class of cases which we have last given, the principle 
of continuity is denominated by Chasles the principle o{ contin- 
gent relations. By this expression he means to intimate what 
we have already declared (Art. 99, 1°), — that the change from 
real to imaginary of certain parts of a figure does not (under the 
conditions before stated) invalidate a result previously obtained. 

101. In the foregoing pages we have attempted to give an 
idea of the meaning and mode of application of the principle of 
continuity considered geometrically. If we have not ftilly suc- 
ceeded, it may be urged as an excuse that the applications of the 
principle are extensive, and have not hitherto been reduced into 
a system. Nor have geometricians as yet agreed with respect to 
the exact ground on which its validity is to rest. Poncelet seems 
to consider the principle as being in some sort axiomatic, and 
founded essentially on the continuous nature of the geometrical 
magnitudes, about whose properties it is conversant. Chasles, 
on the other hand, is of opinion (as to one class of cases at 
least), that our confidence in its infallibility is to be ultimately 
referred to that which we are accustomed to repose in the 
general processes of algebra. 

Admitting the general correctness of Poncelet's view, we still 
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think that there are cases in which it is satisfactory, if not al^so- 
lutely necessary, to justify the use of the principle in question 
by reasoning of the following kind: — ^A certain property of a 
figure existing with a certain generality (see Art. 95), is known 
to be true (geometrically). Now this property being true, we 
may conceive an algebraical proof to be made out for it. But 
this proof must, from the nature of algebra, apply equally to 
all cases possessing an equal generality. We have a right, 
therefore, to extend the original property to all cases having 
that equal generality, (modifying the enunciation, if necessary, 
according to the change of figure). 

102. We shall illustrate the preceding reasoning by applying 
it to a few of the examples already given. 

1°. In the first example of Art. 97, the figure consists of an 
indefinite right line, with three fixed points on it, and another 
point D also on the line in a position of a certain generality, that 
is, anywhere between the fixed points A and B. Now concern- 
ing this figure, we are granted that AD • BD + CD« = BC', 
which expressed algebraically, gives the identical equskiion (a + 
x) (a — x) +x^ = a^, where a represents the line AC, and x 
the portion CD. This equation being identical is entirely in- 
dependent of the relative magnitudes of a and x, and therefore 
applies to points beyond A or B, as well as to points between 
them. For a point such as D' we have therefore (AC -\- CD') 
(AC - CD') 4- CD'« = AC«, that is, AD' . - BI> + CD'« = AC«, 
or AD' . BD' + AC^ = CD'', as before. 

2°. In the third example of Art. 99, the figure consists of any 
quadrilateral inscribed in a given circle, so as to have three sides 
passing through three given points in a right line which cuts the 
circle. We are supposed to know (by means of the points where 
the right line cuts the circle) that the fourth side constantly 
passes through a fixed point in the same right line. Now if we 
were to prove this theorem algebraically (suppose by the method 
of co-ordinates), the only data we should make use of are the 
co-ordinates of the centre, those of the three given points ex- 
pressed by general symbols, the length of the radius, and the 
algebraical relation among the co-ordinates of the points, ex- 
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pressing that they are in directum. The points of intersection 
of the line containing the points with the given circle would 
not enter at all into the proof, and therefore their being real 
or imaginary could have no effect on the result. We conclude 
from this that the original Proposition continues to be true 
when the right line no longer meets the circle, although the 
former mode of proof will certainly not continue to apply. 

3°. In example 4° of Art. 99, the original figure consists of 
any three circles having a common chord and two tangent^ 
drawn to two of them from any point on the third. In the 
modified figure the common chord is ideal. Now since the com- 
mon chord of two circles is a right line perpendicular to the 
line joining their centres, and cutting it into two segments, the 
difference of whose squares equals the difference of the squares 
of the corresponding radii, it follows that the algebraical mode of 
expressing the data in tjj^e original state of the theorem referred 
to must be exactly the same as that relating to the modified 
state. The circumstance of the intersection of the circles being 
real or imaginary, will therefore not enter into the algebraical 
proof of the original Proposition, and the extension of the latter 
in the example cited is consequently justified. 

103. It may perhaps be objected that in certain cases the em- 
ployment of the principle under consideration is nothing more 
than the usual application of algebra to geometry. It is un- 
doubtedly true that its successfril use, when taken in its widest 
extent, requires a &miliar acquaintance with the ordinary pro- 
cesses of algebraic geometry. Nevertheless,' even in tftose cases 
where we appeal to the aid of algebraic notions in employing 
the principle of continuity, the primary geometrical qgnoeption 
is never superseded. We borrow, in fact, the comprehensive- 
ness of analysis without the necessity for analyticaZ catculor 
tions, and thus invest the science of pure space with a power 
and fia^^ility unknown in the earlier stages of its history. 

The peculiar advantage of the principle of continuity in geo- 
metry, whether considered as a method of discovery or of demon- 
8ti*ation, consists in this, that amongst all cases of equal gene- 
rality we nvay select that one which presents the drcumsta/ncea 

P 
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fnMt etmvenitnt for esUMishing ge^^ These 

relations, onoe proved, become immediately transferable (with 
or without modification) to the remaining cases; and in this 
way many of the results of Monge and Ponoelet and Chasles 
have actoally been obtained. 

104. It follows fix>m the remark made at the commencement 
of Art 96, that the method of limiting ratios in geometry, or 
as it is generally called, the method of infinitesirnaXs, is fbndsi- 
mentally connected with the principle of continuity. We shall 
here give a specimen of its mode of application in problems 
relating to maxima and minima^ premising that a quantity is 
said to he infinitely small when its limiting ratio to a finite 
quantity equals zero. 

Through a given point O (see ^.) within the legs of a given 
angUy ACB, to draw a right Kne, 
so that the part intercepted by 
the legs shall be a minimum. 

Analysis. — ^If we conceive a 
line drawn throngh O parallel to 
AC to revolve round O, so as to 
come into a position such as AB, 
and to continue to revolve in the 
same direction until it becomes 
parallel to CB, it is evident that 
the part intercepted by the legs of the angle being at first infi- 
nite, then finite, and afterwards infinite again, must be a 
minimum in some of its positions. This happens when two 
consecutive or infinitely close intercepts are equal; since the 
intercept then ceases to diminish. 

Let AS be the minimum intercept, and A'B' another inter- 
cept infinitely close to it, and let A'X, B'T, and CD be drawn 
perpendicular to AB. Draw BE parallel to CA, and let it meet 
CD and BTT produced in E and Z respectively. Then, since 
B'Y is perpendicular to OB, and infinitely small, it may be con- 
sidered as an arc of a circle, and therefore OB' = OY, and in like 
manner OA' = OX, and therefore A'B' = XY. Now, since AB 
is supposed a minimum, we have AB = A'B'. It follows then 
that AB=XY, and therefore AX = BY, and consequently A'X 
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•7V w !> , BD DE ZY ,A0 OX,. 
= zx. We nave also,^^ = DC " FY* OB " OY C®"^^ 

A'X 
AX and BY are infinitely small), = ^^py • ^® have thenfinally 

xp = -dtsj frona which it appears that AO = BD ; and this is 

the characteristic property of the line in the required position. 

It is easy to see from this result that the required line is biaecr 
ted when the given point O lies on the bisector of the given angle. 

The solution of the general problem cannot be completed by 
the use of the right line and circle permitted in Euclid's Ele- 
menta It may be solved mechanically by the contrivance em- 
ployed by Philo in finding two mean proportionals (see Lardner's 
Euclid, B. vi. Prop. 13). This will be seen by joining the points 
O and C^ and on the joining line as diameter describing a circle. 

It follows from what has been said that the portion of the 
ruler intercepted by the legs of the right angle in Philo's method, 
above referred to, is a minimiun. 

105. The investigation given in the last Article suggests an 
elementary demonstration of the result arrived at We shall 
give this demonstration for the sake of our less experienced 
readers. 

Let us suppose (see the preceding figure) AB to be drawn so 
that AO = BD, and let A'B' represent any other line drawn 
through O, we have to prove that A'B' is greater than AB. For, 

■ OX. 

(keeping the same construction as before,) since AO = DB, Qy^ 

"DT) DE 

a greater ratio than x^^, and therefore greater than ^^, or than 

ZY A'X ZY 

^Ty. Hence ^^r^ ^ greater than -DTy* or, A'X is greater than 

ZY, and therefore (the triangles AXA' and BYZ being similar) 
AX is greater than BY, and consequently XY greater than AB. 
As A'B' is evidently greater than XY, it is still greater than 
AB. In the same manner the Proposition may be proved when 
the point A' lies between A and 0. 

106. The result of the last Article may be extended as fol- 
lows: — 
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Oiven cmy cv/rve FOQt the portion AB of a tangent vrUer- 
cepted by two given right lifiee CA, CB, is a niiniw/wni^ when 
the segment O A, between the povrU of 
eontcLctandoneof the given linee^ equals 
the segment DB between the other given 
Ivne and the foot of the perpendicular Q^ 
CDy dra/um upon the tangevU from the 
intereection of the given Ivnes. (The 
curve is supposed to be such that the 
part of it between the given lines is 
concave towards their intersection^ and 
the tangent is Gfupposed to be drawn so 
that the points O and D &I1 between A 
andB.) 

For, let A^'B'' be the intercept of any other tangent, and let 
A'B' be the intercept of a line drawn through O parallel to 
A''B". We have, then, AB less than A'B' by the last Article, 
and thereifore less than A'B"^. 

If for example, the curve be a circle^ with C for its oerUre, 
the tangent ia a minimum when it is bisected by the poimi of 
contact. 

If the curve be a circle touching one of the given lines cut 
their point of intersection, amd 
having its centre on the other 
given line, the intercept of a tarir- 
geiit is a minimum when it is 
cut in extreme and mean ratio. 

For, by what has been proved, 
the tangent AB is a minimum 
when BD = AO. Now, since ^ 
ACB is a right-angled triangle, AB . BD = BC^ = B0» ; and 
therefore AB . AO =z BO^ Q. E. D. 

The point of contact O is found by cutting the radius EF of 
the given circle in extreme and mean ratio. Let P be the point 
of section, EP being the greater segment. A perpendicular to 
the diameter at the point P cuts the circle in the point required. 
We shall leave the proof to the reader. 
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CHAPTER Vn. 

ELEMENTARY PRINCIPLES OF PROJECTION. 

107. In this Chapter we propose to explain some of the 
elementary principles of the method of projection, applications 
of which method will frequently occur in the remainder of this 
work. 

" If right lines be drawn from any point m apace to all the 
points of every right line or curve in a given figure, and if the 
entire system of right lines so drawn be made to intersect a 
surface plane or curved, a new figure is formed on the inter- 
sected surface, which is said to be the projection of the given 
figure." The point from which the right lines are drawn is 
called the centre of projection, and the intersected surfiice the 
auTface ofprojedion. From these definitions several properties 
of the projected figure immediately follow: — 

1^ " Any two points on the projected figure subtend the aame 
angle (or its supplement) at the centre of projection, as the cor- 
reaponding points on the original figure." Hence it follows (by 
considering two coincident points) that a tangent at any povrvt 
of a curve ia projected into a tangent at a correaponddng point 
of the new cv^e. 

2®. " When the surface of projection is a plane, any right line 
in the original figure is projected into a right lime in the new 
figure.'' Because the intersection of two planes is a right line. 

3*^. ** When the surface of projection is apherical, with the 
centre of projection for its centre, a right line in the original 
figure is projected into a greai circle" 

4P, " If several right lines meet in one point in the original 
figure, they are projected into right lines or great circles meeting 
in a corresponding point, according as the sur&ce of projection is 
a plane, or a sphere, having the centre of projection for its centre." 

6*^. " If the given figure be considered as lying on a sur&ce, 
it will be the projection of the new figure.'* 

In this way, therefore, each of the two figurea ia the projec- 
tion of the other. 
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When one of the snrfiM^es is a sphere, we shall always sup- 
pose that its centre is the centre of projection, unless the contrary 
be distinctly stated ; this being understood we may say that the 
projection of a great circle on a pUme is a right li/ne. 

108. When the figure to be projected is a circle, the right 
lines drawn firom the centre of projection to all the points in the 
circumference of the circle form a cone^ which is said to be right 
when the line joining the centre of projection (that is, the ver- 
tex of the cone) to the centre of the circle is perpendicular to 
the plane of the circle. When the joining line is not perpen- 
dicular to the plane of the circle, the cone is said to be oblique. 
The circle we shall call the base of the cone. 

The term cone may be taken in a wider sense than that in 
which we have defined it^ but we shall in general use it in the 
sense above explained. 

The lines drawn from the vertex to points on the drcumfe- 
renoe of the base are called sides of the cone. 

It is evident that a lesser circle of the sphere may be regarded 
as the base of a right cone whose vertex is at the centre of the 
sphere. It is also evident that a plane touching the sphere ai 
the trigonometrical pole of the lesser circle will (since the tan- 
gents of equal arcs are equal) cut the cone in a second circle, 
which may be regarded as the projection of the former circle, 
cmd also as having iheformsrfor its projection.* 

109. In questions of spherical geometry, the following prin- 
ciple of projection is sometimes of use : — 

If two great circles be at right angles, a/nd a plome be drawn 
touching the sphere aJt any povnt of one, the projections of the 
two circles on this plome wiU be also at right a/ngles^ 

This is plain from the symmetry of the 
figure ; but for the sake of Ulustrating some 
of the foregoing principles we shall give a 
demonstration : — 

Let PT and TO be the great circles, P 
being the given point, and let us conceive a 
lesser circle to be described, with P as the 
trigonometrical pole, and the arc PT as the spherical radius. 
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This drde will touch the arc TO, as PTO is a right angle. Now, 
let us project the lesser circle and the great circles on the tangent 
plane, and we shall have a circle, a radius, and a tangent. (Arts. 
108 and 107.) But the radius and tangent are at right angles ; 
that is, the projections of the two great circles are at right angles. 
Q.E,D. 

110. A very important principle, whether the surface of pro- 
jection be plane or spherical, is as follows : — 

" If the product of one set of right lines in a figure, divided 
by the product of another set in the same figure, equals a given 
number fe, each line in the one set being in directv/m with a cor- 
responding line in the other set, and the entire system of extre- 
mities of the lines in the one set being the same as the entire 
system of those of the other set ; then, 

" 1"*. The same equation holds good for any projection of the 
figure on a plaTie^ substituting the projection of each line in 
place of the Uns itself 

" 2^. The equation will be true for a spherical projection, 
provided that the sines of the arcs into which the Unes are 
projected be taken in place of the lines," * 

In order to prove this Proposition, let AB be one of the right 
lines above mentioned, and let CP be 
the perpendicular drawn on it from 
the centre of projection C. Now, by 
plane trigonometry, CA« CB-sin ACB 
= twice the area of the triangle ACB 
= AB • CP, and therefore 

.-, CA.CB.sinACB , . . 
AB = pp ; and simi- 
lar values will be found for the other lines entering into the given 
equation. Substituting these values in the equation, it will be 
seen, by attending to the data, that all distances such as CA, CB, 
OF will cancel one another, and there will remain an equation 
of the same form as the original, with the sines of the angles 
subtended at C by the various lines, such as AB, in place of 
those lines. (The second part of the Proposition is now evident^ 
as the arcs are the measures of the angles at the centre.) 
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In order to prove the first part, let us conceive any plane pro- 
jection of the original figore, and let A^'correspondioAB. Tlien 

A'B' • CP' 
sin ACB = can A'CB' = ^^-r-j — j™, (CP' being the perpendicular 

from C upon A'B'), and similar values will hold for the sines of 
the other angles, such as ACB. Substituting these values ia 
the equation already arrived at, a result will be found of the 
same form as the given equation, with A'B' in place of AB, and 
the projections of the other lines also in place of the lines them- 
selves. Q. E. D. 

The principle just established ftimishes another proof of the 
anharmonic properties of a pencil (see Arts. 15 and 16). This 
will readily appear by considering, in the figure of Article 1 5, 
A'B' or A''B'' as the projection of AB, V being the centre of pro- 

. . 1 . Ad • BC T 

jection, and supposmg .^ ^j^ = h 

111. Before proceeding to give examples on the foregoing 
principles, there is still one important remark to be made, viz : — 

Two right lines which intersect will be projected into paraUet 
lines when the plane of projection is parallel to the right line 
joining the centre of projection to the point of hvtersection ; for, 
the point in the projected figure, corresponding to the point of 
intersection, being at infinity, the projected lines are parallel. 

If the given figure contain several sets of i/ntersecting Ivaes, 
whose respective points of intersection Ue in one right li/ncy 
they will become in the new figure so rrva/ay sets ofparaJM 
ImeSy provided that the plane of projection be parallel to that 
determined by the right line before mentioned, and the centre 
of projection. For example, a/ny quadrilateral can be projected 
i/nto a parallelogram by taking the plane of projection parallel 
to that which passes through the centre of projection^ and 
through the third diagonal of the quadrilateral. 

From what has been said it follows that aU the points at 
infinity in a given plane may be regarded as the projections 
of those of a single right Hne, and therefore may be said to be 
themselves in one right line (Poncelet, Traits des Propri^tes 
Projectives, p. 63). 
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112. The advantage of the method of projection is, that by its 
means certain properties of figures may be transferred immediately 
to other figures of a vnore general nature. Thus, for instance, 
certain properties of plane and spherical quadrilaterals may be 
said to be included in those of a parallelogram, and in like man- 
ner (see Chapter XII.), many general theorems relating to plane 
and spherical conies follow at once from known properties of the 
circle. We shall at present confine ourselves to such examples 
of the method as are most likely to be interesting to the class 
of students for which this work is more particularly intended. 

1°. " If a spherical quadrilateral be divided into any two 
others, the arc* joining the points of intersection of the diago- 
nals of the partial quadrilaterals passes through the intersection 
of those of the original." This is evident from Articles 19 and 
107, by projecting the spherical figure upon any plane. 

2°. " If the sides of a spherical triangle pass respectively 
through three given points which lie on a great circle, and if 
two angles move on two given great circles, the third angle will 
move on one of two great circles passing through the intersection 
of the two former."' This follows from Article 21, in the same 
way as before. 

3^ ** If a spherical hexagon be inscribed in a lesser circle, 
the three points of intersection of the opposite sides lie on a great 
circle." This follows from Articles 27 and 108, by projecting 
the spherical figure on a plane touching the sphere at the pole 
(or spherical centre) of the lesser circle. 

4°. ** If a spherical hexagon be circumscribed to a lesser cir- 
cle, the three arcs joining the opposite vertices meet in a point." 
This foUows from Art. 42, Prop. 1°, in the same way as before. 

113. The properties involved in the preceding examples are 
of the class called by Poncelet graphical^ as referring only to 
the relative positions of points and lines. We shall now give 

* hy the term " arc" we shall in general imply an arc of a great circle, 

Q 
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some which include the magnitude of lines, and belong to the 
class which he calls metrical. 

V. " If from the angles of a spherical triangle three arcs be 
drawn meeting in a pointy and cutting the opposite sides, the pro- 
ducts of the Binea of the alternate segments of the sides are equal'' 

Take the projection of the spherical figure on any plane, and 
we shall have a plane triangle with three right lines drawn fi*om 
its angles meeting in a point, and therefore (Art. 9, Lemma 1) 
the products of the alternate segments of the sides are equal- 
We have, then, an equation of the kind mentioned in Article 110, 
the number k being in the present instance 1. The Proposition 
is evident, therefore, from the second part of that Article. A 
direct proof of this Proposition will be found in Art. 125. 

2**. ** If a great circle cut the three sides of a spherical tri. 
angle, the products of the sines of the alternate segments of the 
sides are equal.'* 

This follows from Art. 9, Lemma 2, by Art. 110, just as 
before. This Proposition also is proved directly in Art. 125. 

3^ Let PQRS be a parallelogram, and OM, LN parallel to 
the sides. It is evident that the pro- 
duct PL . QM • RN . SO =: the pro- 
duct PO . SN . KM . QL. Now let 
us consider this parallelogram as the 
projection of a quadrilateral (Art. Ill), 
and we shall have the following pro- 
perty : — 

If from the extremities of the third diagonal of any plam 
quadrilateral two right lines he drawn^ each cutting a pair of 
opposite sides, the products of the alternate segm^emts soform^ 
on the sides are equal 

And from this, again (Art 110), is deduced a simila/r Propo- 
sition for a sphei^cal quadrilateral, the sines of the segments 
being taken in the enunciation. 

4°. From a given point O on the surface of a sphere let a 
great circle be drawn cutting a number of given great circles 
in A, B, C, 8fc., and let a point X be taken on it, such that cot OX 
= cot O A + cot OB + cot OC + &c. ; required the locus of X. 

Taking the radius of the sphere to be unity (as in general we 
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shall do), let us conceive a plane to be drawn touching the sphere 
at the point O, and the spherical figure of the proposed question 
to be projected on the tangent plane. We shall then have a num- 
ber of given right lines corresponding to the given great circles, 
and a revolving right line corresponding to the revolving great 
circle (Art. 107). The arcs OX, OA, OB, &c., will be projected 
into their tangents, which we may express by OX', O A^, OB', &C., 

and the condition of the question will become jy^, = q-j7 + q^ 

+ &c., The locus of the point X' in the tangent plane is there- 
fore (Art. 14) a right line, and therefore the locus of X is a 
great circle. 

The examples given in this and the last Articles wiU serve 
to give the student some idea of the use of the method of pro- 
jection. Many other instances of its application cannot &il to 
suggest themselves to the reader, who k familiar with the 
earlier portion of this work, and we shall have occasion still 
fiirther to exemplify its principles as we proceed. 

114 It is easy to see that tJte projection of any plane figure 
on a parallel plane is similar to the original figure. If, for 
example, the given figure be a circle, the projection is also a 
circle, whose centre corresponds to the centre of the given circle. 

It is also possible '^ to project a circle into a circle on a plane 
not parallel to the original.'' This will appear from the fol- 
lowing theorem :— 

'^ Let AB be the diameter of the circular base of an oblique 
cone, whose vertex is C, and let 
CAB be a triangle representing 
the principal section of the cone 
(that is, a section whose plane 
passes through the vertex and the 
centre of the base, and is perpen- 
dicular to the plane of the base). 
Let PQB represent a plane section 
pei*pendicular to the plane AOB, 
and such that the angle±SQ = the angle CAB ; then PQR will 
be a circle." TStC 
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In order to prove this Proposition, let us take any point R on 
the section PQR, and through R draw a plane A'B'R parallel to 
the base of the cone. This latter plane will cut the cone in a 
circle, whose diameter is A'B', and will cut the plane of PQR in 
a right line, SR, perpendicular to the plane of ACS (because 
when two planes are pei*pendicular to a third, their intersection 
is also perpendicular to it). As SR is perpendicular to the 
plane of ACB, it is perpendicular to every line in the plane, and 
therefore perpendicular to PQ, and to A'B' ; and as A'B'R is a 
semicircle, SR^ = A'S • B'S (Lardner's EucUd, B. ii. Prop. 14). 
Now the angle CQP = CAB = CA'B' ; therefore PS • SQ = 
A'S • SB' = SR2 ; and as this is true for any point on the sec- 
tion PQR, it follows that that section is a circle, whose diameter 
is PQ. Q. E^ D. (A section of an oblique cone, such as we 
have been considering, is called a subcontrary section in rela- 
tion to the base.) 

PROJECTION OF ANGLES. 

115. The following principle is of use in questions relating 
to the projection of angles : — 

Two right lines forTning an angle will be projected into two 
others containing an equal an^le, when the line joining the 
centre of projection to the vertex of the given angle makes equal 
angles in opposite directions with the plane of projection and 
the plane of the given angUy and when it is also perpendicular 
to the intersection of the two planes. 

We shall first suppose the vertex of the given angle to lie in 
the plane of projection. Describe a 
sphere, with the vertex V of the given 
angle AVB as centre, and the line 
from it to the centre of projection, C, as 
radius (see fig.). Let PV be the inter- 
section of the plane of the given angle 
with that of projection PA'B', and let 
COO' represent a great circle, whose 
plane is perpendicular to the line PV, 
and therefore perpendicular to the two 
former planes. (This plane will pass through C, since by hypo- 
thesis CVP is a right angle.) Now, from the other condition 
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granted, it is evident that the angle CVO = C'VO', and there- 
fore the arc CO = CO', and the two spherical triangles COB, 
C'CB', being right-angled at O and ^', and having the angles 
BCO, B'C'O' also equal, are equal in all respects, so that the 
arc OB = O'B' ; and in the same way OA = O'A', and there- 
fore the arc AB = A'B', and consequently the angle AVB = 
the angle A'VB'. Q. E. D. 

If the vertex of the given angle does not lie in the plane of 
projection, draw through it a plane parallel to that plane, and 
then the given angle will be equal to its projection on the plane 
so drawn (by what has been proved), and therefore equal to its 
projection on the original plane. (By the projection of an 
angle is meant the angle under the projections of the legs of 
the angle. It is evident that the projection is equal to the 
angle itself when the plane of projection is paraMel to that of 
the angle) 



CHAPTER VIII. 

SPHERICAL PENCILS AND SPHERICAL INVOLUTION. 

116. We shall commence this Chapter with the anharmonic 
properties of four planes intersecting in a right line, the connex- 
ion of which with the theory of spherical pencils will presently 
be seen. 

If four given planes intersect in the same right line, and be 
cut by any right line in the points A, B, C, D, the a/nJiarmonic 
ratio of the four points (see Art. 15) is constant (This we 
shall call the anharmonic ratio of the four ^planes A, B, C, D, 
the same letter always indicating a point on the same plane.) 

In order to prove this Proposition, let us draw a second right 
line cutting the planes in the points A', B', C, D', and through 
each of the transversals AD, A'D', let a plane be drawn. The 
two planes so drawn will intersect in a right line, which will cut 
the four given planes in four points A'', B", C, D'', whose anhair- 
monic ratio is the same as that of A, B, C, D (Art. 15), and also 
the same as that of A', B', C, D' ; the two latter anharmonic 
ratios are therefore equal, and the Proposition immediately follows. 
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The anhannonic ratio of four planes is evidently the same 
as that of the pencil formed by any fifth plane cutting them. 

If we draw a plane p^ipendicular to the line of intersection of 
the four given planes we shall have a pencil whose angles are re- 
spectively equal to those contained by the planes, and thus we 
can express the anharmonic rtUio of four planes by frveavs of 
their TTiutuaX i/nclinations. Expressing the angle between the 
planes A, B by the symbol (A, B), and the other angles, in a 
similar way, we have (Note to Art 16) the anharmonic ratio 

AD >BC _ sin ( A,D) .sin (B, C) 
AB . CD " sin (A, B) . sin (C, D)' 

117.*' If the four planes be such that one line AD is cut har- 

AT) , "Dri 

monically by them, we have for all such lines ap prv = 1> ^^ 

is, all those lines are cut harmonically/' (The planes A and C 
are here conjugate (see Art. 2), and also B and D.) 

*' When three of the planes forming an harmonic system are 
given (a definite pair being conjugate), the fourth is determined." 

For, if any right line be drawn cutting the three given planes, 
we shaU have on this Une three given points of a line cut harmo- 
nically (a definite pair being conjugate), and therefore (Art. 3) 
the fourth point is determined. A plane passing through this 
point and the line of intersection of the given planes will be the 
fourth plane required. 

The following problem will serve to exemplify the use of the 
principle just proved: — 

FroTTi a given poirU O let a right line be d/rawn euMingtwo 
given plaTies in the points A, B, and let a distance, OX be taJcen 

on U, such ^^Qv =/7x +od 5 required the locus of the pointX. 

Draw a plane through O and the line of intersection of the 
two given planes, and find its harmonic conjugate ; a plane paral- 
lel to the plane so found, and bisecting a right line joining O to 
any point in the line of intersection of the given planes, will be 
the locus required. The proof exactly corresponds to that given 
in Art. 1 3 ; and remarks similar to those made in that Article 
apply in the present case. 
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" If any nwmber of planes be given, and we have ^y^ = 

qX + gg + QQ + &^-> ^^ locus is still a planer The proof is 
similar to that in Article 14, to which the reader is referred. 

118. If four given great cirdea be drawn from the same 

poi/ntj V, on the surface of a sphere, and he cut by any fifth 

great circle in the points A, B, C, D (see fig.) the ratio expressed 

I. XI jr ^' sin AD. sin BC . . . 

oy the f ration - — t-r — - — ttts '^ constant. 
^ '' sm AB . sm CD 

For (Note to Art. 16), this fraction expresses the anharmonic 
ratio of the pencil formed by join- 
ing the points A, B, C, D to the 
centre of the sphere, which (Art 
116) is constant, being the same as 
the anharmonic ratio of the planes 
of the four given great circles. 

This constant ratio we shall call 
the anharmonic ratio of the sphe- Ay 
rical pencil formed by the four 
great circles. It may be repi'esented by the notation V • ABCD, 
already used for a pencil of four right linea 

The anharmonic ratio of a spherical pencil may be ex- 
pressed by mea/as of the cmgles mxide by the great circles. For, 
the angle under two great circles being the same as that con- 

*«: J I, i.1- • 1 u /A i. ii/;v sin AVD .sinBVC 

tamed by their planes, we have (Art. lib) -: — tttd — » rvD 

for the required expression. 

ANHARMONIC RATIO ON THE SPHERE. 

119. As it is usual to treat of spherical geometry in a manner 
independent of the principles of projection, we shall occasionally 
give direct proofe of some of the fundamental Propositions 
arrived at by that method. In some instances the proofe de- 
rived from the formulas of spherical trigonometry will, perhaps, 
appear to the student preferable to those derived by the process 
of projection. The latter method, however, (wherever it is 
applicable), is undoubtedly the more scientific, as it is, in fact, a 
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meihod o{ discovery ^ which must always be carefully distingmsh- 
ed Grom a mere process of verification. We shall now demon- 
strate a general principle of spherical geometry, which famishes 
a direct proof of the particular results given in the last Article. 

** If in a figure on the sphere we have the product of the sines 
of one set of arcs divided by the product of the sines of another 
set = k, each arc of one set being part of the same great circle 
with one of the other set, and the whole system of extremities 
of arcs in both sets being the same, then the given equation 
will be true, when in place of the arcs, we substitute the sphe- 
rical angles subtended by them at any point on the sphere.^' 

Let A6 be one of the arcs, and Y the point assumed on the 

sphere ; let VP be an arc perpendicular to AB ; 

1- xi_ • A T> SIB AV • sin AVB , . ^v 

we have then sm AB = ; — r-rvir > but 

sm AB V 

sin AB V = -. — vrfT ; therefore 
sm VB 

. . T> SIB AV • sin BV • sin AVB , , , 

sm AB = -. «ng . ./L ^ — ij 

sm VP A p ^ 

Substituting in the given equation this expression for sin AB, 

and similar values for the sines of the other arcs, such as AB, it 

will be seen from the conditions granted, that all the arcs such 

as VA, VB, VP, will disappear, and the result will be as stated 

in the enunciation above given. 

Hence, in the case of a spherical pencil (see fig. in Ari 118), 

the equation. 

onAD^anBC^,, sin AVD . sin BVC ^^ 

sin AB . sin CD ~ ^' t>«comes ^^ ^^g ^.^ ^^^ _ fc, 

from which follows 

sin AD . sin BC sin AVD . sin BVC 




sin AB . sin CD "" sin AVB . sin C VD 
In a similar way it appears that 
sin AC . sin BD sin AVC • sin BVD 



= constant. 



= constant. 



sin AB .sin CD " sin AVB. sin CVD 

120. We may here remark that when three legs of a sphe- 
rical pencil are given along with its anharmonic ratio, the 
fourth leg also is determined (its relative position being sup- 
posed known as in Art. 17). 
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For the question is always reducible to this : — Given the sum 
or difference of two angles, and the ratio of their sines, to find the 
angles. Now, knowing the ratio of the sines, we know the 
ratio of their sum to their difference, which gives the ratio of 
tan i (sum of the angles) to tan i (their difference). Hence 
the angles can be found. 

The position of the fourth leg may be determined geometri- 
caWy by Art. 17, from the consideration that the anharmonic 
ratio of four great circles is the same as that of their four planes, 
which appears from Ari 118. 

Since the sine of an angle is the same as the sine of its supple- 
ment it is evident that the cmharmonic ratio of a spherical 
pencil remai/na unchanged when the productions (through V) 
of any of the arcs VA, VB, VC, VD, are cut by the fifth arcj 
the ratio being always written as in Art. 118, and the same 
letter, A, B, C, or D, being used to express a point anywhere 
on the same leg. For instance (see figure in Art 118), 

sin A^D > sin W(y sin A^VD^ > sin B^VC^ sin AVD . sin BVQ 
sin A'B . sin CD' - sin A' VB' . sin C VD' "" sin AVB • sin VD 

_ sin AD ' sin BC 

"^ sin AB • sin CD * 

What has been said agrees with the rule already laid down in 
Art 15, to which the reader is referred, and the other remarks 
there made admit of like application on the sphere. 

By the expression, anha/rmonic ratio on four points, A, B, 
C, D, on a great circle, we are to understand that of a spherical 
pencil, whose vertex is anywhere on the surface of the sphere, 
and whose legs are four great circles passing through them. 
This is not to be confounded with the anharmonic ratio of four 
points on a circle considered as lying in piano, such as we had 
in Art. 25. In what follows we shall use the expression in the 
sense above explained. 

HARMONIC PROPERTIES ON THE SPHERE. 

121. When the planes of the four great circles form an harmo- 
nic system (see Art. 117), the pencil is called asphericalharmonie 
pendh In this case the radii drawn to the four points, A, B, C, D 

R 



123 
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(see figme in Art 118) make a plane harmonic pencil^ and the 
arc AD is said to be cat harmonically. This gives; for an arcso 
cut (Note to Art 16), sin AD-snBC = sinAB-sinCD. It 
fellows frond Art 118 that if one are, AD, be ctU harnumicaUy 
bya8ph£ricalpencUaiiAYD»BmBYG = sin AYB • sin C VD, 
and therefore aU transvene arcs, such as AD, will be ciU har- 
monically, and the pencil itself will be harmonic 

It is hardly necessary to observe that the transversal may in- 
tersect the prodnctions of any of the arcs throngh V ; or that when 
three of the legs of a spherical harmonic pencil are given, a defi- 
nite pair being conjugate (see Art 117)^ the fourth is determined. 

122. When an arc, AD, is cut hamumioaUy (see Art 121), 
the tangents ofAB, AC, AD, are in harmonic proportion. 

For, let the right line AD' (see fig.) be the intersection of the 
plane of the great circle AD 
with the plane touching the ^ 
sphere at A ; then, as the ra- A 
dius of the sphere, AO, is 
unity, AB', AC, AD', are the 
tangents of AB, AC, AD ; 
now AD' is cut harmonically 
(since the four radii OA, OB, 
OC, OD, form an harmonic 
pencil), and therefore AB', AC AD', are in harmonic proportion, 

We shall now prove the same result directly from the trigo- 
nometrical relation: — 

Since (Art 121) 

sin AD . sin BC = sin AB • sin CD, 
we have 

sin AD. sin (AC- AB) = sin AB . sin (AD - AC) ; 

therefore 

sin AD • sin AC • cos AB - sin AD • cos AC • sin AB = 
sin AB • sin AD • cos AC - sin AB • cos AD • sin AC, 

and, dividing both sides by 

sin AB . sin AC • sin AD, cot AB - cot AC = cot AC — cot AD, 

that is, the cotangents of AB, AC, AD, are in arithmetic proper- 
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tion, and therefore (Art. 5, 3°) the tangents are in harmonic 
proportion. Q. E. D. 

Again, by drawing a tangent plane at C; we shall have (Art. 

2 cot OA = cot CB — cot CD. 
This also follows readily from the trigonometrical relation : — 
For, 

sin (AC + CD), sin BO = sin (AC - BC) -sin CD, 
that is, 

(sin AC • cos CD + cos AC 'sin CD) sin BC = 
(sin AC • cos BC — cos AC • sin BC) sin CD^ 
and, dividing both sides by 

sin AC- sin BC -sin CD, cot CD + cot AC = cotBC — cot AC, 
therefore, 

2 cot AC = cot BC — cot DC, as before 

123. If a tangent plane be drawn at the middle point, M, of 
the mean arc, AC (see preceding figure), the right line A^'D'', in 
which it intersects the plane of the great circle AD, wiU be cut 
harmonically by the four radii mentioned in the last Article, and, 
as MA'' evidently = MC", we shall have (Art 3) MB", MC', MD", 
in geometric proportion. Hence, when an arc is cut harmonir 
caUy, and either of the mean area is bisected^ the tangents of 
the three area, measured from the poi/nt of bisection to the other 
points of section, are i/n geometric proportion. 

Conversely, it is evident that if tan MB • tan MD = tan^ MC, 
and MA be taken equal to MC, the whole arc AD will be cut 
harmonically. 

The preceding results may be immediately deduced from the 
trigonometrical condition of harmonic section. To prove the 
first, for instance, we have 

sin AD • sin BC = sin AB • sin CD, # 
or, 

sin AD ^ sin AB 
sin CD - sInBO' 
therefore, 

sin AD — sin CD sin AB — sin BC 
sin AD + sin CD ^ sin AB + sin BC 
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from which, 

tanj (AD - CD) tanj (AB — BC) 
tani (AD + CD) - tan^ (AB + BC)' 
and therefore 

tanMC _ tan MB 
tan MD "" tan MC 
or, 

tan* MC ^ tan MB- tanMD. 

124. If th^angU made by two greaJtciriAes he bisect 
ruMy and eatemaXVy^ the two great circles and the two bisecti/ng 
area form a spherical harmonic pefociL 

For, let VA and VC be the given arcs (see fig. of Art. 118), 
and VB, VD, the bisecting arcs ; then we have sin AVD = 
sin A' VD = sin CVD, and sin AVB = sin BVC, and therefore 
sin AVD . sin BVC = sin AVB . sin CVD. Hence (Art 121) 
the pencil is harmonic. 

Conversely, ifi/na spherical harmonic pencil two alternate 
legs be at right angles, they are the bisectors of the amgles made 
by the other pair. 
For, as 

sin AVD .sin BVC = sin AVB -sin CVD, 
we have 

sin AVD sin CVD 
sin AVB - sin BVC 

or (since BVD is a right angle), 

sin A^VD _ sin CVD 

cos A'VD - cos CVD' 
that is, tan A'VD = tan CVD, and therefore A' VD := CVD, 
whence AVB = C VB. 

125. The harmonic properties of a spherical triangle follow 
at once %* projection from those of a plane triangle given in 
Art. 9. For the reason stated in Art 119, we shall give here 
direct demonstrations of the properties in qaestion. 

Leboia 10. If three arcs of great circles be drawn from the 
angles of a spherical triangle to meet in one point, the prodacts 
of the sines of the alternate segments so made on the sines are 
equal 
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125 



tbeD, 



Let ABC be the spherical triangle, and O the point (see fig.) ; 



and 



sinAB' _ anAOB' 
sin AO "" sin AB'O' 

sin CA^ sin COA^ 
sin CO ■" sin CA'O' 



sin BC sin BOC 



Bin BOT " sin BC'O ' 
therefore, by multiplication, 
sin AB' . sin OA' • sin BC 




sin AOB' . sin CO A' . sin BOC 



sin AO • sin CO • sin BO "" sin AB'O • sin mfO • sin CB'O ' 

and, in a similar manner, 

sin A^B > sin C^ A > sin B^C sin A^OB > sin C^O A > sin B^OC 
sin BO . sin AO . sin CO - sin BA'O • sin AC'O • sin CB'O ' 

the right-hand members of these two equations are evidently 
equal, therefore so are those on the left hand, and therefore we 
have sin AB' • sin CA' . sin BC'= sin A'B . sin C'A . sin B'C. 

The converse of this Lemma may be employed (under a re- 
striction similar to that in Art. 9, Lemma 1) to prove that arcs 
drawn from the angles of a spherical triangle meet in one point. 

Lemma 11. If a great circle be drawn cutting the three 
sides of a spherical triangle, the products of the sines of the 
alternate segments so formed are equal. 

Let ABC be the triangle (see fig.), and B^AfC^ the transversal. 





We have 



sin AB^ sin AC^B^ sin CA ^ ^ sin CB^A^ 
sin AC ~ sin AB'C" sin CB' sin CA'B' * 
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and mnBCy sinBA^Cy 

BmBA'~BmBCA'"' 

therefore, by multiplication, 

sin AB^ . Bin CA^ • ain BC^ rin AC^B^ • rin CB^A^ • siii BA^C^ 
sin AC . sin CB' . sin BA' " on AB'C • sin OA'B' • sin BC'A'' 

Now, the right-hand member of this eqxiation evidently = 1, 
therefore, the left-hand member also = 1, and thwefore 

8inAB'.BinCA'.BinBC'=sinA'B.sinCA.BinB'C. Q.E.D. 

«. /v iv -D -x- • _i. j.sraAC sinAB'^sinCA' 

Smoe(bythePropoeitionjastproved) gHBC^ sinA'B.sinB'O ' 

it follows that an arc joining the middle points of the sides of 
a spherical trilfl^le cuts the base externally in such a manner 
that the segments, AC, BC (see fig.), are supplemental 

' The converse of Lemma 11 is of use on the sphere in a way 
analogous to that in which the converse of Lemma 2 of Art 9 
is employed m pkmo. 

126. If now (see figure in Art 125, Lemma 10) we join A'B', 
B'C, C'A', by arcs of great circles, aU the arcs on the figure 
vrUl be cut harnionically, a/ad the poi/rUs A", B", G" will lie 
on a great circle. (There are, of course, tu)o points A^', and 
two B", and two C.) 

For, by Lemma 11, we have 

sin AC" sin AB' . sin CA' sin C A ., - ^. 

s5rBC" = sinA^B-sinB^C =s5"BC^ ^"^"^ ^^^^ 

therefore, sin AC • sin BC" = sin C"A • sin BC, that is (Art. 
121), the arc AC is cut harmonically. And in a similar way 
it may be proved, that CA'' and AB'' (or CB'', see figure) are 
cut harmonically. 

Again, as AC" is cut harmonically, by joining CC'^ we see 
that B'C is (Art 1 21) cut harmonically, and for a similar rea- 
son B'A" and O'B" (or A'B") are cut harmonically. Also,aa CA" 
is cut harmonically, so is CO^ ; for a similar reason AA^ and BB^ 

Lastly, taking CC, AC", B'C" as legs of an harmonic pencil 
(the first pair being conjugate), the fourth leg must (Art. 121) 
pass through A'' and B", that is, A'^ B", C" lie on the same 
great circle. 



ANHARMONIC PROPERTIES OF A LESSER CIRCLE. 127 

127. From the preceding Article, we may deduce the follow- 
ing remarkable property : — 

If two of the three diagonals of a aphericaZ quadrilaterai 
be quad/rants^ the third also is a quad/rwrvt. 

For (see figure in Art. 125, Lemma 10), let CB'OA' be the 
quadrilateral, and let CO and B'A' be quadrauts, and let P be 
their intersection. Then, since B'C is cut harmonically, we 
have (Art. 122) cot B'C + cot BT = 2 cotB'A' = 0; therefore 
B'C" is the supplement of BT, and therefore their sines are 
equal, and consequently sin A'C = sin AT, whence finally, 
AT" = AT. In like manner we find CO' = OP. Now let us 
take AOA' as a great circle cutting the sides of the triangle 
CTC"; then (Lemma 11 of Art. 125) AC" is the supplement of 
AC, and, as AC" is cut harmonically, 2 cot AB = cot AC + 
cot AC' = ; therefore AB = a quadrant. 

In a similar manner we can prove the proposition for either 
of the other diagonals. 

We shall conclude what we have to say on the harmonic pro- 
perties of a spherical triangle by remarking, that results strictly 
analogous to those contained in Articles 10, 11, and 12, hold good 
on the sphere. These results may be proved either by projection, 
or directly by the principles of spherical geometry, above given. 

ANHARMONIO PKOPERTIES OF A LESSER CIRCLE. 

128. We have, in the next place, to explain the fundamental 
anharmonic properties of lesser circles on the sphere. We shall 
deduce these, in the first instance, from the OMharmoniQ pro- 
property of a cone (see Art. 108). 

If through four fioced sides of a cone four planes be drawn 
intersecting in any fifth variable side, the anharmonic ratio 
of the four pla/aes is constant 

For, by Art. 116, the anharmonic ratio of the four planes is 
the same as that of the pencil formed by their intersections with 
the circular base of the cone, and the latter anharmonic ratio is 
constant, by Art. 25. 

Suppose now four arcs to be drawn from four fia^ points 
on a lesser circle to any variable fifth point on the circle^ it fol- 
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lows, from what has been just proved, that the anharmonic 
ratio of. the spherical pencil so formed is constaTvt, since this 
ratio is the same (Art. 118) as that of the planes of the four 
arcs. (This constant ratio we shall call the anharmonic ratio 
of the four points on the lesser circle.) 

We can eaypress this constant ratio in terms of thesidesofthe 
sphericalqv/tdrilateral, of whichthefour fixed pointsarecomers. 
Let A, B, C, D be the fixed points, and V the fifth point. It 
follows from Art. 26, that the ratio in ques* 
tion is expressed by the product of the chords 
of AD and BC, divided by the product of the 
chords of AB and CD. But the chord of an 
arc is equal to twice the sine of half the arc. 
Therefore the anharmonic ratio of the pencil 

_ sin^ A D > sin^ BC 

" sini AB . sini CD* 

129. The last result may be proved directly in the following 
manner: — 

If a, &, c be the sides of a spherical triangle, B the spherical 
radius of the lesser circle circumscribed to the triangle, and C 
the angle opposite to the side c, we have the known formulas, 

. r^ 2N J X r> 2sinia-sini6«sinic 

sm O = -; : — r aud tan K = j^ 2-, 

sm a • sm 6 N 

N expressing 

\/ {sin s • 8in(« — a ) • sin(« — 6) • sin(« — - c)) , 
in which 

By multiplying these values of sin C and tan R, we find 

± -n ' n 4 sini a • sini 6- sini c sinic 

tan K • sm Lt = ; -, — r — =- = — -, rr , 

Bina*sm6 co8^a*cos^c> 

and therefore 

. ^ cot B* sini 

sm C = — -, — • fr . 

cos^a-cos46 

Now, applying this result to the triangles AVD, BVC (see 
last figure), we get, by multiplication. 
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• A TTTi • DTro cot* R • sini AD • sinA BC 

sm AVD • sm SVC = — r-. ,^ r-^^j. r-^^. p7==. 

cosi AV . cosi DV • cosj BV • cos^ CV 

In a similar manner, from the triangles AVB, C VD, 

oin AYB nin CYD - ^^^' ^ ' sinj AB > sin^ CD 

sm AVB sm LVD « eos^ AV . cos^ BV • cosi CV • cos* DV' 

and, by division, 

sin AVD . sin B VC _ sinj AD ■ sinj B C ^ ^ r^ 
sin AVB . sin CVD ^ sini AB . sinj CD* ^'^'^' 

SPHERICAL INVOLUTION. 

130. The attentive reader will at once perceive that the an- 
harmonic properties of spherical pencils given in this Chapter 
admit of applications analogous to thpse already explained at some 
length with respect to pencils in piano. The theorems and prob- 
lems alluded to require in general only modifications of a very 
obvious nature, in order to become adapted to the sphere. We 
shall now, therefore, pass to the principles of spherical involution. 

If three pairs of points AA', BB', CC, on a great circle, be 
such that the anharmonic ratio of four of the points (see Art. 
120) is the same as that of their four conjugates (the relative 
order of the two sets being also the same), then, every set of 
four will possess a similar property. (Three such pairs of 
points are said to be in spherical involution.) 

Taking the projection of the great circle on any plane, we 
have (Arts. 110 and 35) three pairs of points in a right Un^ 
forming an involution. The Proposition follows from this by 
Art 110. 

It is evident from what has been said, that the two properties 
of rectilinear involution, given in Art. 76, may be transferred to 
the sphere by substituting the siTies of the spherical distances 
in place of the segments of the right line. 

By this mode of proof we can also immediately ascertain the 
existence of an infinite system of points in spherical involution. 
For it is evident that two of the three pairs above mentioned 
being given, the third pair may vary indefinitely, (because (Art. 
36) their projections on the right line may do so), and that any 
three pairs of the entire number so formed will be in involution. 

s 
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We see, moreover, that a point may coincide with its conju- 
gate (because its projection may) ; such a point we shall call a 
focus. The number c^ these is f(ywr^ each point in the projec- 
tion corresponding to two points on the sphere ; and it follows 
from Art& 36 and 121, that any two of the foci not diametri- 
cally opposite, together with a pair of conjugates^ form a system 
of harmonic points on the sphere. 

131. The point bisecting the arc between two foci (selected 
as before) is analogous to the centre of the system in plano^ and 
may be called by the same nama There nxefour centres^ and 
any of them may be taken in the enunciation of the properties 
analogous to those relating to the centre in the case of a right 
line. 

To find the properties of these points, we need only take the 
plane of projection (which has hitherto been arbitrary), so as to 
touch the sphere at one of them. In that case the point of contact 
will be the centre of the projected system of points (because it bi- 
sects the distance be- 
tween the foci), and 
(^lingO the centre) 
we find (Arts. 35 and 
36) tan OA . tan OA' 
= tan OB . tan OB' = &c., that is, the prodnictofihetangeTits of 
the arcs between thecentrecmdanypair of conjugates is conetamt 

When the foci (F, F') are real (see fig.), we shall have of 
course tan OA • tan OA' = tan* OF. This result is deducible 
from Art. 123 also. 

As tan O A • tan O A' is constant, AA' being any pair of con- 
jugates, it follows that if OA vanishes, OA' = 90°. Hence, a 
centre of a system of points in spherical involution is the con- 
jugate of a point at the distance of a quadrant* 



* It is to be observed that OA and OA' are to be measured in the same direction 
from O when the foci are real, and in opposite directions when they are imaginaiy. 

With respect to spherical involution, Mr. Davies appears to have fallen into a mis- 
take (see " Mathematician," vol. i. p. 248). From what is there said it would follow 
that we should have tan« J OF = tanj OA . tanj OA' = tanj OB . tanj OB' =&c. 
instead of the equations given in the text. 
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132. Three pairs of arcs drawn from a point on the sphere are 
said to form a pencil in spherical involution when any trans* 
versal arc is cut by them in involution. The following are 
examples : — 

V. " Six arcs drawn from any point on the surface of the 
sphere to the comers of a spherical quadrilateral, and to the 
extremities of its third diagonal, make a pencil in involution.^' 

Project the figure on any plane. We have then (Art 37, 1°) 
a plane pencil in involution. It follows from this (Art. 116) 
that the planes of the great circles forming the spherical pencil 
may be said to be in involutionj and therefore (Art. 118) the 
arcs themselves are so. 

The Proposition may of course be proved directly from the 
principles of spherical geometry by adapting the demonstration, 
in Art 37, 1°, to the q)here. This wiU present no difficulty to 
the student 

2°. " If three great circles pass through the same point, and 
cut a given lesser circle, the six arcs drawn from the six points 
of section to any point on the lesser circle form a pencil in in- 
volution." 

This may be proved from Art. 37, 4*^, by projecting the sphe- 
rical figure on the plane of the lesser circle, or directly by adapt- 
ing the proof there given to the sphere by means of the anharmo- 
nic properties established in Art& 120 and 128. 

133. We shall conclude this Chapter with an example of an 
infinite system of points in spherical involution. We must pre- 
mise the following Lemma: — 

Lemma 12. — Through a given point O on the surface of the 
sphere let anyarc^OA^ be drawn cut- 
ting a given lesser circle in the points 
A, A', the product of the tangents of 
the halves of the segments OA, OA' is 
constant 

For, if the perpendicular CP (see 
fig.) be drawn from the spherical centre 
C, we have 

cos OC = cos OP • cos CP, 
and 

cos AC = cos AP • cos CP ; 
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,^ . COB OC COS OP 

therefore T-j-i = T-r>- 

cos AC cos AJr 

Hence, 

cos AC — cos OC cos AP — cos OP _ . . .^p . p. 
co8AC + cosOC=co8AP+cosOP-*^*^^^ + ^^' 
tani (OP — AP) = tani OA • tani OA' (since AP = AT). 

As AC and OC are given, the Proposition is proved when the 
point O is without the circle, and a similar proof applies when 
the point is within. 

If OT (see last figure) be a tangent arc, we have 

tani OA . tani OA' = tan» i OT. 

If any number of lesser circles pass through the same two 
points P, Q, amd amy transverse arc cut them vn, cm indefinite 
number of pairs of points, AA' BB', &a, and also cut the are 
PQ in the point O, the points of bisection of the arcs OA, OA', 
OB, OB', &C., are in spherical involution. 

For, by the Lemma, 

taniOA.taniOA' = tanj OP • tani OQ = tanj OB . tanj OB' 

= &c.; 

therefore the Proposition is evident from Art. 131, and O is one 
of the centres of the system. 

It is also evident that if T and T' are the points of contact of 
circles described through P, Q, to touch the transverse arc, the 
middle points of the arcs OT, OT', will be the foci of the system. 

The foci are imaginary when the transversal cuts the arc PQ 
between P and Q. (PQ is supposed to be less than 180^) 
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CHAPTER IX. 

POLAR PROPERTIES OF CIRCLES ON THE SPHERE, 

134. Given a point O on the sphere, and a lesser circle whose 
spherical centre is C ; let CO be joined by an arc of a great circle, 
and on the joining arc a portion CO' be taken (on the same side 
of C as O is) such that tan CO • tan CO' = the square of the tan- 
gent of the spherical radius of the given circle, a great circle per- 
pendicular to CO' at the point O' 
is called the polar of the point O, 
and the point O the pole of the 
perpendicular Bxc,in respect to the 
given circle. It follows from these 
definitions that if we project the 
figure on a plane touching the 
sphere at the point C, the point O 
and its polar will be projected into a pole and its polar in rela- 
tion to the projection of the circle on the tangent plane. This 
appears from Arts. 109 and 38. 

From this again it follows that the same will be true if we 
take the projection on the plane of the lesser circle itself, or on 
any plane parallel to it, because projections on parallel planes 
are similar. 




135. When the point O lies on the circumference of the 
lesser circle, its polar is the tangent arc drawn at the point. 

When the point O is without the drde^ its polar coinoides 
with the a/rc jovni/ng the points of contact of great circles d/rawn 
from it to toucJv the lesser circle. 

This is evident by projection, from what has been said in 
the last Article. It may be proved directly as follows: — 

Let us suppose OT and OT' to be the tangent arcs (see the 
preceding figure). The arc TT' is perpendicular to CO, and 
cuts it in a point, which we may call O' ; then, since the angle 
CTO is right, we have (by Napier's rules) 
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con TCP **^^' 

and similarly 

_^^ tanCT ., , tan CO' tanCT 

and tan 00 • tan CO' = tan*OT, which proves the Proposition. 
The reader will at once perceive that the present sense in 
which the word ^^pole" is usedy differs from its common trigo- 
nometrical meaning. We shall have to use it in both senses, 
but a little attention to the context will be sufficient to prevent 
any confusion arising from this ambiguity. What is commonly 
called the pole of a lesser cirde, we shall denominate (as we 
have generally done) its spherical centre. 

136. Any arc through the point O (whether that point be 
within or without the circle) is cut ha/rmonicaWy by its polar 
a/nd by the given circle. 

For, if we project the figure on a plane touching the sphere 
at the spherical centre C, we shall have (Art 39) a right line 
(the projection of the arc in question) cut harmonically^ and 
therefore (Art 121) the arc itself is cut harmonically. 

The following problem will furnish a direct proof by trigo- 
nometrical formulflB: — 

Oiven a point O and a leeaer circle on the sphere, let any 
arc OA! he drawn cutting the circle (see fig. in Art. 134) in A 
and A\ and let a point R, the harmonic conjugate of O^be 
taken on it Required the locus of R. 

From the spherical centre C draw an arc CP, perpendicular 
to OA'. This perpendicular will evidently bisect AA', and 
therefore (supposing O to be without the circle) OP=i (0A' + 
OA),. We have then, cos COP . tan OC = tan OP = tanj (OA' + 

nw— ^^i^'^' •*• tanjOA .-. 
^^^ ~ l-taniOA'.taniOA ^^^' 

Now, firom the condition of the question (Art. 122), cot OR 
=i (cotOA+cotOA') ; therefore, by a well-known formula, cot 
OR = i (coti OA— tanjOA + cotiOA'- tani OA') = i (tani 

OA' + tani OA) (^j^j^ji^^^j^, - l) (2). 
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The quantity tan^ OA . tan J OA' is constant (Lemma 12 of 
Art. 133) ; let it be called fc, and we get (by division) from 
equations (1) and (2), 



cot OR ^ ^^(1 — A;)2' 

and therefore 

COS COR . tan OR = TT^?^, . cot 00. 

(1 - ky 

The quantity on the right-hand side of the equation being 
constant, we may suppose it equal to the tangent of a known 
arc 00', so that we have cos COR • tan OR = tan 00' ; from 
which it appears that an arc perpendicular to OC at the dis- 
tance 00' from O (see fig.) will pass through R, and therefore 
this perpendicular arc is the locus required. 

Since O' is a point in the locus, it is the harmonic conjugate 
of O on the arc through C, and therefore (Art. 123) tan OC • 
tan O'C = the square of the tangent of the spherical radius. 
TTie locus in question is therefore the polar of the given point 
with respect to the given circle. 

If the point O be within the circle we shall have OP = \ 
(OA' — OA), and (Art. 122) cot OR = i (cot OA — cot OA'), 
and the investigation will proceed just as before. The locus of R 
will still be the polar of O, and the Proposition stated at the 
commencement of this Article is therefore proved. 

] 37. The theorem given in the last Article leads to results 
analogous to those given in Art 40. 

1®. " If any number of points on a great circle be taken as 
poles, their polars with respect to a given lesser circle pass 
through the same point, namely, the pole of the great circle 
with respect to the lesser." 

Hence, the arc joining two points has for its pole the in- 
tersection of their polars. 

2®. " If any number of great circles pass through one point, 
the locus of their poles with respect to a given lesser circle is a 
great circle, namely, the polar of the given point.'* 

3°. " If through a given point on the sphere any two arcs be 
drawn cutting a given lesser circle, the arcs joining the points of 
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intersection taken in pairs (see Art. 40^ 3^), intersect on the 
polar of the given point/' 

4°. '' H four arcs be drawn from the same point on the sphere 
cutting a lesser circle, the anharmonic ratio of any four of the 
points of intersection is the same as that of the remaining four, 
taken in the corresponding order/' 

50 u If f^Qj. pQu^{;g \yQ tskcu ou a great circle, their polars 
with respect to a lesser circle will form a spherical pencil, whose 
anharmonic ratio is the same as that of the four points.'' 

These Propositions are evident by projecting the spherical 
figure on the plane of the lesser circle. The first four may also 
be proved directly from the principles already laid down. The 
direct proof of the fifth requires the following principle: — 

Lemma. 13. — Iffimrarcabedrawnfrcymapointperperidicvr 
lar to the legs of a spherical pencil respectively^ the anharmonic 
ratio of the pencil thue formed ia the same as that of the given 
pefndL 

Let O be the given point, and A, B, C, D the trigonometrical 
poles of the four great circles forming the given pencil, whose 
vertex is Y. Then, since the angle between two great circles 
is measured by the arc joining their trigonometrical poles, the 
anharmonic ratio of the given pencil equals (Art. 118) that of 
the four poles (see Art. 120) A, B, C, D (which all lie in a great 
circle, a common secondary to the legs of the given pencil) ; but 
this latter ratio is the same as that of the four perpendicular 
arcs, since these arcs pass through the poles respectively ; there- 
fore the anharmonic ratio of the given pencil is the same as that 
of the four perpendicular arcs. Q, E, D, 

By the aid of this Lemma, the adaptation of the proof given 
in Art. 40, 5°, to the sphere is obvious. 

138. The following properties of spherical quadrilaterals are 
evident by projection from those given in Art. 41. They may 
also be deduced directly from principles already laid down. 

1°. If a spherical quadrilateral be inscribed in a lesser circle, 
the intersection of the diagonals and the extremities of the third 
diagonal are three points, such that the arc joining any two is 
the polar of the third. 

2°. If a spherical quadrilateral be circumscribed to a lesser 
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circle, and an inscribed quadrilateral be formed by joining the 
successive points of contact, the diagonals of the two quadri- 
laterals intersect in the same point, and form a spherical har- 
monic pencil ; and the third diagonals of the two quadrilaterals 
are coincideni 

3^ If a spherical quadrilateral be circumscribed to a lesser 
circle, each of the three diagonals is the polar of the point of 
intersection of the other two. 

4P. If a spherical quadrilateral be inscribed in, or circum- 
scribed to a lesser circle, the arc joining the spherical centre C 
with the intersection of the diagonals (which we shall call Y) 
is perpendicular to the third diagonal, and cuts in a point Y\ 
such that tan CV • tan CV = the square of the tangent of the 
spherical radius of the lesser circle. 

139. We shall now give a few examples illustrating the use 
of polar properties on the sphere in the solution of problems. 

1®. " Qiven a point O and a lesser circle, let any arc OA^ (see 
figure in Art. 134) be drawn cutting the circle, and let a por- 
tion OX be taken on it, such that cot OX ^ cot OA-f-cot OA' ; 
required the locus of X." 

Construct the polar of O, and let R be the point where it 
cuts OA'. We have then cot OX = cot OA + cot OA' = (Arts. 
136 and 122) 2 cot OR. Now if a perpendicular arc, XS, be 
drawn from X on 00, we shall have 

cos XOS = r — 7^^ , and also cos XOS := 7 — t^tr ; 
tan OX tan OB 

,, . tan OS tan OX cot OR , 

^^"'^^^^' t.i500'=te^OR = ^^tOX = ^^ 

the locus is therefore a great circle perpendicular to OC at the 
point S, which is determined by this last equation. 

If there be several lesser circles, and OA' cut them in the 
points A, A', B, B', C, C, &c., and OX be taken so that cot OX 
= cot OA+cot OA'+cot OB+cot OB'+&a, the locus of X will 
still be a great circle^ by Art 113, 4®, to which the question is 
evidently reducible. 

2^. '' Given, as before, a point O, and a lesser circle whose 

T 
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spherical centre is C, it is required to find another point O on the 

sphere, such that the sines of the 

segments of any arc drawn through 

either shall be to one another as the 

sines of the distances from the other 

to the corresponding intersections of 

the arc with the lesser circla" 

Construct the polar of the point 
O : then, the point O", where the arc 
CO (see fig.) cuts the polar, is the point required. 
In order to prove this, we shall require the following Lemma : — 

Lemma 14. — If an angle of a spherical triangle be bisected 
internally or externally^ the 
sines of the segments of the 
opposite side are to one 
another as the sines of the 
corUainmg sides. 

Let ABC be the trian- 
gle, and DC the internal bisector of the angle C. We have then, 

sin AD sin ACD _ sin BCD sinBD 
sin AC - sin ADC "" sin BDC "" sin BC' 

., ^ sin AD sin AC 

tnereiore, —. — ^rv = "' — =57t« 

sin BD sm BC 

Again, if CD' be the external bisector, 

sin AD' sin ACD' rin BCD 

sin 




sin AC " sin AD'C 



■pyx/p (since .^D' and BCD' are sup- 



plements) =: 



sin BD' 
sinBC 



; therefore, 



sin AD' sin AC 



sm 



BD^ 



= ~ S7T"* Q' ^' I^' 

sm BC ^ 



Returning now to the former question, let PR be any arc 

through O ; then, as PR is (Art. 136) cut harmonically, and as 

OCR is a right angle, the angle PO^Q is (Art. 124) bisected, and 

.,„,,, T sin OP sin OT 

therefore, by the Lemma, - — 7=^5^ = - — ttttt* 
' "^ sm OQ sm O Q 

Again, since the angle QO'O = Q'O'O, it is evident from the 

symmetry of the figure that the angle QOQ' is bisected, and 

., . sin PC sinPO 
tnereiore - — ^^^ = -; — p^-^^^ . 
sm Q O sm Q'O 
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A similar argument applies when O is without the circle. 

3^. '* Given in position one pair of opposite sides of a spherical 
quadrilateral inscribed in a lesser circle ; given also the point of 
intersection of the diagonals ; find the locus of the spherical centre/' 

This question is completely analogous to that in Art 48, 4^> 
and can present no difficulty to the student. 

4*^. Given a lesser circle and a great circle not cvMing it; 
required a point such that any arc being drawn through it 
cutting the lesser cvrcle^ the sv/m of the coseca/nts of arcs d/ravm 
perpendicular to the great circle from the poirvts of intersection 
shall be constant 

The pole of the great circle with respect to the lesser circle 
answers the question. In order to prove this, we shall premise 
the following Lemma: — 

Lemma 15. — Given a circle in piano a/nd a right line not 
cuUi/ng it ; the sum of the reciprocals of perpendiculars on the 
right line from the eoctremities of any chord drawn through its 
pole is constant. 

For, let O be the pole of the given 
line, PQ any chord through it, and 
QS, FT the perpendiculars. Then, 
since PR is cut harmonically, RQ, BO, 
RP, are in harmonic proportion ; there- 
fore, QS, 00', PT, which are propor- 
tional to them, are also in harmonic 

proportion, and (Art. ^> 3°) qo + pri ^ ^ * OO' ^ constant. 

Q. E. D. 

Returning now to the original question, let us project, on the 
plane of the lesser circle, the great circle and its pole with respect 
to the lesser circle, and also the arc drawn through the pole. We 
shall then have (Art. 134) a pole and its polar in the plane of the 
lesser circle, and a chord drawn through the pole, and therefore 
by the Lemma the sum of the reciprocals of the perpendiculars 
the polar from the extremities of the chord is constant ; these 
perpendiculars multiplied by the sine of the angle between the 
planes of the given circles are the sines of the perpendicular arcs 
entering into the proposed problem; therefore, as the angle 
between the planes is constant^ the supa of the reciprocals of the 
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Bmes of the perpendicular arcs is constant^ that is, the sum of 
the cosecants is constant. 

If the given great circle intersect the lesser circle, it is the 
difference of the cosecants of perpendicular arcs drawn on it from 
the points of intersection of any arc through the pole, which will 
be constant 

To find the value of the constant, let A and B be the points 
where the perpendicular from the pole on the polar cuts the les- 
ser circle, and O' the point where it cuts the polar ; then taking 
the case where the arc through the pole coincides with AB, we 
find the constant = cosec AO', + cosec B(y. 

We leave the direct demonstration of the foregoing results 
as an exercise to the student. 

METHOD OF RECIPROCATION ON THE SPHERE. 

1 40. From what has been said in Art. 137, it will be seen that 
the method of reciprocation already explained (see Arts. 42 and 
43) may be extended to the sphere. But unless the lesser circle, 
with respect to which the reciprocation is performed, satisfy a 
certain condition (to be presently indicated), the method is defec- 
tive in its spherical applications, chiefly because the angle under 
two great circles in one figure has no direct representative in 
the reciprocal figure. This angle is not in general equal to the 
angle subtended at the spherical centre of the lesser circle by 
the points of which the great circles are the polars ; nor is it 
measured by the arc joining those points. Before explaining 
the particular condition above referred to, we shall give a few 
examples of the cases in which the general method may be 
adopted with advantage. 

1*^. We have already given, as examples of the method of pro- 
jection, theorems on the sphere analogous to Pascal's and Brian- 
chon's theorems in piano (see Art. 112). The reader will at once 
perceive that the two spherical theorems referred to are recipro- 
cals exactly in the same sense as the plane theorems themselves. 

2°. The anharmonic ratio of four points on a lesser circle is 
constant (Art. 128) ; what is the reciprocal property? 

Proceeding in a way analogous to that followed in Art. 42, 3°, 
we find the following : — * 

" If four fixed great circles touch a given lesser circle, the an- 
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harmonic ratio of the four points, where they are cut by a vari- 
able fifth great circle touching the lesser circle, is constant.'' 

3^ The following is the reciprocal of the Proposition given 
in Art 132, 2^:— 

*^ K three pairs of arcs be drawn from three points in a great 
circle to touch a given lesser circle, any seventh great circle 
touching the lesser circle will be cut by the former six in invo- 
lution.'' Because (Art. 1 37, 2° and 5°) the reciprocal of a pencil 
m spherical involution is a syetem of six points in spherical 
involution. 

4°. *< If a spherical quadrilateral be circumscribed to a lesser 
circle, any two great circles touching the lesser circle, together 
with four arcs from their point of intersection to the angles of 
the quadrilateral, make a pencil in involution." 

The reciprocal theorem is, — 
^' If a spherical quadrilateral be inscribed in a lesser circle, 
any great circle cutting the circle and the four sides is cut in 
involution." 

In order to establish these two theorems, it is only requisite to 
prove one (no matter which). This the reader will easily do either 
by projection, or wholly by the principles of spherical geometry. 

141. We stated at the commencement of the last Article that, 
in spherical reciprocation, it is, in most cases, expedient to select 
a lessercircle satisfying a certain condition. Thisconditionis that 
the square of the tangent of the spherical radius should equal — 1 . 
Recollecting the definitions of pole and 
polar (with respect to a real circle), given 
in Art. 134, it follows that, in the present 

case, the pole O (see fig.) aiid its polar O'R /p— — _,^ jo' 

lie on different sides of the spherical centre C, 
cmd that OC is the complement of GO/. In 
other words, O isthepolein the usual trigo- 
nometrical sense, of the great circle O'R, and as the angle 
between two great circles is measured by the arc joining their 
trigonometrical poles, the defect before noticed in the general 
method of spherical reciprocation is thus supplied. In the figure 
above given the lesser circle has not been drawn, because its 
radius is, in fiwt, imaginary. However, it is evident, from 
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what has been said, that in our applications we may dispense 
entirely with the lesser circle, so that the drcnmstance just 
mentioned will not be productive of any embarrassment. 

142. Throughout the remainder of this Chapter we shall em- 
ploy the word " pole" with its common trigonometrical meaning ; 
and we shall construct the reciprocal of a sperical figure, by 
taking the poles of the several great circles in the given figure, 
and joining them by arcs, whose poles will then be corresponding 
points in the original. This reciprocal relation follows, of course^ 
fix)m the general principle laid down in Prop. 1^ of Article 1 37, 
which is also evidently true, a priori, of poles in the ordinary 
usage of spherical trigonometry. The well-known relations 
between a spherical triangle and its polar or supplemental 
triangle are obvious results of the particular mode of recipro- 
cating now under consideration. In what follows, the reader 
is supposed to be acquainted with the demonstrations of the 
properties in question. 

SUPPLEMEMTARY FIGURES. 

143. If we examine the demonstrations referred to in the last 
Article, it will be perceived that they equally apply to spherical 
polygons of any number of sides. We shall then a&sume the 
two following as elementary and fundamental principles of 
spherical polygon& 

1®. If the poles of the sides of a spherical polygon be joined 
by arcs, a new polygon is formed, the poles of whose sides are 
the correspondi/ng comers of the origi/nal. (Two such polygons 
may be called m/idv/xUy polar.) 

2®. The cmgles of either polygon are rneasured by arcs sup- 
pUmeTital to the corresponding sides of the other. 

From the former of the two properties it follows (by sup- 
posing the number of the sides to be indefinitely increased) that 
the locus of the poles of great circles touching any curve on the 
sphere is another curve, such that the poles of its tangent arcs 
are the corresponding points of the origvnaL 

Two such curves may be said to be reciprocally polar > The 
term supplemeTUary is employed by Ghasles to express their 
mutual relation. It is evident that any great circle perpendi- 
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cular to one is also perpendicular to the other^ and that the 
interoepted arc is constant, namely, a quadrant. 

It is also evident that radii of the sphere drawn to the points 
of two such curves will form two cones (in the widest sense of 
the term) so related that the tangent planes of each are perpen- 
dicular to the corresponddng sides of the other. Two such cones 
are said to be suppleTncTUary to each other. 

144 From the preceding properties of spherical polygons 
some remarkable consequences may be deduced : — 

1*^. ThecmgularmeaMireoftheaTeaofany8pheH(xdpolyg(m^ 
added to the perimeter of its polar polygon^ gives a constant sum. 

Assuming the surface of the sphere to be equal to the sum of 
the areas of four great circles, it can be proved that the area of a 
spherical polygon of n sides = r* • {A + B + C+&a — (n — 2) tt} > 
r being the radius of the sphere, and A, B, C, &c., the measures of 
the angles of the polygon, by arcs of a circle whose radius equals 1 . 
The quantity within the vinculum we call the angular measure of 
the area. Now let a, 6', &, &c., be the corresponding sides of the 
polar or supplemental polygon, and we shall have A + a' = tt, 
B + 6' = TT, &c., and therefore A + B + C + &c. - (n— 2) tt + a' + 
b' + & + &c. = mr— (n —2) tt = 27r = constant. Q, E. D. 

If r = 1, we may say that the area of the polygon, added to 
the perimeter of its polar, equals 27r. 

2°. If either polygon be imscribable i/n a lesser drelCf the 
other is drcumscribable to another lesser circle hamng the same 
spherical centre as the foTmer, and a complemental spherical 
radius. 

We may suppose the case of two triangles ABC, A'B'C', but 
the reasoning will apply to any polygons. Let O be the spheri- 
cal centre of the lesser circle round the triangle ABC, and let 
the arcs AO, BO, CO be produced to meet the sides of the polar 
triangle in the points P, Q, R Then, as AO, BO, CO are equal, 
their complements OP, OQ, OR are equal, and therefore O is the 
spherical centre of a circle inscribed in the triangle A'B'C The 
radii are evidently complemental. 

145. Two curves^ polar reciprocals on the sphere (see Art. 
143), possess the following properties: — 

1^. The projections of two such curves on any plane touching 
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the sphere a/re polar reciprocals in piano with respect to a circle 
whose centre is the point of contact , a/nd the square of whose 
radms equals — 1 (see Arts. 42, 4°, and 99, 2°). 

This is evident from Articles 134 and 141. 

2°. If one of the curves he closed (such as that formed by the 
intersection of the sphere with a cone whose vertex is at the 
centre), so will the other ^ and the spherical area of either^ added 
to the perimeter of the other , equals inr* 

This appears from Art. 1 44, 1^ 

3^ Ifon^ of the curves he a lesser circle^ the other will also 
he a lesser circle, with the same spherical centre and a comple- 
mental spherical radius. 

This follows at once from Art. 144, 2°. It is also evident, a 
priori, that if two circles be constructed having the relations 
above-mentioned, each of them is the locus of the poles of great 
circles touching the other.* 

Hence it appears that the cone supplementary (see Ari 143) 
to a right cone is also right. 

146. The reader may perhaps be glad to see the second Pro- 
position of the preceding Article verified in the case of two lesser 
circles mutually polar. 

Let AS be an infinitely small portion of a circle, by whose 
revolution on its diameter CT (see fig.), the sphere is supposed 
to be generated. Let AB be perpendicular to 
CT, and SO to AB. The band on the surface 
generated by AS = AS • (the circumference 
of a circle whose radius is AB) = AS • 27r • AB. 
Now, considering ASO as a triangle, it is 

similar to CAB, and therefore ^^ = xt5> and 

SO AB 

consequently AS • AB = C A • SO = C A • BT. The band before 

mentioned is therefore equal to 27r • CA • BT, that is, the portion 

of the spherical surface generated hy an infinitesimal arc AS 

equals the drcvmference of the generating circle muUi/plied 

* Since every great circle has two poles, the locus of the poles of tangent arcs to a 
spherical curve consists of two curves situated on opposite parts of the sphere, and equal 
in all respects. As, however, one of those curves will always possess the properties laid 
down as belonging to the rec^ocal of the given curve, to that one this denomination 
-may be confined. 
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hy the part of the ddameter^ BT, intercepted by perpendiculars 
from the eoctremitiea of the arc. Hence it immediately fol. 
lows that the aa/me result holds good for any finite arc of the 
generating circle, for instance, AP. Taking the radius . of the 
sphere =: 1, we have then for the spherical area of the lesser 
circle generated hy the arc AP, 29r • BP, or 27r (1 — cos AP). But 
the perimeter of its polar circle = 2,ir • (sine of the complement 
of AP) = 27r • cos AP. Therefore the spherical area of the one 
(nrde, added to the perimeter of the other, equals 29r. Q. E. Z>. 

It is evident from the foregoing demonstration that the sur&ce 
of the sphere = 27r • CA • 2CP • = 47r • CP* = four times the 
area of a great circle. 

As this result does not presuppose any principle of spherical 
areas (not here proved), it itiay be made the basis of the inves- 
tigation of the area of a spherical polygon to be found in trigo- 
nometrical works. 

147. Let us now conceive a spherical polygon whose sides are 
any curves not great circles^ and it will be seen that its reciprocal 
is a/nother polygon formedbycv/rves, the reciprocals oftheformer, 
a/nd by arcs of great circles supplemental to the angles of the 
origi/nal. It will also be seen that each of these supplemental 
arcs touch at its extremities the two adjacent curves. Should 
any of the sides of the original polygon become a great circle, 
its reciprocal curve vanishes into a point. In all cases the pro- 
perty laid down in Art. 114, 1°, holds good ; and therefore ques- 
tions concerning the areas of any figure an the sphere are redu- 
cible to others regardAng corresponding perimeters and vice 
versd, 

EXAMPLES ON SPHERICAL RECIPROCATION. 

148. The theory of reciprocal curves on the sphere is also 
useful in effecting the mutual reduction of questions of another 
class. Suppose a great circle to move on the sphere so as to satisfy 
a certain condition, and let it be required to find the fixed curve 
which it will alwaystouch (that is, its envelope). Nowif the given 
condition enable us to find the locus of the pole of the great circle, 
it is evident, from Art. 143, that the reciprocal of the locus will 
determine the envelope required. Thefi/ad/ing of envelopes is, in 

V 
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this waj, reduced to ike findi/ng' of eorrespcmdvng lod, and vice 
verscL* The following examples will illustrate what has been 
tnid: — 

1^ Given in position the vertical cmgle of a spherical tri- 
cmgle ; given also the sv/in of the cosines of its base angles ; 
required the envelope of the hose. 

By means of the polar triangle, the question proposed is 
reduced to the following: — 

^' Given in magnitude and position the base of a spherical 
tnsiXk^'^'i given also the sum of the cosines of its sides; to find 
the locus of the vertex." 

Let a and 6 be the sides* and c the base; let ^ represent 
the arc joining the vertex to the middle of the base, and tbe 
angle made by the joining arc with the base. We have then 

cos a = cos ^ • cos^ o + sin ^ • sin^ c^oo&Oy 
and cos 6 = cos • cos^ c — sin ^ • sin^ c • cos 0, 

whence, cosa + cos& = 2 cos ^ • cos^ c. 

This equation determines ^, and the locus is therefore (in gene- 
ral) a lesser ckde, whose spherical centre is the middle of the 
base. 

When the given value of cos a -f cos & is zero, ^ = 90^, and 
tiie locus becomes a great circle. 

Returning now to the triangle in the (original question, it 
follows from Art 145, 3^, that the envelope of the base is a 
lesser circle, which vanishes into a point when the given sum 
of the cosines of the base angles equals zero. 

2*^. Given in ^magnitude and.position the base of a spherical 
tria/ngle ; given also its area ; required the locus of its vertex^ 

Let AB be the base of its spherical triangle, and C its vertex ; 
then, if A'B'C (see fig. on next page) be the polar triangle, we 
shall have its vertical angle C^ given in position,andits perimeter 
also given. Now, if a circle be exacribed (see Art. 6, 4°) to A'B'C, 
touching its base, the perimeter of A'B'C is evidently CO +C'(y 



* If a great circle touch any curve on the sphere, it will also touch another curre 
equal to the former in all respects, and placed on the opposite part of the sphere. A% 
however, one is determined hy the other, we shall, for the sake of simplicity, consider 
a spherical envelope as a single curve. 
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(O and O' being the points of contact with O'A' and C'B'), or, 
2C'0 ; therefore the points O, O' are given, and consequently 
the exscribed circle itself is fixed, which cir- 
cle is therefore the envelope of the base A'B' 
of the polar triangle. The locus of C is (Art. 
1 45, 3°) either the lesser circle reciprocal to 
the exscribed circle, or another lesser circle 
equal to this reciprocal, but on the opposite 
part of the sphera It is evident from the 
figure that, in the present case, the latter 
lesser circle is the one to be taken. 

As this question is one of importance, we 
shall add the following direct investigation 
taken from Thomson's Trigonometry : — 

Let AB ll the given base, and C the vertex, and let F and Q 
be points diametrically opposite to A and B, and therefore 
given. Now if a leaser circle he described 
round the triangle PQC, it is easy to 
prove that this circle remains constant, 
and is therefore the locus required. For, 
as the area of ABQ is given, the sum of its 
angles is given ; but this sum = AQC + 
BPC + PCQ = AQC + BFC + CQR + CPR 
(R being the spherical centre of the lesser 
circle) = AQR+BPR = 2 . AQR (since the angles RQF and RPQ 
axe equal) ; therefore the angles AQR and BPR are given. It 
follows at once that the circle is fixed. 

3*^. Given the vertical angle of a spherical tria/ngle, and the 
ratio of the cosines of its base angles, to find the envelope of 
the base. 

Let us conceive the polar triangle as before, and the question 
is reduced to this : — 

Given i/n magnitude and position the base of a spherical 
triangle ; given also the ratio of the cosines of its sides ; find 
the locus of its vertex. 

Let the sides of the triangle he a^h, and let aj, y be the seg- 
ments of the base made by a perpendicular p from the vertex. 
We have then, cos a = cos p* cos x, and cos 6 = cos p • cos y^ 
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therefore — r= % that is. the cosines of the sides are to one 

oos6 cosy' 

another as the cosines of the segments made by the perpendicular. 

- coso;. . ... cosy— cosa? . i • in 

As IS a ^ven quantity, or, tan* (x + y) 

cosy ^ ^ "^ cosy— cos a? ^ ^' 

tan I (^ — y) is also given. If this quantity is less than tan'| 

base, the perpendicular fidls within the triangle ; and, if greater, 

without. In either case a? and y are determined, and the locus 

required is therefore a great circle perpendicular to Uie base. 

It follows from this that the base of the tria/ngle^ in ihe 
origiTval question, passes through a fixed povrU. This fixed 
point, which may be considered as an infinitely small circle, ia 
the envelope required. 

4°. Our next example requires the following preliminary 
Proposition: — • 

Lemha 16. — Through a given point O (see fig.) on the surface 
of the sphere, let any arc, PQ, be drawn 
cuMing a given lesser circle, whose spheri- 
cal centre is C, the product of the tangenis 
of the spherical semirO/ngles subtended at 
C by the segments of the arc is consta/nt 

Let CM be perpendicular to PQ ; then 

tan CM 



cosOCM = 



tan OC 




, ^^T,, tan CM ^, „ cosOCM tan CQ 

and cos QCM = . j^^^ ; therefore r\rrKM=i — 7\n ' 

^ tan CQ cos QCM tan OC 



and 



cos QCM - cos QCM tan CQ - tan 00 



cos OCM + cos QCM "" tan CQ + tan OC * 
or, 

tan^OCQ.taniOCP = ^Qg7^^gg =oon8tant Q.KD. 

It follows at once conversely that if tan^ OCQ • tanj OOP 
be given, and also the circle, the distance CO is given. 
Suppose now the following question to be proposed : — 
Given in position a lesser circle and a great circle touching 
it; required the locus of the intersection of two other great 
circles also touching it, and intercepting a quadrant on the 
fixed great circle. 
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Taking, as before, the reciprocal circle and the polar triangle, 
the question is immediately reduced to this : — 

If a righiHiTigUd spherical triangle he inscribed in a given 
leaser circle its vertex being at afiooed "point ^ find the envelope 
of its hypotenuse.^ 

Let R be the fixed vertex of the right-angled triangle PQR 
(see last figure) inscribed in the given lesser circle, whose spheri- 
cal centre is C, and let the arc RC be produced to meet PQ in 
the point O. Draw CS and CT perpendicular to the sides of 
the right-angled triangle. We shall then have 

cos CR = cot SCR • cot SRC, and cos CR = cot TCR • cot TRC, 

and therefore cos^ CR = cot SCR • cot TCR • cot SRC • cot TRC = 

coti PCR . cot^ QCR = tani PCO • tan^ QCO. 

SinceCRisagivenquantity,it follows from theforegoing Lemma, 
that the distance CO is constant, and therefore the point is fixed. 
The envelope of the hypotenuse PQ is therefore this fixed point. 
The locus required in the question first proposed is, of course, 
a great circle, 

149. The following exam|)les will serve still further to illus- 
trate the mutual relation of certain questions, both in plane and 
spherical geometry: — 

1°. The product of the tangents of the halves of the segments 
of an arc through a given point, and cutting a given lesser circle, 
is constant (Art. 133, Lemma 12) ; whatisthe reciprocal theorem? 

Recollecting that if any number of poles are on a great 
circle, the great circles, whose poles they are, pass through one 
point, and that the arc joining two poles measures the angle 
made by the corresponding circles, we find the following : — 

if tangent arcs be drawn from any point in a given great 
ei/rde to a given lesser circle, the product of the tangents of the 
semi-angles made by them with the great circle^ is constant^ the 
angles being measured i/a opposite directions with respect to 
the given great circle. 

The theorem just given, being independent of the radius of 
the sphere, will remain true when the radius becomes infinite ; 
we have then the analogous theorem in plane trigonometry : — 
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** If from any point in a given right line tangents be drawn 
to a given circle, the product of the tangents of the semi -angles 
made by them with the opposite portions of the right line is 
constant.** 

If again, this last result be reciprocated by the method already 
explained in Art. 42, we shall have a theorem in plcmo analogous 
to the Lemma given in Art. 148, 4°. 

2^. It is easy to prove that if a spherical quadrilateral he in- 
scribed in a leaser circle^ ike product of the sines of the halves 
of the diagonals is equal to the sum of theproducts of the sines 
of the halves of the opposite sides. In fact, we need only draw 
the chords of the diagonals and sides of the spherical quadrilar 
teraL We shall then have a plane quadrilateral inscribed in a 
circle, in which, by a well-known Proposition (Lardner's Euclid, 
B. vi. Prop. 17), the rectangle under the diagonals equals the sum 
of the rectangles under the opposite sides, and as the chord of 
an arc equals twice the sine of half the arc, the theorem enun- 
ciated becomes evident. 

This Proposition being established, we have the following 
reciprocal: — 

'^ If a spherical quadrilateral be circumscribed to a lesser 
circle, the product of the cosines of the halves of the internal 
angles, made by the opposite sides produced, is equal to the sum 
of the products of the cosines of the halves of the opposite 
angles of the quadrilateral.'^ 

By supposing the radius of the sphere to become infinite, we 
shall have a theorem in planOy the reciprocal of the geometrical 
theorem above cited. 

3°. We have already proved (Art. 125) that if through one 
point three arcs be drawn from the angles of a spherical triangle, 
meeting the opposite sides, the products of the sines cff the 
alternate segments so made are equal. The reciprocal theorem 
is as follows : — 

If a great circle be dravm cutting the three sides of a spherical 
triangle, and each point of intersection be joined to the oppo- 
site angle, the products of the sines of the alternate segments 
of the angles of the triangle made by the joining arcs are equal 

By making the radius of the sphere infinite as before, we 
have a corresponding Proposition in plane trigonometry. 
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If this Propofiitioiiy also, be reciprocated, we find the follow- 
ing:— 

" If through one point lines be drawn from the angles of a 

plane triangle meeting the opposite sides, the product of the sines 
of the angles subtended at any point in the plane of the triangle 
by the alternate segments of the sides are equal^ It is evident, 
however, from Article 110, that this last result is merely equi- 
valent to the known relation between the segments themselves. 

4°. Lemma 17. — The perpendimlars from the angles of a 
spherical triangle upon the opposite sides meet in a pomt. 

Let CP be one of the perpendiculars of the spherical triangle 
ABC. Then, since sin AP = tan CP • cot A, it follows that the 
products of the sines of the alternate segments of the sides made 
by the three perpendiculars are equal, each product being equal 
to the continued product of the tangents of the three perpendicu- 
lars, and the cotangents of the three angles of the triangle. Hence, 
by Art. 125, Lemma 10, the perpendiculars meet in a point. 

This Lemma being laid down, we shall now prove the follow- 
ing properties of two spherical triangles rrmtually supplemental. 

*' If the corresponding corners of two such triangles be joined, 
the joining arcs meet in a point/' 

For, the joining arcs are evidently the perpendiculars from 
the angles of either triangle on its opposite sides. 

^' If the corresponding sides of the two triangles be produced 
to meet, their intei^sections lie on a great circle/' 

This follows from the last, being, in fact, its reciprocal.* 



* The two properties here given are only particular cases of the following: — 

//* two spherical triangles be mutually polar vnth respect to a lesser circle (that is^ 
auck that every side in each is the polar of a corresponding vertex in the oiker^y the points 
of intersection of corresponding sides are on the same great circle; and the arcs joining 
corresponding angles meet in a point. 

This Proposition corresponds to that contained in Art. 51, and may be proved on 
similar principles, or deduced from the latter by projection. 

If we suppose the square of the tangent of the spherical radius of the lesser circle 
to be equal to - 1, we have (Art 141) the properties given in the text 
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CHAPTER X. 

RADICAL AXIS AND CENTRES OF SIMILITUDE ON THE SPHEBE. 

150. Tojmd the locus of a point on the sphere from which 
area drawn to touch two given leaser circles are equdL 

Conoeive a figure on the sphere analogous to that in Art. 53. 

,p, cos AO ^^ J cos BO ^rry, 

Then, — ^^^ = cos OT, and j^mi = cos OT' ; 

cos TA cos BT' 

. , J. cos AO cos AT 

therefore, uj^ = — ^5^,. 

cos BO cos BT' 

We have now the base AB of a spherical triangle ABO, and the 

ratio of the cosines of its sides, to find the locus of the vertex. 

The locus required is therefore (Art. 148, 3°) a great circle OP, 

perpendicular to the arc joining the spherical centres A and B, 

J XX- 'x XI. X cos AP cos AT 
and cutting it so that ^3^^ = ^^^g^. 

This great circle may be called ihe radical axis of the two 
given lesser circles. It coincides with the arc joining the points 
of intersection, in case the circles cut one another, and with the 
tangent arc drawn at the point of contact in case they touch. 
In all cases the^products of the talents of the halves of the seg- 
ments of arcs drawn from any of its points cutting the given 
circles respectively, are equal (the segments being measured fix>m 
the point) (Art 133, Lemma 12). 

151. By reasoning analogous to that contained in Art. 54, it 

will be found that in all cases there exists an infinite system of 

circles on the sphere, having as a common radical axis the arc 

OP, and having their spherical centres along the arc AB. We 

have in fact only to substitute for BP^ — BT'^ and AP^ — AT« 

,.,.,«.. cos BP , cos AP 

respectively, the fractions — T^nrf a^d ttr. 

'^ •' cos BT cos AT 

It will also be found that when the two given cii*cles do not 

meet one another, there will be two limiting points such as F and 
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F\ at equal distances on each side of P, determined by the equa- 
tion cos FP = jjf^. These limiting points, as before, are to be 

COS iX^X 

regarded as infinitely small circles belonging to the system. 

All the results arrived at in Art. 55 hold good on the sphere ; 
the words centre and radius being understood, of course, to mean 
spherical centre and spherical radius. 

1 52. '* If a system of lesser circles have a common ideal 
chord; and a great circle be drawn cutting them respectively in 
the points AA^ £B^ CC^ and so on, and cutting the chord in 
O, the middle points of the arcs OA, OA', OB, OB', &c., will 
form a system of points in spherical involution, of which the 
point is one of the centres/' 

This is evident from what has been said in Arts. 133 and 150. 

It is also evident that the foci are in this case always real, 
and are determined by measuring on the great circle a portion 
on each side of O, equal to the half of the arc joining O to either 
of the limiting points. 

THE RADICAL CENTRE ON THE SPHERE. 

153. " The radical axes belonging to every pair of three 
given lesser circles on the sphere meet in a point, which is either 
within all three circles or without them alL'' (This point is 
called the radical centre of the three circles.) 

This follows by reasoning analogous to that contained in 
Art. 62. 

We have also the following Proposition on the sphere : — 

" If any number of lesser circles pass through the same two 
points, and intersect a given lesser circle, the spherical chords 
of intersection all pass through one point lying on the great 
circle joining the two points." 

When the radical centre of three lesser circles is vdthout 
them all, it is eviderUly tJie spherical ceivtre of a circle cutti/ng 
them orthogonally, 

154 " Let two spherical triangles be constructed, having for 
sides the spherical chords (real or ideal) determined by the 
intersection of three given lesser circles with two others respec- 

X 
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iively ; it is required to prove that the points of intersection of 
the corresponding sides lie on the same great cirda** 

Proceeding as in Art. 63, we readily see that the theorem to 
be proved is reduced to the foUowing : — 

*' If two spherical triangles be such that arcs joining corre- 
sponding angles meet in a point, the points of intersection of 
corresponding sides will lie on a great circle/' This follows at 
once from Art. 23 by projection ; and therefore the theorem 
proposed is proved. 

155. We shall conclude this subject with the following prob- 
lem : — 

'' To describe a circle such that the radical axes determined 
by it and three given lesser circles shall pass respectively through 
three given points on the sphere/^ 

This problem corresponds to that given in Art. 64, and is 
readily reduced to the following: — 

To describe a spherical triangle having its angles on three 
given great circles meeting in a point, and its sides passing each 
through a given point. Now, one side of the spherical triangle is 
fixed completely (and therefore the problem solved) by means of 
the spherical Proposition which corresponds to the theorem proved 
in Art 22. That Proposition is as follows: — *' If the angles of 
a spherical triangle move on three given great circles meeting in 
a point, and if a definite pair of its sides pass through two given 
points respectively, the third side also constantly passes through 
a fixed point on the great circle joining the two given points." 
The truth of this spherical theorem is evident, from Art. 22, by 
projection ; and the fixed point may be found by taking a random 
position of the triangle. The solution of the original problem 
is now evident from what has been said. 

It is easy to see that when the three given points are on the 
same great circle, the problem is either impossible or indetermi- 
nate. 

CENTRES OF SIMILITUDE OF TWO LESSER CIRCLES. 

156. If the arc joining the spherical centres of two lesser cir- 
cles be divided internally and exterually, so that the ainea of the 
segments are in the ratio of the sines of the corresponding spheri- 
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cal radii, the points of section possess certain properties analogous 
to those of the centres of similitude of two circles in piano, 
and may be called Jby the same name. 

1^ A great circle touching the two given circles (if such be 
possible) passes through one of the centres of similitude. 

For, let us conceive a spherical figure analogous to that in 
Art 65, and let TP, the common tangent, cut the arc joining the 
spherical centres in C ; we have then 

sin AT . .^rr sin BT' 
suL AC Bin BC ^ 

that is, sin AT : sin BT' : : sin AC : sin BC, and therefore the 
point C is the external centre of similitude. If the tangent were 
transverse, it would pass through the internal centre. 

2^. If a great circle be drawn from either centre of eimiti- 
tude, cvMi/ng the given circles, the tangents of the halves of the 
arcs between this centre a/nd a pair of corresponding points 
are in a constant ratio. 

Let us take the external centre of similitude, for instance, and 
let (see fig.) the arc 
OO', between a pair of 
corresponding points, 
be bisected in M, and 
let the arcs AM and ^ 
BO' be drawn, and 
produced to meet. We 
^ ^^ sinCA sin CCA ,sinCB sin CO'B 

^^"^^^^^^ SSAO = SirAC0^^^S51S0> = sin BCO' ' 

and therefore sin COA = sin CO'B, and consequently, by the 
definition of corresponding points (see Art. 65, 2°), the angles 
COA and CO'B are equal. It follows that the triangles AOM 
and SO'M are equal in all respects, and therefore that 0^S (being 
equal to AO) is of constant length. Now, considering AS as a 
transversal arc cutting the three sides of the spherical triangle 
BCO', we have (Art 125) 

sin BS . sin CA . sin MO' = sin SO' • sin BA . sin CM, 

J ,, X- sin CM sin BS • sin CA . ^ 

and therefore - — ^rn^, = -r— ot^ — - — ttt = constant 

sin MO sin SO • sm BA 
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t. Bin CM + sin MO' tani (CM + MO') , , 

"*"*' edn CM - an MO ' = taaHCM - MOO = ^'"*^°*' 

A aiimlar proof will apply to the case of ihe internal centre. 

3^ The product of the tangents of tlie halves of the arcs be- 
tween either centre ofsimUitvde andapair of points inversely 
corresponding (see Art. 65, 3^, is coTistanL 

« tani CV . tani CO' tan^ CO' ^ ^ 

*^^'' teSrCVTSiii CO = teSTCO = «^^**^*' 

but (Art 133, Lemma 12) tan^ CY • tan^ CO is constant ; tbere^ 
foie tan^ CY • tan| CO' is constant This proves the Proposi- 
iion in the case of the external centre, and a similar proof will 
apply in the other case. 

4^. *' If a lesser circle touch two others, the arc joining the 
points of contact passes through one of their centres of simili^ 
tuda" 

Let us conceive a spherical figure analogous to the first figure 
in Art 65, 4^, and we shall have the angle XO^V = AOV, and 
therefore the angle BCC^^: AOC, and consequently 

sin BC sin AC 
iSnBO' ^ sinAO' 

This proves the Proposition in the case when the two contacts 
are of the same kind, and a similar proof will hold when they 
are of different kinds. 

The points of contact are (as in piano) points inversely cor- 
responding. 

157. <* If an infinite system of lesser circles touch two given 
ones, the radical axes of every pair that can be taken pass through 
the external centre of similitude when the two contacts are of 
the same kind, and through the internal centre when of different 
kinds. In the former case, a definite circle can be found which 
cuts orthogonally all the circles of the system, and in the latter 
case 'this circle becomes imaginary/' 

These theorems are analogous to those given in Art 66, 2^, 
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and are proved in a similar manner by means of Art 156, 4°, 
and Lemma 12 of Art. 133. 

158. The theorems stated in Art. 157 lead to the following 
spherical Propositions analogous to the results arrived at in Arts. 
89 and 90 :— 

1^. '^ If two lesser circles touch one another, and also touch 
two given lesser circles, either both externally or both internally, 
the locus of their point of contact is a circle having for its 
spherical centre the external centre of similitude of the two 
given circles.^' 

2°. " The envelope of a variable lesser circle, which touches 
one given lesser circle, and cuts another orthogonally, is a lesser 
circla" 

159. The following result are analogous to some of those 
contained in Art. 87 : — 

1 ^ " If from either centre of similitude of two lesser circles 
two great circles be drawn cutting them, a pair of spherical 
chords, inversely corresponding, intersect on the radical axis of 
the two circles." 

For, if we conceive the figure in the Article referred to, to 
be adapted to the sphere, we shall have (Art. 156, 3°) 

tani CV . tanj CO' = tan^ CP' • tanj CQ, 

and therefore the four points V, P', Q, O' lie on a lesser circle 
(Art. 133, Lemma 12), and consequently 

tanj XO' . tani XP' = tanj XV • tan|^ XQ. 

It follows from this (Art. 150) that X lies on the radical axis. 

2^, " Great circles touching the lesser circles at a pair of 
points inversely corresponding also intersect on the radical axis, 
and consequently make equal angles with the great circle join- 
ing the points." 

3®. "Great circles touching the lesser circles at a pair of 
corresponding points make, with the great circle joining the points, 
equal alternate angles.'' 
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AXES OF SIMILITUDE ON THE SPHERE. . 

160. The six centres of similitude of three lesser drclea 
taken in pairs lie, three by three, on four great circles j which 
Tnay be called aaes of svmilitude- 

This Propoeitioii corresponds to that contained in Art. 67, 
and may be proved in a similar manner, by conceiving the figure 
in that Article to be adapted to the sphere, and by introducing 
the sines of the various arcs corresponding to the right lines 
made use of in the former proof. Thus, in place of the equation 

BC R' , „ , sin BC sin R' 

-t-7B7 = t5-, we snail nave -;: — T7\t^^ - — w^ 
AC' R sin AC sm R 

and so on. The proof is completed by the aid of Lemma 11 of 
Art 125. 

We have also the following Proposition, analogous to that 
given in Art. 94, 1**: — 

" In a system of three lesser circles on the sphere, the arcs 
joining each of the spherical centres to the internal centre of 
similitude of the other two circles, meet in a poinf 

161. Given three lesser circles on the sphere, four pairs of 
circles may be described touching them, by the aid of the four 
aoces of similitude, in a maimer analogous to that explained in 
Ari 68, with respect to circles in piano. The reader will find 
no difficulty in establishing the following results, which corre- 
spond exactly to those already given in Arts. 68 and 94. 

V, Each axis of similitude is the radical axis of a corre- 
sponding pair of circles, touching the three given ones in such 
a manner that one set of contacts are respectively opposite in 
kind to the other set. 

2°. The radical centre of the three given circles is the inter- 
nal centre of similitude of the pair in question. 

3°. The arcs joining the radical centre to the poles of the 
axis of similitude, with respect to the three given lesser circles^ 
coincide with the three spherical chords joining the three pairs 
of contacts respectively. 

4°. A great circle drawn from the radical centre perpendi- 
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cular to the axis of similitude, passes through the spherical 
centres of the corresponding pair of touching circles. 

5^ The circle orthogonal to the three given circles, belongs 
to each of the systems of circles, having radical axis in common 
with the four pairs of touching circles respectively. 



CHAPTER XI. 

PROPERTIES OF THE SPHERE CONSIDERED IN RELATION TO SPACE. 

162. The properties of the sphere which have hitherto en- 
gaged our attention are principally such as belong to its &wrface. 
We now propose to explain some of its important properties 
when considered in relation to d^ce. We shall commence with 
those concerning a point and a plane mutually polar. The full 
importance of these properties can only be seen in connexion 
with the theory of surfaces of the second degree ; but the ele- 
mentary principles themselves may, with propriety, be intro- 
duced into a work of the present nature. 

" Given a point O, and a sphere whose centre is C ; let CO 
be joined, and on the joining line a portion CO' be taken (in the 
same direction from C as O is), such that CO • CO' = the square 
of the radius of the sphere, a plane perpendicular to the Une 
CC, at the point O', is called the 'poh/r plcme of the point O, 
with respect to the given sphere, and the point O is called the 
pole of the plane." 

Fromthesedefinitions itisevident that when the pole is within 
the sphere, its polar plane is without it ; and when the pole is 
on the sphere, its polar plane touches the sphere at the pole. 

When the pole is withxmt the sphere^ it appears^ from Art. 
38, that the polar pla/ne cuts the sphere in a circle which is the 
curve of contact of a right cone drcumscrihed to the sphere^ 
and havi/ng its vertex at the pole. 

If the radius of the sphere were to vary, the point O and the 
centre remaining unchanged, we should have an infinity of such 
curves of contact, which would all lie on a sphere having CO as 
diameter (Euclid, B. iii. Prop. 31). 
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163. Any right line through the pole is cuJb harmanieaUy 
by the polar plane and Ike sphere. 

For, di»wtliitraghtbeii£^i line and the centre a plane. This 
plane will cat the sfdierB in a circle^ and the polar plane in a 
right line, whidi will be (Art 38) the polar of O with respect 
to the drde. The Proposition is then evident from Art 39* 

164 The preceding Proposition leads to resolts of great im- 
portance from their application to the theoiy of sur&ces. 

1^ If any number ofpointe on a pla/ne be taken as poles, 
their polar pUmee, with respect to a given sph/erey pass through 
one poi/rUj namely, the pole of the pla/ne^ 

For, let O be the pole of the given plane, and R any point 
on it. Then, since the line joining O and R is (by last Art.) cat 
harmonically in real or imaginary points, it is evident (by the 
same Art.) that the polar plane of R must pass through O. 

Hence it follows that if a number of cones be circumscribed 
to a sphere, with their vertices allon the somie plane, theplcmes 
of their bases pass through one poinL 

2°. If amy number of planes pciss through a poi/rU, the locus 
of their poles with respect to a given sphere isaplane, Tumndy, 
the polar pla/ne of the point. 

For, let O be the given pointy and conceive any plane to be 
drawn through it, and the pole of the plane to be joined to ; 
then, aa the joining line is cut harmonically, the pole of the 
plane drawn through O must lie on the polar plane of O. 

Hence if a number of cones be circumscribed to a sphere, 
with the planes of their bases passing through one point, the 
locus of their vertices is a plane. 

Proportions 1» and 2» may also be proved in a numner sum- 
lar to that explained in the Note to Art 40. 

165. The following Propositions are abo of importance: — 

* It follows from this Proposition that a plane through any point cats the polar 
plane of the point in a right line, which is the polar of the same point with respect to 
the circular section of the sphere made hy the plane. When the plane does not meet 
the sphere the circle hecomes imaginary, while the pole and polar, with respect to it, 
remain real This is an example of the case supposed in Art. 99, 2<'. 
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1*^. If any numher of points lie on a right line^ their polar 
pla/nes with respect to a sphere pass through cmother right Une. 

Draw a plane through the centre and the given line. The 
polar planes are all perpendicular to this plane, and their inter- 
sections with it are (Art. 38) the polars of the points on the 
right line with respect to the circular section of the sphere made 
by the plana These intersections pass through one point (Art. 
40, 1°), namely, the pole of the given line with respect to the 
section above mentioned. It follows that the polar planes all 
pass through a right line drawn through this pole perpendicular 
to the plane of the section. 

It is easy to see that the given right line, and that through 
which the polar planes all pass, are mutually convertible. 

2°. If any numher of planes pass through one right line, 
the locus of their poles is another right line. 

Draw a plane through the centre perpendicular to the given 
right line. This plane will contain all the poles whose locus we 
are seeking, and (Art. 38) will cut the polar planes in a number 
of right lines, the polars of the points belonging to the locus 
with respect to the circular section of the sphere made by the 
drawn plane. Since all these polars pass through one point, 
the required locus is (Art 40, 2®) a right line. 

It is evident that the line thus determined and the given 
line have exactly the same relation to each other as the two 
corresponding lines in the last Proposition. Two right lines so 
related are said to be each the polar line of the other with re- 
spect to the sphere. 

3*^. If four points taken as poles lie on one right UnCy their 
a/nhar7nonic ratio is the same as that of their four polar planes. 

In the first place it appears from Prop. 1° that the four polar 
planes intersect in a right line, and therefore form a system 
whose anharmonic ratio (Art 116) depends upon the mutual 
inclinations of the planes. Again, the pencil formed by lines 
joining the centre tp the four poles consists of angles respec- 
tively equal to those contained by the four planes. Therefore, 
the anharmonic ratio of the four planes is the same as that of 
the pencil, and therefore the same as that of the four poles. 

T 
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RECIPROCAL SURFACES. 

166. We shall now explain the general relation existing be- 
tween tvx) 6urf{ice8, polar reoiprooaUy with respect to a sphere. 

Let a tangent plajie be drawn at any point A^ (see figure in 
Art. 42, 4^) of a given sorfiu^ of any kind (which the figure can 
only represent in section), and let the pole A of the tangent plane 
AT' be taken with respect to a given sphere, whose centre is G, 
the locus of the poles of the tangent planes found by varying the 
point A' on the given surfiBtoe» will be, in general, a new sur&oe, 
between which and the original a remarl^ble reciprocity exists. 

In order to see this reciprocity, let us conceive three positions 
of the point A' ; this will give us three tangent planes intersect- 
ing in a point which we shall call E, and three corresponding 
positions of the point A, which will lie in a plane, the polar 
plane of the point K (Art 164, 2^). Now let the three positions 
of A' approach until they coincide ; the point K will then co- 
incide with A', and the three corresponding positions of A will 
also become coincident, and their plane will become the tangent 
plane to the new surface at the point A. The point A' is there- 
fore the pole of this tangent plane ; that is to say, the point of 
contact of each tangent plane of the original surface is the pole 
of the ta/ngent plane at the corresponding point of the new sur- 
fo^cty and therefore the original surface admits of being generated 
fix)m the new one exactly in the same way as the latter was « 
generated from ii In this the reciprocity consists. 

It is obvious, from what has been said, that CA' is perpen- 
dicular to the tangent plane AP, and CA to AT', and that CA • 
CP' = CA' • CP = the square of radius of the sphere. 

167. As an example on the preceding Article, let it be re- 
quired to fmd the sv/rface reciprocal to a given sphere with 
respect to another given sphere. 

Let S be the centre (see figure on next page) of the given 
sphere, whose reciprocal we want to find, and let its radius be 
called r. Let C be the centre of the given sphere, with respect 
to which the reciprocation is to be performed, and let its radius be 
called h (This sphere is not required to be drawn on the figure.) 
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Let CP be a perpendicular firom C, on any plane touching the 
former sphere at A, and let CA' be taken 
on it, such that CP • C A' = k^; we have to 
find the surfiboe, which is the locus of the 
point A^ Join SA, and draw SD perpen- 
dicular on CP. Now, since CP and SA are 
perpendicular to the tangent plane, they 
are parallel to one another, and 

.DP = SA = r; 

also CD = CS . cos DCS; 

and therefore CP = r+d • cos (CS being called d, and the atigle 

DCS, 0). Finally, calling p the radius vector CA', we have 

p (r + d'Coa 0) = k^ 

^^ ^ r + d'Cos ^ ^ 

for the polar equation of the locus sought. By comparing this 
with the known polar equation of a curve of the second degree, 
referred to one of the foci, it will be seen that the reciprocal sur- 
face required is that generated by the revolution of such a curve 
on its major axis. The generating curve, in the present case, has 
for one of its foci the given point C, and its axis major coincident 

with the line CS; its semi-parameter = -, and its excentricity 

= -. The locus is therefore a proldte spheroid when the point 

C is vdthva the sphere whose centre is S. The spheroid cfianges 
i/ato a paraboloid when C is on the sphere, and becomes a hy- 
perboloid when it is ivitliout. 

If the question were " to find the curve reciprocal to a given 
circle, whose centre is S (see last figure), with respect to another 
given circle whose centre is C," the process shows that the result 
would be an ellipse, hyperbola, or parabola, according as C is 
within the former circle, without it, or on its circumference ; and 
the remarks above made, with respect to the focus, axis major, 
semi-parameter, and excentricity of the curve generating the 
reciprocah surface, would apply to the reciprocal curve. 
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This reciprocal curye possesses also the following property :— 

lis cUrectriXf corrwponAimg to the focus C^ is ike pola/r of 

S with respect to the drde whose centre is C. For, from the 

fundamental property of the directrix, it follows that the distance 

from C to the corresponding directrix, equals the semi-parameter 

. . A* • 
divided by the excentricity, = -% , which proves the Proposition. 

The reader will find a geometrical investigation of the reci- 
procal of a circle, in Art 298 of Salmon's Conic Sections, in which 
work the theory of reciprocal curves is developed with perfect 
generality, and its application illustrated by a variety of example& 

168. It has been already intimated, that by the method of 
reciprocation every property becomes double, and that, in con- 
sequence, our means of discovery become enlarged. We shall 
give here an example connected with the subject of this Chapter. 

*' A cone circumscribed to a sphere is right, and its curve of 
contact is a circle.'^ What are the reciprocal residts ? 

If we take the reciprocal of the sphere with respect to another 
sphere, whose centre we shall call C, we shall have a prolate sur- 
face of revolution of the second degree, with C for one of its foci 
(Art. 167). Also, if we drop perpendiculars from C upon the tan- 
gent planes of the cone, these perpendiculars will form another 
cone, which will be right (Art. 1 45), as being similar to the cone 
supplementary to the former. Again, as the tangent planes of the 
cone, circumscribed to the sphere, also touch the sphere, these 
perpendiculars will pierce the new sur&ce in a series of points 
lying in one plane (Arts 166 and 164, 2*"). Moreover, planes 
touching the latter sur&oe at these points will all meet in one 
point (Arts. 166 and 1 64, 1""), as being polar planes of the points 
along the circle of contact of the original cone. Finally, the line 
joining this point to C makes, with any of the perpendiculars 
above mentioned, a constant angle, being equal to the inclination 
of smy plane touching the original cone to the plane of its circle 
of contact (since the angle made by two planes is equal to that 
subtended by their poles at C, the centre of the reciprocating 
sphere). Hence we obtain the following results: — 

1°. Ifaplanebedrawn cuttiTig a prolate surface of revoliUion 
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of the second degree^ the inght Unea drawn from one of the foci to 
the pointeofthe curve of intersection anrethe aides of a right cone. 

2^ Planes touching the proUite surface at the points of the 
curve of intersection Tneet in one point. 

3° The right line joining this point to the focus is the axis 
of the right cone mentioned in Prop. 1°. 

If we oonoeive a plane to be drawn through the point men- 
tioned in Prop 2°, and through the axis of the surface, we get 
the following general property of curves of the second degree : — 

The Une joining one of the foci to the irUersection of two 
ta/ngents bisects the angle subtended at the focus by the points 
of contact. 

This result may be directly arrived at by reciprocating the 
property, possessed by two tangents to a circle, of making equal 
angles with the chord of contact This will readily appear from 
the latter part of Art. 167 and Art 42, Prop. 4°. 



STEBEOGBAPHIG PBOJECTION. 

169. In the next place we shall explain the fundamental Pro- 
positions relating to the Stereographic Projection of the Sphere. 

In the projection so called, the centre of projection is not at 
the centre of the sphere, but at the pole of a great circle, on 
whose plane a figure on the sphere is projected. The theorems 
above referred to are as follow: — 

1°. The stereographic projection of a circle (great or lesser), 
not passimg through the centre of prelection, is a circle. 

Let CC be the diameter of the sphere perpendicular to the 



C^D 



plane of projection, 
and let P be the Qple 
of the circle to be pro- 
jected, C being the 
centre of projection. 
Let the plane of the 
great circle through 
C, P, C, cut the plane 

of projection in the _^ 

line AB, and the plane ^ ^ 

of the circle to be projected in the line DE (see fig.). Now, if 
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we consider the last- mentioned circle as the base of a cone, whose 
vertex is C, the triangle CDE will be the principal section of 
this cone (see Art 114) (because its plane contains the line OP, 
which cuts the circular base perpendicularly at its ceAtre), and 
as the plane of pkjection is evidently perpendicular to tfab 
principdsection,and the angle OE^D' = CC'E = CDE, the pro- 
jection is a subcontrary section of the cone, and therefore a 
circle by Art. 114. 

If the circle to be projected passes through C, the projection 
is of course a right line. 

2®. If from am/y 'point on the sphere two tangents he dra/um, 
the angle contained by them is projected irvto an equaJ amgle. 

Let D be the point from which the tangents are drawn (see 
last figure). Now the tangent plane at D being perpendicular 
to OD, and the plane of projection being perpendicular to OG,- 
the intersection of these planes is perpendicular to the plane of 
the triangle DOG, and therefore perpendicular to the line GD. 
Also, the angles OCD and ODG being equal, their complements 
are equal, that is, the angles made by the line GD with the 
tangent plane and the plane of projection are equal, and in 
opposite directions. It follows, then, by Art. 115, that the 
angle made by the tangents at D is equal to the projected angle. 

3°. If a cone be drcumecribed to a apherCy the projection of 
its vertex is the centre of the circle which forms the stereo- 
graphic projection of the circular curve of contact. 

In order to prove this Proposition, it is only necessary to 
show that the line D'E\ in the preceding figure, is bisected by 
the right line GP' joining G, the centre of projection, to P', the 
point of intersection of two tangents at the points D and E. 
Now, since G is the pole of the tangent GK, with respect to the' 
circle GPG', and P' the pole of DE with respect to the same 
circle, the line GP' is the polar of K, and therefore DK is cut 
harmonically, and consequently GK, GE, GP', GD make an 
harmonic pencil. It follows that D'E' (being parallel to GK) 
is (Art. 7) bisected, and the Proposition is established. 

170. The first and third Propositions of the last Article may 
be deduced from Proposition 2° in the following manner : — 
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Any side of a right Q(m« li evidanily perpendicular to the 
corresponding tapgent to ite droular bas6| and therefore their 
projections, on the conditions of Art 115, are at right angles. 
It follows at once from this consideration that the stereogniphic 
projection of the circular base of a cone circumscribed to a 
sphere is a curve of such a nature that all its tangents are at 
right angles to the right lines drawn to the points of contact 
from a ceiiain point in its plane. That point is the projection 
of the vertex of the cone, and the right lines are the projections 
of its sides. Now it is evident that the circle is the only curve 
poasessing the property just mentioned ; and therefore the project 
tion of a circle of the sphere, which may always be regarded as 
the base of a cone circumscribed, is another cirde, having for 
its centre the projection of the vertex. Q, E, D. 

When the circle to be projected passes through the centre of 
projection^ the vertex of the cone lies in the plane touching 
the sphere at that point, and is therefore projected to infinity. 
The projection is, therefore, in this case, a circle having an infi- 
nite radius, that is, a right line* 

INVERSE SURFACES. 

171. The following Proposition is connected with our pre- 
sent subject : — 

" If right lines be drawn from a given point to all the points 
of a given plane, and portions be taken on them, or on their 
productions through the pomt, which^ measured from the point, 
are inversely proportional to the lines -^ 

themselves ; the extremities of the^e por- 
tions will, in either case, lie o^ the sur&ce 
of a sphere passing through the given 
point, and having its centre on the per- 
pendicular drawn from the point to the 
given plane." 

Let O (see fig.) be the given point, and 
P any point in the given plane, and let OP 
• OX = a constant quantity. Draw OQ 
perpendicular from O on the given plane, and on OQ take a 
portion OR, such that OR • OQ = OP • OX, and join R, X and 
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P.Q. The point R k fixed; and the (quadrilateral PQRX be- 
ing evidently inaeribaUe in a circle) the angle OXR = OQP, 
and is therefore aright angle. The locos of the point X is con- 
sequently (Eodid, R iii. Pkop. 31) a sphere described on OR as 
diameter. 

If the porti<m OX' (see fig.) be measured ikom O in the 
opposite diiectiony OB' should be taken in a corresponding 
manner, and the locos will be a sphere with OB' as diameter. 

If the locos of the point P were any other given sar&ce or 
carve, there would be a conresponding surfiu^ or curve for the 
locus of X. A locos generated in this way from a given carve 
<Mr soifiice has been named its mverse. The theorem above 
given may therefcnre be expressed as follows : — ^' The sorfiM^ 
inveree to a plane is a sphere."* 

It also appears, from what has been proved, that the sar&ce 
inverse to a sphere, when the given point O (which may be 
called the (»igin) is on the i^>h^re, is a pliuie.* 

172. Given in magnitude and position a circle; the locus of 
the centres of all the spheres, of which this circle may be re- 
garded as a section, is evidently a right line drawn perpendicu- 
lar to the plane of the circle at its centra It follows from this 
remaric that i( in addition to the circle, a point (not in the 
plane of the circle) be given, through which the sphere is to 
pass, the sphere is completely determined. We find, both in 
magnitude and position, a great circle of the sphere, by drawing 
through the given point and the locus of the centres a plane, 
and describing a circle through the given point and the two 
points in which this plane cuts the given circle. 

173. A sphere described throtlgh the drcumference of the 
circular base of cm oblique eone^ a/ad a/n/y point on its surface, 
cuts the cone in a stibcontrary circular section (see Art. 114). 

In order to prove this Proposition we shall first lay down 
the following Lemma : — 

Lemma 18. — ^If from a given point O any right line be drawn 
cutting a given sphere in the points P and X, the rectangle 
OP • OX is constant 



♦ It is easy to infer from Art. 65, Prop. 3®, that the surface inrerse to a sphere is, 
in general, another sphere. 



INVERSE SURFACES. 1 69 

For (Lardner's Euclid, B. ii. Prop. 6) the rectangle is always 
equal to the difference of the squares of the radius and the line 
joining O to the centre. 

Returning now to the original Proposition, it follows, from 
Art. 1 71, that the curve of intersection of the sphere and cone 
must lie on the sphere, which is i/nverse to the plane of the base 
of the cone, the vertex of the cone being the fixed point or 
<yi*igin. The curve in question is therefore i^ i/nteraection of 
two spheres^ thai is, a circle. (The last assertion is readily proved 
as follows: — The chord of intersection of two circles is evidently 
perpendicular to the line joining the centres, and bisected by it; 
and if we conceive the circles to revolve on this latter line, they 
generate two spheres, whose curve of intersection is the circle 
described by the extremities of the chord.) Again, the section 
is subcontrary. For, in the first place, its plane is perpendicular 
to the principal section of the cone ; since the centres of the two 
spheres above mentioned lie in the plane of the principal section. 
Secondly (see figure of Art. 114), if we suppose PQ to be the 
intersection of the principal section with the plane of the curve 
under consideration, the quadrilateral ABQP is inscribed in a 
circle, and therefore the angle PQC = the angle CAB ; which 
proves the section to be suboontrary. 

It follows immediately from what has been said, that a sphere 
can be made to pass through any two suboontrary sections of the 
cone. 

It may be observed that the present Article furnishes an 
independent proof of the result given in Art. 114. 

174. Two planes drawn through the vertex of the cone pa- 
rallel to the plane of the circular base, and that of a suboontrary 
section, are called by Chasles the cyclic planes of the cone. This 
definition being laid down, the following Proposition is easily 
proved : — 

A sphere passing through the drcumference of the circular 
base of a con£, and through its vertex, touches the cycUcplan^e, 
which is parallel to the plane of the subcontrary section. 

For this sphere may be considered (Ari 173) as cutting the 
cone in an infinitely small subcontrary circle ; but since all paral-^ 

z 
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lei sectioDB are similar^ the cyclic plane in question is to be re- 
garded as having exactly the same property ; that cyclic plane 
has, therefore, an infinitely small circle in common with the 
q>here, that is, it touches the sphere. 

And, conversely, it readily follows that any &phere paasvng 
through the vertex^ andt(mching one of the cyclic planes^ cutathe 
^cone m a circle whose pla/ne is parallel to the other cyclic plane. 

An independent proof of Proposition I*' of Art. 169 follows 
at once from the first theorem given in this Article. 



CHAPTER XII. 

PROPERTIES OF PLANE AND SPHERICAL SECTIONS OF A GONE. 

175. The applications made of the method of projection in 
thepreceding pages are, it is hoped, sufficient to enable the student 
to form a clear idea of its nature. The limits within which we 
have hitherto confined ourselves are, however, by no means 
adapted to exhibit the more general results to which the method 
is capable of leading. It seems proper, therefore, before bringing 
this work to a conclusion, to enter into some further development 
t)f this subject. In doing so, it will be necessary to presuppose, 
on the pait of thfe reader (as we have done in the last Chapter), 
an acquaintance with a few of the elementary properties of the 
curves represented by the equation of the second degree in the 
method of co-ordinatea These curves are commonly called conies, 
as being identical with the sections of a cone made by a plane. 
It is, in &ct, easy to prove, in the first place, that every plane 
section of cone with a circular base (in which sense it is to be 
recollected we have agreed to use the term) is a curve of the 
second degree, and, secondly, that any given cui^e of the second 
degree may he regarded as a section of such a cone. 

In order to prove the first part of this Proposition, it is suffi- 
cient to observe that a circular section of the cone is intersected by 
a right line drawn at random in its plane in two points (which 
may perhaps become coincident or imaginary) ; for, any plane 
section of the cone being considered as the projection of this circle, 
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possesses, in consequence, the same property ; and this is the 
characteristic property of curves of the second degree. 

(A more detailed proof, applied to the Elliptic, Hyberbolic, 
and Parabolic Sections separately, may be seen in Salmon's 
Conic Sections, Arts. 346 and 348.) 

The second part of the Proposition above stated is included 
in the following theorem : — 

176. Any given carve of the second degree can he projected 
into a circle^ whose centre is the projection of one of the foci. 

Let us take the ellipse for instance, and let (see fig ) AB be 
its major axis, CD its minor semi- 
axis, and F one of the foci. Through 
the major axis draw a plane perpen- 
dicular to the plane of the ellipse, 
and in this plane draw (in any di- 
rection) from either A or B (sup- 
pose B) a line equal to the adjacent 
segment of the aods made by F ; let 
BF' be this line, and produce it un- 
til F'A' = BF' ; join A'A and F'F, 
and let the joining lines meet in 
O. On A'B, as diameter, describe 
a circle in a plane perpendicular to the plane last mentioned, and 
make it the base of a cone with O as vertex ; then, the given 
ellipse is a section of this cone. 

For, through C draw a plane parallel to the base of the cone ; 
this plane will cut the cone in a circle, having HI for its diame- 
ter, and will evidently pass through the axis minor of the ellipsow 
Now, if we draw AS parallel to A'B,we shall have CI = ^AS = 
AR = AF (sifice BF' = BF), and HC = ^A'B = BF' = BF, and 
therefore HC • CI = BF • FA = the square of the semi-axis 
minor CD (since F is one of the foci). It follows, that the point 
D lies on the circumference of the circle above mentioned, 
having HI for its diameter, and consequently lies on the surface 
of the cone. Again, it is evident that the section of the cone 
made by the plane of the given ellipse is an ellipse having for 
one of its axis AB, and the other coincident with CD. It ap- 
pears then, finally, that this section and the given ellipse have 
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their semi-axes equal and coincident, and therefore are identi- 
cal This proves the theorem in the case of the ellipse. 

Should the curve to be projected be the parabola or hyper- 
bola the same method still applies; although the demonstration 
above given will require to be modified, since, in the case of the 
parabola, the point D is at an infinite distance, and in that of 
the hyperbola is imaginary. The prindple of continuity, how- 
ever, teaches us (see Arts. 96 and 99) that these circumstances 
do not affect the correctness of the primary construction, and 
we shall therefore dispense with any further proof 

It is easy to prove that in all three cases a pla/ne drawn 
through the vertex of the cone and the directrix of the conic 
corresponding to the focus F, is parallel to the base of the cone. 
For, if K be the point where the directrix meets the major axis, 
K and F (see the last figure) are harmonic conjugates with re- 
spect to A and B, and therefore OE must meet BA' in a point, 
the harmonic conjugate of F' with respect to A' and B, that is, 
at infinity. This proves the Proposition.* 

Before concluding this Article, we may observe that by 
whatever method a hyperbola is projected into a circle, a plane 
drawn through the vertex of the cone, parallel to that of the 
hyperbola, divides the circle into two arcs, which are respec- 
tively the projections of the two distinct parts, of which the 
entire hyperbola is made up. 

THE SPHERICAL ELLIPSE. 

177. We are now in a position to transfer immediately many 
of the most general properties of the circle to all the curves of the 
second degree ; but as there are other curves (of which the latter 
are only a particular case), to which the properties of the circle, 
above referred to, admit of being transferred with almost equal 
facility, it seems proper, before proceeding further, to explain the 



* Poncelet has given a method by which a curve of the second degree may be pro- 
jected into a circle, so that any given point in the plane of the curve shall be projected 
into the centre of the circle. The particular mode of projection adopted in the text 
possesses, however, certain peculiar properties which will be useful in the sequel (see 

Alt. 188). 
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nature of those curves, at least so tax as shall be required for the 
due application of the elementary principles already laid down. 

The curves in question are those formed by the intersection 
of a cone with a sphere, whose centre coincides with the vertex. 
From the mode of their formation they are called spherical 
conies ; and they are, in general, of double curvature, that is, 
not plane. In order to be plane curves, they must, of course, 
be circles, which only happens when the cone is right. 

By producing the sides of the cone through the centre of the 
sphere, we have two distinct parts of the complete curve of in- 
tersection ; but it will be sufficient at present to confine our 
attention to one of the portions, each of which is usually called 
a spherical ellipse. 

In explaining the nature of this curve we shall not assume 
any property of the cone besides those established in the pre- 
ceding pages. This remark will account for some peculiarities 
in our mode of treating the subject. 

Our Aindamental theorem is derived from the following 
Proposition relating to the cyclic planes of the cone : — 

The plane coTvtainvng any two sides of a cone intersects the 
cyclic pUmes in two right linesy which Tnake equal angles with 
the two sides respectively. (Chasles's Memoir on Cones, Art. 22,) 

Let OA and OB (see fig.) be the two sides of the cone, and 
AGO the circle in which their plane 
cuts the sphere, which passes through 
the vertex O, and the circumference 
of the base, and (Ari 174) touches 
the subcontrary cyclic plane. Let 
OC be the line in which the plane 
of this circle cuts the tangent plane ; 
OC is therefore a tangent; also, if 
00 be the line in which the circle 
cuts the other cyclic plane, 00 is 
parallel to AB. We have then the angle O'OB = OAB = OOA. 
Q. E, D. 

178. The theorem above referred to is as follows: — 
Ifagreatcirchbedra/umcuttingasphericalellipse^theportioTis 
of it between the points of intersection and the two cyclic arcs 
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respectivdyj are equal. (The cyclic arcs of a spherical conic are 
the two great circles 

whose planes are the ^-^^y^mn -5 

cyclic planes of the 
cone.) (Chasles's Me- 
moir in Spherical Co- 
nies, Art 13.) 

The theorem fol- 
lows at once fix)m the Proposition proved in the last Article, 
since arcs on the sphere are the measures of angles subtended 
by them at the centre, which is here the vertex of the cone. 

The figui'e is intended to represent a spherical ellipse, with its 
two cyclic arcs, SQ, S'Q'. SS' represents any great circle cutting 
the ellipse and its cyclic arcs, and making the segments SR and 
S^B' equal to one another, according to the theorem just given. 

When the points R and R^ coincide, the great circle touches 
the curve, and we have the following result: — If agreed circle 
touch a spherical ellipse^ the portion of it irvtercepted by the 
cyclic area is bisected by the point of contact. 

179. The results arrived at in the last Article lead to impor- 
tant consequences. 

1^. If a great circle, CA (see last figure), be drawn, bised- 
ingthe angle Tnade by the cycUc arcs, and another, QQ', be 
drawn at right angles to this, and cutting it at M, we have 
evidently QM = Q'M; but also (Art. 178) QP = Q'P' ; and 
therefore PM = P'M. It follows from this that the curve is 
sym/metrical with respect to the great circle CA. 

Again, if BC represent a great circle at right angles to the 
two cyclic arcs the curve is also symmetrical with respect to it, 
since the cone is evidently symmetrical with respect to the plane 
of this great circle (which is, in fact, the plane of the principal 
section of the cone.) (See Art 114.) 

The portions CA and CB of the great circles above described 
maybe called the semi-axces of the spherical ellipse, and expressed 
by the letters a and 6 respectively. The figure represents C A as 
greater than CB ; this is proved to be the cade in Art. 181, 1°. 

The point C is evidently the middle point of the semicircular 
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arc W^ It is also easy to see, from wliat has been said^ that if 
any great circle be drawn through C, the part intercepted by 
the curve is bisected at C ; this point may therefore be called the 
centre of the spherical ellipse. 

2°. The projection of the curve on a plane touchvng the sphere 
atCis evidently cm ellipse (Art. 1 75). It follows from 1® that its 
centre is C, and that its semi-axes are tan a and tan b (unity being 
the radius of the sphere), the projections of the arcs CA and CB- 

These considerations enable us to find at once tJie equation of 
the curvCy whether in recta/ngular or polar co-ordinates. To 
find the former, let (see last figure) PM and PN be arcs drawn 
from any point P of the curve at right angles to its axis (which 
we shall take as axes of co-ordinates), and let the arcs CM and 
CN be called x and y respectively. Now, since the equation of 
a plane ellipse, referred to its axes, is of the form 

a« "^ 6'^ - ^' 
it follows from Art. 109 that the required equation is 

tan* X tan" y 



tan' a tan' & 



= 1. 



Again, if we conceive the points C and P to be joined by an 
arc, which we may call p, and if we represent by the angle 
made by this arc with the semi-axis CA, we shall have the fol- 
lowing polar equation of the spherical ellipse: — 

cos' sin' __ 1 _ . , 
tan'a tan' 6 "" tan' p "" ^' 

This comes at once from the corresponding equation of the plane 
ellipse, which is of the form 

<50s'^ . sin'0 I 

9' 



a' "^ 6' - -'• 



3°. We saw in the last Article that a tangent arc, such as 
XY (see last figure), intercepted by the cyclic arcs, is bisected 
at the point of contact T. From this is derived one of the most 
remarkable properties of the curves under consideration. 

The area of the spherical triangle contained by the cyclic 
arcs and any tangent arc is constant. 
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The proof which we shall give of this Proposition is taken 
from Professor Graves's additions contained in his translation of 
Chasles's Memoirs on Cones and Spherical Conies. 

Let XY and XfY^ (see fig.) be two infinitely close positions 
of the tangent arc; let O be their 
point of intersection, and T and T^ 
the points of contact Now, since 
TO and T'O are infinitely small, we 
have OX »; OY, and OX' = OY', 
and therefore the triangles OXX' 
and OYY' are equal, and consequently the triangle Y'XY = 
VX'Y^ This proves that the infinitesimal change on the tri- 
angle VXY = 0, and therefore that its area remains constant 
when the point T gradually changes its position along the curve- 
Hence we infer conversely, that the envelope of the base of a 
spherical triangle, whose vertical angle and area are given^ is 
a spherical ellipse^ whose cyclic arcs are the two arcs forming 
the given vertical a/ngle. 

Since the area of a spherical triangle depends on the sum of 
its three angles, we have also the following important theorem : — 
The sum of the a/ngUs Tnade, by any arc touching a spheri- 
cal ellipse^ with the cyclic arcs is constant. 

In the preceding figure the angles to be taken are V'XY smd 
V'YX If the supplement of one of these angles be taken in 
place of the angle itself the sum must be changed into the dif 
ference in the enunciation of the theorem. 

180. Before proceeding further we shall require the follow- 
ing Lemma:— 

LEMiMA 19.— 2%e reciprocal of a/n elUpse, with respect to a 
concentric circle (see Art. 42, 4°), is another ellipse^ y)hose axes 
are coincident with those of the former^ and inversely porpor- 
tioned to them. 

Let CP (see figure on next page) be the perpendicular from 
the centre C of the given ellipse on any tangent, and let CP • CO 
= k\ k being the radius of the circle (which is not drawn). If 
CD be drawn parallel to the tangent, we have, by a weU-known 
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property of the ellipse, CP • CD = the rectangle under the semi- 
axes of the ellipse = a constant quan- 

CO 

tity, and therefore py^ = constant. It 

follows at once that the locus of O (the 

reciprocal curve) is an ellipse similar to 

the given one, but not similarly situated, 

the corresponding radii vectores CO 

and CD being at right angles. This proves the Proposition 

above enunciated. 

It is to be observed, that this result is not affected by the sign 
of &». If k* be negative, we must take CO' (see fig.) = CO ; but 
the locus will be the same as before. 

We shall now give the corresponding theorem on the sphere. 

The reciprocal of a spherical ellipse (see Art. 143) is another 
curve of the same kind, whose s&miraoces are coincident with 
of the former^ and respectively their comptements. 

This appears at once from the foregoing Lemma, combined 
with Art. 145, l^ and Art. 179, 2°. 

181. It appears from Art 179, 3°, that a spherical ellipse may 
be regarded as the envelope of the base of a spherical triangle, 
in which the vertical angle is given, and also the sum of the base 
angles. By reciprocating this theorem (see Art. 1 48), we find 
(Art. 180) that a spherical ellipse may be regarded as the locus 
of the vertex of a spherical trianglcj whose base is given, amd 
also the sum of the sides. In other words, when a spherical 
ellipse is given, two fixed points exist on the sur&ce of the 
sphere, the sum of the arcs from which, to any point on the curve, 
is constant These points are called its /ooi, and possess remark- 
able analogies to the foci of a plane ellipse. We shall now pro- 
ceed to the consideration of a few of their propertiea 

1^. From the mode by which we have ascertained the exist- 
ence of these points, it appears that they are the trigonometrical 
poles of the cyclic arcs of the supplementary ellipse. Hence 
Art 180), the foci of a spherical ellipse lie on one of its axes 
a4i equal distances from the ce'iUre ; and it is easy to prove that 
that axis must be the greater. 

2a 
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Let F and F' (see fig.) be the foci, and P any point on the 
carve, we have FP + F'P = 

constant,andFC=F'C,Cbeing ^..^--^pt^:^-^ \ 

the centre. (Since the base of /^^^/^^^^^^^^ 

a spherical triangle is less than j^lL-^^^_. ^ A jy 

the sum of the sides, it is evi- V ^ ^ 7 

dent that F and F' lie within ^^"^---..^J..-.^--^^^^ / 
the curve, as the figure repre- 
sents.) By supposing P to coincide with the ends of the semi- 
axes, A and B, successively, we have, for the value of the con- 
stant, FA + F'A, or FB + F'B, that is, 2CA or 2FB ; and there- 
fore CA = FB. Now cos FB = cos FC • cos CB, and therefore 
COS FB is less than cos CB, that is, cos CA is less than cos CB, 
from whidi it follows that CA is greater than CB. Q. E. D. 

Since (Art. 180) the coincident semi-axes of two supplemen- 
tary spherical ellipses are complements, it appears, from what has 
just been proved, that the Tm/nxyi* dxis of a spherical ellipse is 
that which is perpendicular to its cyclic arcs (see the figure of 
Art. 178). 

When the semi-axes a and b are given, the position of the 

foci is determined by the equation cos c = r, where c repre- 
sents the distance FC. The position of the cyclic arcs is also 
readily determined. For if we call <f> the semi-angle made by 
them, and a\ b\ d the quantities in the supplementary ellipse, 
analogous to a, 6, c, we shall have the following equations: — 

2 6 + 2c' = TT, a' + 6 =^, 6' + a = -, and cos c' = n, 

^ 2 2 cos o" 

and therefore sin 6 = -= — .. 

^ sm a 

The geometrical meaning of this result is, that the angle rrvade 

by the cylic arcs is equal to that which the Tninoraxis subtends 

at either of the foci. 

2^ If we reciprocate the theorem given in Art 178, we find 
that the two arcs drawn from the foci to the point of intersec- 
tion of two taTigent arcs make equal angles with these tangent 
arcs respectively. 

The angles FPT and FT'T' (see figure on next page) are 
the angles to be taken. 
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If the points T and T' coincide, we find that a tangent arc at 
cmy pointy suppose T, bisects five exter- 
nal vertical angle of (he tricmgle, whose 
vertex is the point of contact^ and base 
the arc joining the foci* 

3^. It follows, from Art. 178, that 
if two spherical ellipses have the same 
semi-circular cyclic arcs, any arc touch- 
ing the inner curve tneets the outer in two points, which are 
equally distant from the point of contact. For, since TX = T Y 
(see fig.) and NX = OY, TN z= TO. 

It can be proved from this, by reasoning similar to that con- 
tained in Art. 179, 3° that the spherical 
area of the segment NSO (see fig.) cut off 
from the outer curve, is conMant when the 
point of contact, T, changes its position. 
If we reciprocate this result, we find 
(Art. 147) that if two sphei^ical ellipses 
have the saTnefody a/ndiffro7Yi any point 
in the outertwo tarigent arcs be drawn to 
the inner curve, the sum of these arcs, and of the concave paH of 
the circumference of the curve included betweenthem, is constant. 
This theorem is due to Professer Graves. (See his translation 
of Chasles's Memoirs on Cones and Spherical Conies, p. 77.) 

V, If we draw any side of a cone, and drop perpendicularsfrom 
the vertex on the planes of the base, and of a fixed subcontrary 
section, the product of the sines of the angles made by the side 
with the two planes is equal to the product of the perpendiculars 
divided by the product of the portions of the side betWeen the 
vertex and the two planes ; but the latter product is constant 
(Art. 173, Lemma 18), since the two sections made by the planes 
lie on a sphere (Art. 173). We have then the following theo- 
rem: — "The product of the sines of the angles made by any 
side of a given cone with the cyclic planes is constant.'' 

From this we infer that if two arcs be drawn from, any 
point on a sjjfierical ellipse, at right angles to the cyclic arcs, 
the product of their sines is constant 

If this be reciprocated, we find that the product of the sines 
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of aTC9 drwwnfnm^ thefod 'perpendicular to any ta/ngent are 
is conetamL 

182. The tbeoiem, whose redpiocal has just been gir^mi may 
be put in another form, which leads to results of some importance. 
The sines of the perpendicolars on the cjrdic arcs being equal to 
the cosines of their complements, we may say tiiat the product of 
the cosines of the arcs between any point on the cnrre and the 
trigonometrical poles of the cyclic arcs is constant. 

Hence it appears that if Uie base of a gpherieoU tricmgle be 
be given, and the product of the eosinea of the eidee^ the locus 
of the vertex is a spherical ellipse^ whose cydic arcs are the great 
circles whose poles are the extremities of the base. 

Since the cosine of the hypotenuse of a right-angled spherical 
triangle is equal to the product of the cosines of the sides, the 
locus of the vertex of such a triangle, whose hypotenuse is given, 
is a spherical ellipse. 

From this again it follows, that tJie locus of the vertex of a 
spherical tria/nglcj i/a which the base is given, and the ratio of 
the sines of the sides, is a spherical ellipse (Art 139, Lemma 14). 

183. We shall place here a Proposition which is of use in the 
geometrical investigation of the properties of Fresnels t<xit;e 
surface, 

" If the vertex of a right angle be fixed, and one leg move on 
a given plane, while the plane of the right angle turns on a given 
right line, the other leg describes a cone, one of whose cyclic 
planes is the given plane, and the other a plane perpendicular 
to the given line." 

If w^ describe a sphere having the vertex of the right angle 
as centre, and any radius (taken for unity), the theorem to be 
proved evidently comes to the following: — 

If a quadrantal arc on the sphere passes through a fixed 
point, while one of its extremities moves on a given great cirde, 
the locus of the other extremity is a sphei^ical ellipse, one of 
whose cyclic arcs is the given great circle, and the other a great 
circle whose pole is the given point 

Let A be the given pointy and OX the quadrfti^I arc, one of 
whose extremities X moves on the given great circle XB (see 
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%•) l let AB be drawn perpendicular to the given great circle, 
and be produced to P, its pole ; and let P, X, 
and P, O, be joined by arcs. Then, since 
FX and OX are quadrants, X is the pole of 
the arc PO, and POA is a right-angled tri- 
angle, whose hypotenuse AP is given com- 
pletely ; the locus of O is therefore (Art. 182) 
a spherical ellipse, whose cyclic arcs have for 
poles the points P and A ; which proves the 
Proposition. 




THE SPHERICAL HYPERBOLA. 

184. We have hitherto been considering only one of the 
distinct portions, which together constitute the spherical conic; 
there is, however, another mode of dividing the curve symme* 
trically, which must not be omitted. This is by means of the 
great circle at right angles to the cyclic arcs. 

In the annexed figure, BC and B^C^ represent two parts of the 
great circle referred to ; and the two semi-ellipses lying between 




/a' c" jot^ 




^ A 



C and C are on one of the hemispheres formed by it. These two, 
taken together, are called by Chasles a spherical hyperbola. 
Its foci are F" and F' a point diametrically opposite to F, (F 
and F" being the foci of one of the spherical ellipses), and pos- 
sess the following fundamental property : — 

The difference of the area joining the foci of a spherical 
hyperbola to any poiifU on the curve is constant 

Let P be the point. Now since F' is diametrically opposite to 
F,FT and FP are portions of thq same great circle, and therefore 
FT + FB =^ a semi-circle ; but FP + F'T = constant (Art. 181) ; 
therefore, by subtraction, FT — FT = constant. Q. E. D. 
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The Talae of the constant is eqnal to the supplement of the 
arc AA" = A'A" = twice C A'. (The point C" bisects A<A", and 
may be called the centre of the spherical hyperbola). 

The analogy subsisting between the cyclic arcs of the spheri- 
cal conic and the asjrmptotes of a plane hyperbola cannot have 
escaped the notice of the reader. 

185. We shall condade this part of pnr subject with the 
following important theorem : — 

If two sphericcd conica have the same fodf and cfijut one 
another J they intersect at right angles. 

It is easy to see, in the first place, that two spherical conies 
haying the same foci cannot intersect unless they are so situated 
on the sphere, that two foci belonging to the one, when considered 
as aspherical ellipse, are the foci belongingto the other, considered 
as a spherical hyperbola; for if they were both ellipses or both 
hyperbolas, they could not have one point in common without 
coinciding throughout. This being understood, let P be one of 
their points of intersection, and let arcs be drawn from P to the 
two foci, F and F^ Now if an arc be drawn touching the sphe- 
rical ellipse at P, it will (Art. 181, 2°) bisect the external ver- 
tical angle of the triangle FPF', and an arc touching the hyper- 
bola at the same point evidently bisects the vertical angle FPF' 
itself (Art. 184) ; therefore these tangent arcs are at right angles 
to one another, that is, the angle made by the two curves is a 
right angle. 

PROJECTIVE PBOPERTIES OF PLANE AND SPHERICAL CONICS. 

186. We shall now state some of the general properties of 
plane and spherical conies, deducible from those of the circle by 
the method of projection. 

From the definitions of these curves, it appears that they may 
always be considered as projections of the circular sections of 
a cone; hence we have the following results: — . 

I*'. All merely graphical properties of the circle (see 
Art 113) are true for plane or spherical conies; great circles 
being substituted in the latter case for right lines. Pascal's 
theorem (see Art. 27) and Brianchon s theorem (see Art. 42, 1^ 
may be taken as examples. 



AND SPHERICAL CONICS. 183 

2^ Properties of the circle, of the kind stated in Art 110, 
are at once transferred to any plane or spherical conic The 
following theorem, due to Camot, will serve as an example: — 

<^ If all the sides of a plane polygon be cut by a curve of the 
second degree, the continued product of the distances from each 
angle to the points of intersection of the consecutive side with 
the curve is equal to the analogous product formed by inverting 
the successive order of the sides and angles." 

Now, this equation evidently holds good in the case of a 
circle (Euclid, B. iii. Props. 35 and 36) ; it is therefore true (Art. 
110) for any conic section ; that is, for any curve of the second 
degree (Art 176). 

In order to adapt the Proposition to the case of a spherical 
conic, we have (Art. 110) only to substitute a spherical polygon 
in place of the plane, and the einea of the distaaces in place of 
the distances themselves. 

If the sides of the polygon become tomgentSy we have, m 
pUinOj the product of one set of alternate segments equal to that 
of the other set^ and a corresponding theorem on the sphere. 

3^. We saw, in Art. 1 28, that the anharmonic ratio of four 
planes passing through four fixed sides of a cone, and intersect- 
ing in a fifth variable side, is constant: hence (Art. 116), m any 
curve of the second degree, the ariharmonic ratio of four right 
lines dravm fro^n four fixed points on the curve to a variable 
fifth point is constant ; and (Art 118), the anharmoni'C ratio 
of the spherical pencil formed by arcs drawn from amy point 
of a spherical conic to fmir fixed points on the curve is also 
constant. (This constant ratio is, in both cases, called the an- 
harmonic ratio of the four points.) 

4^. It was proved in Art 42, 3**, that the anharmonic ratio 
of the four points, in which a variable fifth tangent to a circle 
is cut by four fixed tangents, is constant : hence follows imme- 
diately (Art. 110) a corresponding property of any plane or 
spherical conia In the latter case, of course, the anharmonic 
ratio of four points on a great circle (see Art. 120) must be taken 
in the enunciation. 

5^ The Proposition proved in Art 39 may be otherwise ex- 
pressed: — 

" If through a given point a right line be drawn, the locus 
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of the harmonic conjogate of this point with respect to the 
two points in which the line cuts a given circle, is a right line/' 

From this it follows (Art 7), that a similar enunciation holds 
good for any curve of the second degree ; and the given point 
may be called a pete, and the locus of the harmonic conjugates 
its polar in relation to the curve. 

Again, it is equally evident (Art 121) that the locus of the 
harmonic conjugates of a given point on the sphere, with respect 
to the two points in which an arc through it cuts a spherical 
conic, is a great circle, which also may be called the polar of 
the point in relation to the conic. 

These definitions being laid down, we may assert that a point 
and its polar, with respect to any plane or spherical conic, may 
he regarded aa the projections of a point and its polar, in relor 
tion to a circle; And by this consideration most of the fundamental 
Propositions in the theory of polars, already established for that 
particular case, are extended to the more general curves just 
mentioned. It is important to observe, in particular, that all 
the theorems contained in Art. 40 are included in this remark ; 
great circles, being, of course, substituted in place of right lines, 
in the case of the spherical conic. 

It is hardly requisite to remark, that a tangent to a plane 
cc.nic is the polar of the point of contact, and the chord of con- 
tact of two tangents the polar of their intersection. Correspond- 
ing properties obtain, of course, in the case of the spherical conic. 

Since any right line or arc through tne centre of a plane or 
spherical conic is bisected, it follows, from the definitions above 
given, that the polar of the centre is, in the former case, a right 
line at infinity, and, in the latter, a great circle having that 
point for its trigonometrical pole. And conversely, a point 
whose polar satisfies either of these conditions is the centre of 
the plane or spherical conic. 

In place of considering a plane or spherical conic as the pro- 
jection of a circle, it is sometimes convenient to regard one aa 
the projection of the other. In such cases, it is evident that a 
point and its polar are still projected into a point and its polar. 

187. In the case of the circle, the right line joining the centre 
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to the pole O (see Art. 38) is perpendicular to the polar, and 
the rectangle CO • 00' = the square of the radius ; let us ex- 
amine to what extent similar properties hold good for the more 
general curves. 

1^. When the conic ia plane : let be its centre, O any point, 
andO'Miis polar; then, since O'B' 
(see fig.) is cut harmonically (Art- 
186, 6**), we have (Art. 3) CO- 
CO'=CA'». This equation expres- 
ses that the aemirdia/nieter on 
which the pole Uea isamecmpro- 
povtional between the distancea 
along the semi-diameter from 
the centre to the pole and polar. 

In order to determine the inclination of the polar to the dia. 
meter CO, let us conceive the chord PQ to revolve round O, until 
it becomes parallel to the polar, and let FQ' be the chord in 
that position ; P/Q' is bisected (Art. 3), since the harmonic 
conjugate of O, with respect to P' and Q', is at infinity ; it is 
therefore one of the chords belonging to the diameter CO, and 
therdbre parallel to the tangent at A^ This proves that tiie 
polar of a point is parallel to the tangent at the extremAty of 
the diameter passing through the point It follows that the 
polar is at right angles to the li/ne CO, only when the point O 
lies on one of the aoces of the conic. 

2**. Whsn the conic is spherical : let us imagine the sphe- 
rical figure, corresponding to that above given, to be projected 
on the plane touching the sphere at C; we shall then have 
(Art. 179, 2'') a plane conic, whose centre is C, and whose 
semi-axis are the projections of those of the spherical curve. 
The point O and its polar, in relation to the latter curve, will 
(Art. 186, 5°) be projected into a point, and its polar with re- 
spect to the former ; and hence we infer, first, that tan CO • tan 
CC = tan* CA' ; in the next place, that the poh/r O'M vater- 
sects the a/rc touchiTig the cu/rve at A' in a povnt on the sphere^ 
whose distance frofm G is a quad/i-ant (because its tangent is 
infinite) ; and finally (Art 109), that the polar O'M is perpen- 
dicular to the arc CO, only when the point O Ues on one of the 

axes of the curve* 

2b 
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When the point O coincides with one of the foci of the 
spherical conic, its polar in^ relation to the curve is called by 
Chasles the director arc corresponding to that focus, and pos- 
sesses properties analogous to those of the directrix of a plane 
conic. The director arc corresponding to the focus F' (see figure 
of Article 181, 1**) is perpendicular to the major axis at a point 
D, whose distance from the centre is determined by the equation 

tan d = r , where d represents the arc CD. 

i^an c 

188. Properties relating to angles at a focus of a plane conic 
may be deduced with great fiicility from those concerning 
angles at the centre of a circle, by the aid, of the theorems 
established in Arta 115 and 176. The construction employed 
in the latter Article is such (Art. 115) that an angle, whose 
vertex is at the focus of the conic, is projected into an equaZ 
angle, having its vertex at the centre of the circle* The follow- 
ing are examples: — 

1*^. Two tangents drawn from a point to a circle subtend 
equal angles at the centre. Hence we infer that two tangents 
drawn from a point to any curve of the second degree subtend 
equal angles at one of the foci. (This Proposition has been 
already given in Art. 168.) 

2°. If a chord of a circle whose radius is r, be drawn through 
a point whose distance from the centre is ci, it is easily proved 
that the product of the tangents of the semi-angles subtended 

fji* ._ ^ 
at the centre by the segments of the chord = -^ (see Lem- 
ma 16 of Art 148, 4*'). Hence it follows, that the prodtLct of 
the tangents of the halves of the angles subtended at one of the 
fod of a given conic by the segments of a chord d/rawn through 
a given point is constant. 

3^ A right line drawn from the* centre of a circle parallel to 
a chord bisects the external vertical angle of the isosceles trian- 
gle, whose sides are the radii passing through the extremities 
of the chord. From this we have the following theorem : — 
" The right line joining one of the foci of a cOnic to the point 
where the corresponding directrix is cut by any chord of the 
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conic bisects the external angle formed by lines from the focus 
through the extremities of the chord/' 

4°. From what has been proved in Ari 176 it readily fol- 
lows, that concerUric eirdes may be projected into cordca hav- 
ing one focus a/nd the correspondi/ng di/rectrix com/mon> 

In the annexed figure (which corresponds to that in Art. 176 ), 
F'B andF'B" represent the radii of the 
concentric circles ; and F'B', which 
is parallel to F/B, is equal to FB', 
since (Art. 176) F'B = FB; the circle 
whose radius is F^B^, and whose plane 
is parallel to that of the former cir- 
cles, is then projected into a conie, 
one of whose foci is F, and whose cor- 
responding directrix passes through 
K. This proves the Proposition. 

In order to illustrate the application of this principle, let us 
return to Example 2°, and let us inquire how the point through 
which the chord of the conic is drawn must move, in order 
that the product of the tangents of ihe aemi-anglea attended 
(U tlie focu8 may retain the same conatcmt value. Since the 
value of the product in the case of the circle depends on the 
distance d, the answer evidently is, that the point must move 
on another conic, having one focus and the corresponding 
directrix the same as those of the given conia 

5^. A chord of a circle which subtends a constant angle at 
the centre touches a concentric circle ; and tangents at its 
extremities intersect on a third circle, also concentric with the 
original. Hence we see that if a chord of a given conic sub- 
tend a constcmt a/ngle at one of the foci, its envelope is another 
conic, and the locus of the intersection of tomgenis at its extre- 
mities is a third conic ; all three conies havvng, moreover, (me 
foeusy and the correspoTkdmg directrix in common, 

189. The following principle is of use in deriving properties 
of a focus in the case of spherical conies from the analogous pro- 
perties of the plane curves. 

The projection of a sphei*ical conic on a plane touching the 
sphere at one of the foci is a plane conic, of which also the 
point of contact is a focus. 
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Since the fed of a spherical conic are the trigonometrical poles 
of the cyclic arcs of the supplementary conic (Art. 181, P), the 
projection of the latter on the tangent plane is a circle ; but the 
projection of the original conic is the polar reciprocal (Art 14o, 
1"^ of the former projection with respect to a circle whose centre 
is the point of contact ; it is therefore (Art. 167) a curve of the 
second degree, having one of its foci coincident with that point 
Q.E.D, 

It is evident that the directrix of the plane conicy corre- 
eponding to the poirU of contctctj is the projection of the corre- 
sponding director arc (see Art. 187, 2®) of the spherical curve; 
because a point and its polar in relation to the latter are pro- 
jected into a point, and its polar with respect to the former. 

Since all parallel sections of a cone are similar, it follows from 
the property above proved, that the right lines drawn finom the 
centre of the sphere to the foci of a spherical conic are such that 
any plane perpendicular to either is cut by it in a point, which 
is one of the foci of the corresponding section of the cone, by 
whose intersection with the sphere the spherical conic is formed* 
These right lines are called the focal lines of the cone, and are 
of very great importance in connexion with the general theory 
of sur&ces of the second degree. They are (Art 1 81, 1°) per- 
pendicular to the cycUc planes of the supplementary cone. 

190. The principle stated at the commencement of the last 
Article may also be derived from the polar equation of a sphe- 
rical conic referred to one of the foci as pole. 

In order to find the equation, let FP (see figure of Art. 181, 
1 **) be represented by p, and the angle PFF' by ; we have 
(Art. 181, 1^ FT = 2a - p, and 

cos FT = cos FP . cos FF' + sin FP . sin FF' cos PFF' ; 

and therefore 

cos2a'Cosp -f^i^^^*8ii^p==oos/>-cos2e + sinp*sin2o«cos 0, 
or, (cos 2a — cos 2c) cos p = (sin 2c • cos — sin 2a) sin p, 

J ^ „ , cos 2c — cos 2a 

a^d finally, tan p = -; — ^ — ci rv 

•'^ '^ sin2a — sm2c«oos 

Since tan p is the projection of p, and the angle remains 
unaltered (being the angle made by tangents at F), this result 



AND SPHERICAL CONICS. 189 

proves that the projection of the curve on a plane touching the 
sphere at F is a plane conic, having F for one of its foci, and 

having an excentricity equal to - — 5-. 

191. We shall now give some examples of the process of 
deduction alluded to in Art. 189. 

1^. If pi and p2 be the segments of a focal chord of a given 

plane conic, it is known that — | — = constant ; what is the 

Pi p2 

analogous property of a spherical conic? 

The required Proposition is : — " The sum of the cotangents 
of the segments of a spherical chord through one of the foci is 
constant.'' 

This result may, of course, be derived directly from the polar 
equation given in the last Article. 

2®. What is the property of a director arc (see Art. 187, 2°) 
of a spherical conic, correapond/ing to the properly of plane 
conies, froTn which the directrix derives its name ? 

Let O (see fig.) be the centre of the sphere, and P' the pro- 
jection of P, any point of the curve on a 
plane touching the sphere at the focus 
F; let DV be the director arc corres- 
ponding to F, V being the foot of a per- g" 
pendicular arc on it from P; let D'X be 
the projection of the director arc, X being 
the foot of a perpendicular drawn from 
P' on this projection ; let 8 represent the 
angle made by the tangent plane with 
that of the director arc, and p a perpen- 
dicular from P' on the latter plane. Then 
since (Art 189) F is the focus, and D'X 
the corresponding directrix of the plane conic, which constitutes 

FP' 

the projection of the given curve, p7^ = constant ; now 

FP' = OP' . sin FOF (since OFP' is a right angle), 
and therefore 

= OP' • sin FP (the radius of the sphere being unity), 
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P OP'.BinPOV OF.sinPV 

and Fa = -t*--^ = — § = = — s — ; 

mno Bin S smS ' 

we have therefore, by division, 

sin FP. sin 8 x x j . , sin FP , . 

— : — p^^ — = oonstaot, and oonsequently . p^ = constant} 

which is the required result. 

3^. From Elxample 1^ of Art 188, we infer that two area 
drawn from a point to Umch a spherical conic avJbt&nd equal 
angles at one of the focL 

4^. The second and fourth Examples of the same Article 
lead to the following results : — " If an arc be drawn through a 
given point, cutting a given spherical conic, the product of the 
tangents of the semi-angles, subtended by its segments at one 
of the foci, is constant 

'^ The product of the tangents will retain the same constant 
value when the point moves on another spherical conic having 
one focus and the corresponding director arc in common with 
the given conic." 

5^ In a similar manner we find, that " the arc joining one of 
the foci of a spherical conic to the point where the corresponding 
director arc is cut by any spherical chord bisects the external angle 
formed by arcs drawn from the focus to the extremities of the 
chord." 

6^. ^' If a spherical chord of a spherical conic subtend a con- 
stant angle at one of the foci, its envelope is another spherical 
conic; and the locus of the intersection of tangent arcs drawn 
at the extremities of the chord is also a spherical conic; and all 
three curves have one focus, and the corresponding director arc 
in common." This appears from Art 188, 5^ 

192. In obtaining properties of spherical conies by projection 
from those of the circle, or any other plane conic, it is important 
to observe, that the polar of the centre of the plane curve is a right 
line at infinity (Art 186, 5°), and may therefore be considered as 
the line of intersection of the plane of the curve, with a parallel 
plane drawn through the centre of the sphere. It follows frcm 
this remark (Art. 186, 5°), that the projection of the centre of 
the given plane curve is the pole, in relation to the spherical 
conic, of the great circle formed by the parallel plane. . 
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It is also of importance to remark, that if two planes be 
drawn through the centre of the sphere and any two right lines 
in the given plane figure, these planes will intersect the parallel 
plane above mentioned in two radii containing an angle equal 
to that made by the two right lines. 

When the spherical conic is (as we shall generally suppose) 
considered as the projection of a circle, the parallel plane through 
the centre of the sphere becomes a cyclic plane of the cone, and 
the centre of the circle ia projected into the pole of the corre-' 
aponding cyclic arc va relation to the spherical conic 

We shall now illustrate the application of these remarks by 
some examples, referring the reader for further details to Graves's 
translation of Chasles's Memoirs on Cones and Spherical Conies, 
before cited. 

1^. A radius of a circle is perpendicular to a tangent at its ex- 
tremity. Hence we find that an arc touching a spherical conic, 
and the arc drawn through its point of contact and through the 
pole of a cyclic arc, with relation to the conic, meet that cyclic 
ai'c in two points, the distance between which is a quadrant. 

2^ Two tangents to a circle make equal angles with the 
chord of contact Hence we infer that two tangent arcs to a 
spherical conic, and the arc which joins their points of contact, 
intersect a cyclic arc in three points, the third of which bisects 
the distance between the first two. 

3^ Angles in the same segment of a circle are equal This 
leads to the following : — If through two fixed points on a spheri- 
cal conic two arcs be drawn, which intersect in any third point 
of the curve, the segment which they intercept upon a cyclic 
arc is of invariable magnitude. 

4^ The vertex of an angle of invariable magnitude, whose 
sides touch a given circle, generates a second circle ; and the 
envelope of the chord of contact is a third circle ; and these three 
circles are concentric. Hence we infer that, jf two tangent arcs 
be drawn to a spherical conic, so that the segment intercepted 
between them upon a cyclic arc may be of a constant length, the 
locus of their point of concourse will be a second spherical conic. 
The arc joining the two points of contact will envelope a third 
conic. The cyclic arc in question will be a cyclic arc of the two 
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new oonies, and this arc will have the same pole with relation 
to the three oonios. 

5^ If right lines be drawn from two fixed points in the cir- 
cumference of a circle through the extremities of any diameter, 
they will intersect in a point, the locus of which will be a circle 
which passes through the two fixed points, and whose centre is 
the pole of the right line joining them. The student will not 
find it difficult to prove this theorem. From this is derived 
the following: — If arcs be drawn from two fixed points on a 
spherical conic to the extremities of any spherical chord passing 
through the pole of a cyclic arc, with relation to the curve, they 
will intersect in a point, the locus of which will be a second 
spherical conic; the cyclic arc in question will be a cyclic arc of 
the new conic, and its pole with relation to that curve will be 
the same as the pole with relation to the given conic of the arc 
joining the two fixed points. 

193. In the examples just given, we have employed a circular 
section and the parallel cyclic plane of the cone, by whose inter- 
section with the sphere the spherical conic is formed. Let us now 
suppose the cone to be cut by any plane ; this will in general give 
an ellipse or hyperbola ; audit is known that the vertex of a right 
angle circumscribed to either of these curves lies upon a circle 
which has the same centre with it. Let us also draw, as before, 
a parallel plane through the centre ; this will form a great circle, 
two of whose radii will be parallel to the legs of the right angle, 
and each pair of parallel Unes will determine the plane of a great 
circle touching the spherical conic. Hence we obtain the follow- 
ing theorem : — ** A spherical conic and a fixed arc arbitrarily 
drawn being given, if two tangent arcs to the conic be drawn, so 
that the segment intercepted between them on the given arc may 
be a quadrant, the point of concourse of these two arcs will gene- 
rate a second conic, which will have the given arc for a cyclic ara 
And this arc will have the same pole in relation to the twoconics.^' 
If the plane cutting the cone be parallel to a tangent plane, 
the plane section becomes a parabola, and the locus of the inter- 
section of rectangular tangents to it a right line. This particu- 
lar case leads to a corresponding result, as follows: — 

*' If two tangent arcs to a spherical conic intercept between 
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them, a segment equal to a quadrant, on a fixed tangent arc to 
the curve, the point of concourse of the two tangent arcs will 
move along an arc of a great circle.'* A particular case of this 
result is given in Art. 148, 4^. 

194. In order to reciprocate properties^ such as those arrived 
at in the last two Articles, we shall reqxiire the following prin- 
ciple : — 

To a 'point and its polar arc, in relation to a spherical 
eon4,c, there correspond an arc and its pole i/n relation to the 
supplementary conic, (A point and a great circle are here 
said to correspond when the point is the trignometrical pole of 
the great circle. Sef» Art 143.) 

In order to prove this Proposition, let us first suppose that 
the polar arc in one conic joins the point of contact of two real 
tangent arcs drawn from the pole ; these points of contact (Art. 
143) correspond to two great circles touching the supplemen- 
tary conic, and therefore the polar arc in question corresponds 
to the point of intersection of these two great circles; this 
proves (Art 186, 5^) the Proposition in the case supposed 

When the polar arc in one conic does not meet the curve, the 
foregoing proof will not apply; but in virtue of the principle of 
continuity (Art. 99), we may extend the result to this case also. 

The following is a particular ease of the theorem above 
given: — ^ 

To a cyclic arc and its pole in relation to a spherical conic, 
there correspond a focus and its director are in respect to the 
supplementary conic. 

195. The reciprocals of the theorems given in Art. 192 are 
as follow: — 

1®. Two arcs drawn fi'om one focus of a spherical conic, to 
any point on the curve, and to the point where the tangent arc 
at the former point meets the director arc belonging to the 
focus, are always at right angles. 

2®. The theorem given in Art. 191, 3®, is the reciprocal of 
'Art 192, 2^ 

3*^. Two fixed arcs being drawn touching a spherical conic, 
and any third taijgent arc intersecting the two former in two 

2c 
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points, the arcs drawn from a focus to these two points wiU 
contain a constant angla 

4**. Theorem 6° of Art 191 is the reciprocal of Art. 192, 4^ 
' 5^ K tangent arcs be drawn to a spherical conic from any 
point in one of the director arcs, the envelope of the arc joining 
the points in which these tangent arcs meet two fixed tangent 
arcs, is a second spherical conic ; the focus corresponding to the 
director arc in question is one of the foci of the second conici 
and its director arc with respect to that curve is the arc joining 
the poinds of contact of the fixed tangent arcs. 

196. The theorems arrived at in Art 193 being reciprocated 
give the following results : — 

1°. If round a fixed point on the sphere^ as vertex^ a rigU 
aphericdl angle be made to turn^ and if the poi/nts i/n which Us 
sides TTieet a given spherical conic be joined by an arc, this arc 
will touch a second conic, of which the fijoaed povnl will be a 
focus ; and this poi/ni will have the same pola/r arc in relalion 
to the two curves. 

2^. If a spherical righiran^led triangle be inscribed i/n, a 
given spherical conic^ its vertex being fiocedy the hypotenvM 
constantly passes through a ftased point. A particular case of 
this is given in Art 148, 4^ 

It is easy to see, by taking a limiting position of the trian- 
gle, that the fixed point lies on a grea/t circle normcd to tiie 
curve at ths fixed vertex. 

From the first result stated in this Article, it follows that 
the envelope of a spherical chords subtending a right angle at 
the centre of the spherical conic, is a lesser circle. For, since 
the fixed vertex has the same polar in relation to the given 
curve and to the envelope, and is the centre of the first, it is 
easy to prove (Art. 186, 5**) that it must also be the centre 
of the second ; but it is also one of its foci ; therefore the centre 
and a focus of the envelope coincide, which can only happen 
when it is a circle. 

The particular theorem just proved may also be readily de- 
duced from the polar equation of the spherical ellipse referred 
to its centre as pole. (See Art. 179, 2°). 

Let CP and CQ be two rectangular arcs drawn from the cen- 
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tre, C, of the spherical conic to two points, P and Q, on the curve ; 
let CO be a perpendicular to the arc PQ, and let the spherical 
angle made by CQ with the major axis be call ^. We have 
then 

cos' e . sin* e ^,nn ji sin* , cos« . , ^^ 

liSra + t^6 = ^^^'CQ,a^d^-+£^j = cot«^ 

and therefore, by addition, 

cot' a + cot» 6 = cot" CP + cot» CQ. 
Again, COP being a right-angled spherical triangle, we have 

cos OOP = tan CO . cot CP, 
and, in like manner, 

cos OCQ == tan CO . cot CQ ; 

squaring both sides of these equations, and adding, we find 

1 == tan* CO . (cof CP + cot* CQ), 

or cot' CO = cot2 CP + cots qq = cot« a + cot« 6. 

CO is therefore constant, which proves that PQ touches a lesser 
circle, whose spherical centre is C. 

197. If we suppose the centre of the sphere to recede to an 
infinite distance upon the radius, which passes through the cen- 
tre of the spherical conic, considered as a hyperbola (see Art. 
184), the curve will gradually degenerate into a plane hyperbola, 
and the cyclic arcs will become two fixed right lines drawn 
through its centre. Any of the fundamental properties of the 
cyclic arcs already proved is sufficient to indicate that these 
two fixed right lines are the asymptotes of the hyperbola. In 
the same manner the foci and director arcs of the spherical curve 
will ultimately become the foci and directrices of the curve in 
pUtno. We are thus furnished with a method of deducing 
properties of the hyperbola, which may, of course, in certain cases 
be extended by the principle of continuity to the ellipse and 
the parabola. 

In order to explain more particularly what has been said 
above with respect to the aaymptoteSj foci, and directrices of 
the hyperbola, let us, in the first place, suppose that the pro- 
perty of the cyclic arcs given in Art. 181, 4°, is expressed by 
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an equation modified, in the nsual way, by the introdaddonof any 
ladiiUy r, in place of a xadius equal to unity. We shall then have 

ginOP-BinOQ ' ^ 
-5 — = constant^ 

OP and OQ being perpendicukr area from any point O of the 
curve to the cyclic arcs; and therefore sin OP -sin OQ = con- 
stant Let ns now soppoeer to become infinite; the sines of OP 
and OQ will be coiocident with the arcs themselves ; and we shall 
have, in the plane figure, OP* OQ = constant^ OP and OQ being 
right lines perpendicular to the limits of the cyclic area Let us 
now drawOY and OX (in the plane figure) parallel to these limit- 
ing lines CT and C'Q respectively, aod let us representthe angle 
PC'QbyS;OQ-OPwill then be equal toOY-OX.sin«8; and 
therefore O Y • OX = constant. This proves that the curve is a 
hyperbola, whose asjnnptotes are the limiting lines CT, O'Q. 

In the next place, it is evident^ firom what has been said in 
Art 184, that the limiting positions of the fod of the spherical 
hyperbola are the foci of the plane hyperbola. 

Finally, since the arcs between the^centre of the spherical hy- 
perbola (see Art. 184) and one focus and the corresponding vertex 
and director arc of the spherical ellipse, are the complements of 
the anlogous arcs, counted from the centre of the spherical ellipse, 
if we call the former arcs &j a', df respectively, we shall have 
(Art 187) cot {/ • cot d' = cot^a', or, tan & • tan <Z' = tan* a'. 
From this it follows that the director arcs of the spherical conic, 
in theii: limiting state, become the directrices of the hyperbola. 

198. The following are examples of the method of deduction 
explained in the last Article: — 

1^. Two tangents to a hyperbola, and the right line joining 
the points of contact, meet an asymptote in three points, the third 
of which bisects the distance between the first two (Art. 192, 2°). 

2^ If the two sides of a variable angle, whose vertex traverses 
a hyperbola, pass through two fixed points on the curve, the 
segment intercepted between the sides of this angle upon an 
asymptote will be of constant length (Art 192, 3°). 

This theorem may be stated in another form : — ^* If the two 
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sides of an angle pass through two fixed points and intercept upon 
a given right line a segment of constant length, the y^tex of 
this angle will generate a hyperbola^ which will pass through the 
two fixed points, and which will have the given right line for 
an asymptote/' 

3**. If two tangents to a hyperbola intercept on one of the 
asymptotes a segment of consta/rd length, the locus of their 
point of concourse will be a second hyperbola. The chord jom- 
ing the points of contact will envelope a third i^yperbola. And 
the asym/ptote in question will also be an asymptote of the two 
new hyperbolas. (Art. 192, 4°). 

4^ " If in the plane of any conic section a right angle be 
made to turn round a fixed point as vertex, the chord subtended 
in the curve by the sides of this angle will touch a second conic, 
one of whose foci will be at the fixed point, and the correspond- 
ing directrix will be the polar of this point with relation to the 
given conic section/' 

"If the vertex of the moveable angle be the centre of the 
given conic, the second conic will be a concentric circle/' 

*' If the vertex of the angle be on the given conic, the chord 
subtending it will constantly pass through a fixed point on the 
normal to the conic drawn from the vertex of the angle/' (Art. 
196). 

5°. If tangents be drawn to any given curve of the second 
degree from any point in one of the directrices, the envelope of 
the right line joining the points in which these tangents meet two 
fixed taugents is another curve of the second degree ; the focus 
corresponding to the directrix in question is one of the foci of the 
second curve, and its directrix with respect to that curve is the 
chord of contact of the two fixed tangents. (Art. 195, 5°). 

ORTHOGRAPHIC PROJECTION. 

199. Before concluding this Chapter, it is necessary to observe 
that the term projection is sometimes used in a more particular 
sense than that which we have constantly attached to it. If we 
suppose the centre of projection to be at infinity in a direction 
perpendicular to a given plane, the projection of any figure upon 
this plane is properly called its orthographic projection. In 
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describing tluB particular case, the term ** orthographic'' is fre- 
quently omitted; but the context is, in general, sufficient to 
prevent any confusion arising from this circumstance. 

The orthographic projections of plane figures are possessed 
of certain important properties^ which we shall now explain. 

1^ '^ Any two right lines parallel to one another in the ori- 
ginal figure are projected into two right lines^ which are also 
paraUeL" 

2^. ** The length of the projection of a finite right line is 
equal to the length of the line multiplied by the cosine of the 
angle made by the given line with its projection." A line is 
evidently equal to its projection when they are paralleL 

3^ If the given figure be closed, ihe projected fi^/ure is oUso 
closed; cmd its area is equal to that of the original mvUipUed 
by the cosine of the a/ngle between the two planes. 

The first part of this theorem is evident ; the second may be 
proved as follows: — If we conceive the given area to be divided 
into an infinite number of trapezia by right lines drawn perpen- 
dicular to the intersection of the two planes, the area of the pro- 
jected figure will (Prop. 1°) be divided into a corresponding sys- 
tem of trapezia by the projections of these lines. Now, since 
the area of a trapezium is equal to the rectangle under its alti- 
tude and half the sum of the parallel sides, and since the sum 
of the altitudes of all the trapezia in each figure is evidently the 
same (the altitudes being, in each case, parallel to the line of 
intersection of the planes), the projected area is equal to (by 
Prop. 2^) the given area multiplied by the cosine of the angle 
made by any side of one of the first set of trapezia with its 
projection. But this angle is the angle between the planes; 
and the Proposition immediately follows. 

4° If the given figure he a circle^ its projection is an ellipse, 
whose major asds is the projection of that diameter of the circle 
which is parallel to the intersection of the two pkmes (and there- 
fore equal to the diameter) ; and whose minor axis equals the 
dia/meter multiplied by the cosine of the angle between the planes. 

This appears at once from Prop. 2°, combined with the fol- 
lowing well-known property of an ellipse : — 

'^ If on the axis major of an ellipse, as diameter, a circle be 
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deocribed, any perpendicular drawn from the circumference of the 
circle on the diameter is to the coincident perpendicular from 
the circumference of the ellipse, in the constant ratio of the axis 
major to the axis minor/' 

Hence it follows that any given ellipse may be regarded as 
the orthographic projection of a circle. This principle is very 
usefiil in deducing properties of the ellipse from those of the 
circle. A similar method will not apply to the hyperbola or 
parabola, but the properties established for the ellipse admit of 
being transferred (with the usual restrictions) to the other curves, 
by means of the principle of continuity. 

5*^. *'When a circle is projected orthographically into an 
ellipse, any two rectangular diameters of the former are projected 
into a pair of conjugate diameters of the latter.^' 

Because two rectangular diameters of the circle are such that 
each bisects the chords parallel to the other. For by Proposi- 
tions 1** and 2® the projected lines will possess the same property, 
that is, they are conjugate diameters. 

200. We shall now give some examples to illustrate the 
application of the principles explained in the last Article. 

1**. Let CP and CQ be any two radii of a circle at right angles 
to one another, and CP', CQ' a se- 
cond pair also at right angles (see 
fig.) ; let P'S and Q'T be perpendi- 
cular to the diameter PC ; then we 
shall have the triangles CSP' and 
CTQ' equal in all respects. Hence 
we have the following property of 
an ellipse: — 

**From the extremities of any 
pair of semi-conjugate diameters of 
an ellipse, let a pair of ordinates be drawn to a diameter of the 
ellipse ; the two triangles so formed are equal in area." 

2^ It is evident, on the same figure, that CS» + TC« = CP'« = 
CP». Hence we infer, that " If from the extremities of any pair 
of semi-conjugate diameters of a given ellipse two ordinates are 
drawn to a given diameter of the ellipse, the sum of the squares 
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of the s^ments between the centre and the feet of the ordinates 
is equal to the square of half the given diameter, and is therefore 
constant" In the next figure, CP' and CQ' represent a pair of 
semi-conjugates, and P'S, QT a pair of ordinates to CA, the 
giyen diameter. 

If we suppose the given diameter to coincide successively 
with each of tiie axis of the ellipse 
(see fig.), we shall have, by what 
has been proved, 

CS« + CT« = CA«, 
and CS'« + CT'« z= CB% 
and therefore, by addition, 

CP'« + CQ'« = CA« + CB«, 

that is, the sum of the squares of 

Q/ny pair of eemi-conjugate diameters of an ellipse is equal to 

ihe sum of the squares of the semi-axes. 

3^. If a parallelogram of given area be circumscribed to a 
given circle, it is easily proved that the distances from the centre 
to a pair of adjacent angles are both determined ; and therefore 
that the locus of each of these angles is a concentric circle. Hence 
we find that if a paraUelogram of given area be circumscribed 
to a given ellipse^ each pair of opposite angles will lie orv a 
similar and similarly posited concentric ellipse, 

4^. If a square be circumscribed to a circle, all its angles lie 
on a concentric circle, the square of whose radius is equal to 
twice the square of the radius of the given circle ; and its area 
is equal to the square of the diameter. From this it appears 
that '' if tangents be drawn to a given ellipse at the extremities 
of any pair of conjugate diameters, the angles of the parallelo- 
gram so made will lie on a similar and similarly posited concen- 
tric ellipse, the squares of whose semi-axes are respectively the 
doubles of those of the given ellipse." 

It also appears that the parallelogram is of a constant area, 
* and therefore equal to the rectangle under the axes. 

It may be observed that, in this case, the two ellipses men- 
tioned in Prop. 3** will coincide. 

5®. It is evident from the figure of Prop. 1*^ that the areas of 
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the segments of the circle, cut off by the chords PP' and QQ% 
are equal. Hence we have the following theorem: — "The 
chord joining the extremities of any two semi-diameters of an 
ellipse cuts off a segment equal in area to that cut off by the 
chord which joins the extremities of two semi-diameters, re- 
spectively, the conjugates of the former." 

The triangles standing on the chords, and having a common 
vertex at the centre, are also evidently equal. 

6**. The theorems given in Art. 83 lead to the following 
results : — 

" If a triangle be inscribed in a given ellipse, so that one 
side may pass through a. given point, the remaining sides inter- 
cept on the polar of that point segments which (measured from 
the point where the polar is cut by a diameter through the 
given point) contain a constant rectangle.^' 

** If any chord be drawn through a given point in a diame- 
ter of a given ellipse, the right lines joining its extremities with 
one end of the diameter intercept, on a given line drawn paral- 
lel to the chords of the diameter, segments which contain a 
constant rectangle." (The segments are measured 4om the 
point where the parallel is cut by the diameter.) 

" If any chord be drawn, as in the last enunciation, tangents 
at its extremities will intercept upon a tangent, drawn at one 
end of the diameter, segments which (measured from the point 
of contact) will contain a constant rectangle." 

201. We shall now apply the principle of continuity to some 
of the results obtained in the preceding manner for the ellipse. 
1°. Let us suppose, in the second figure of the last Article, 
CA and CB to be a pair of conjugate semi-diameters, and CP', 
CQ' to be a second pair, let the angle 

ACP' = 0, BCr = <t>, ACQ' = 0\ BCQ' = <t>'; 
Proposition 1° of that article may then be thus expressed : — 

CP'». sin 0. sin0 = CQ« . sin ^ . sin <^'. 

Now it is known that the equation of the hyperbola, referred to 

a pair of conjugate diameters as axes of co-ordinates, is derived 

from that of the ellipse, by changing the sign of the square of the 

semi-diameter, which does not meet the curve. If then CP' 

2d 
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and OQ' be two sach semi-diameterB in the figare relating to 

the hyperbola, which oorreaponds qf 

to that of the ellipse before refer* |t ^ 

red to, we shall have, (observing 

that the angle BCQ' also changes 

its sign), for the hyperbola (see 

CP».sin e -sin ^=CQ^-sin 6K-sin^', 

and therefore the triangle CP'S is 

eqnal to the triangle CQT. 3' O' 

K GA be the major semi-axis, the equation will become 
CP'«.sin 0. cos 9 = + CQ'^-sin O'. cos 6', 

or CP'«.sin 29 + CQ'«- sin 29 = 0. 

The upper sign being taken in the case of the ellipse, and the 
lower in that of the hyperbola. 

2^ Retaining the same suppositions, let the angle ACB = w ; 
the equation CS« + CT* = CA« (for the ellipse) may be written 

CP^«>sin»» CQ".8in*<^'_^., 

• — Z + : — ^ KjA. , 

Bin* «.k omt ^ . 




sm'cii 



sm'a» 



In the case of the hyperbola,, this becomes (changing the sign 
of CQ") CS« - CT« = CA«. 

Again, the equation CP'*+CQf* = constant^ becomes, of course, 
CP'*— CQ" = constant = the difference of the squares of the semi- 
axes. 

3^ It was proved in Proposition 4** of the last Article that 
the locus of M, the intersection of tangents at P' and Q^ (see 
the second figure of that Article), is an ellipse, similar and simi- 
larly posited to the given one, the ratio of the coincident semi- 
axes being -v^ 2: 1. Now MQ' may be regarded as one of the 
distances fr(yin M to two points of the curve, taken parallel to 
the semi-diameter CP', and equal to it. If CP'* were to become 
negative, one of the equal distances, MQS measured from M, 
must change its sign. The corresponding theorem for the hy- 
perbola is then as follows : — 

" If a chord, 00', of a hyperbola (see last figure) be equal to 
the parallel diameter, 6B', the locus of its middle point, M, is 
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another hyperbola similar and similarly situated to the given 
one^ the ratio of the coincident semi-axes being esV 2: !•** 

The foregoing result may be readily verified. For, by a 
fundamental property of the curve, we have 

M0« : CM« - CA« : : CB« : CA«; but MO = CB: 

therefore . CM« — CA« = 0A«, or CM» = 2CA«, 

and CM : CA : : V 2 : 1, from which the Proposition above stated 
follows at once. 

4^. It was proved for the ellipse that the triangles whose 
common vertex is at C (see the second figure of the last Article), 
and whose bases are the chords of the arcs AP^ and BQ'^ are 
equal in area; and therefore that 

CA.CP'.sind = CB.CQ'-sin^'. 

Hence, for the hyperbola, we have (see last figure) 

CA . CP'.sin ACF = CB . ^-- 1 . CQ^ v^ — 1 • (-sin BCQ') 
= CB • CQ' . sin BCQ', and therefore the triangle ACP' = the 
triangle BCQ'. 

5^. Since the ellipse, whether considered geometrically as a 
section of a cone or algebraically as a curve of the second degree, 
possesses an equal generality with the hyperbola, and since the 
parabola may be regarded as a limiting case of either (the centre 
being at an infinite distance), the first theorem contained in 
Art. 200, 6®, holds good for the hyperbola and parabola, as well 
as for the ellipse; and its enunciation evidently requires no 
further modification. 

The second and third theorems given in Art. 200, 6®, are 
also true for the parabola and hyperbola, provided that in the 
case of the latter the fixed point be taken on a diameter that 
meets the curve. 

The following is a case of the second theorem just referred 
to: — 

" If through a given point in a diameter of a given parabola 
any chord be drawn, the rectangle under the ordinates of that 
diameter, drawn from the extremities of the chord, is constant'' 

202. We shall conclude this Chapter with the. following 
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Propositions, relating to the orthographic projection of a sphe- 
rical ellipse : — 

1". The orthographic projection of a epherical elUpse upon 
a plane touching the sphere at the centre is an eUipae, whose 
eemi-axea are the sinea of those of the spherical ellipse. 

The polar equation of the spherical ellipse, referred to the 
centre as the fixed pole, is (Art 179, 2°) 
cot* p = cos* $ • cot" a + sin' $ • cot* b ; but 1 = cos* + sin* 9 ; 
■we have, therefore, by addition, 

cosec* p = cos' 6 • cosec* a + sin* 8 • coaecf b, 
1 cos' 9 sin* $ 

Bin'p sin" a sin'o' 
which evidently proves the Proposition. 

2°, If two apherical ellipses have the same centre and the 
same cyclic area their orthographic projections on the taTtgent 
plane to the sphere drawn at the common centre are sim.ihzr 
and similarly situated concentric ellipses. (Graves's translation 
of Chasles's Memoirs on Cones and Spherical Conita, p. lOl.) 
For, it was proved in Art. 181, 1°, that the sines of the angle 



this the Proposition enunciated is evident by Prop. 1°. 
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QUESTIONS ON ELEMENTARY PLANE GEOMETRY. 

1. If a square be inscribed in a triangle so that one side be coin- 
cident with the base, its side equals half the harmonic mean between 
the base and the perpendicular from the vertex of the triangle. 

2. If the square be exscnbedy that is, if two of its angles lie on the 
productions of the sides through the vertex, or the extremities of the 
base, its side equals the j)roduct of the base and perpendicular of the 
triangle divided by their difference. 

8. Apply the principle of continuity (see Art. 97) to explain the 
connexion between the last two questions. 

4. When the base of the triangle is greater than the perpendicular, 
the latter line is an harmonic mean between the sides of the inscribed 
and exscribed squares. 

5. In what sense is this true, when the base is kss than the per- 
pendicular ? 

6. Of the three squares inscribable in a triangle, the greatest stands 
on the least side of the triangle, and the least on the greatest side. 

7. The three exscribed squares follow the same order. 

8. The area of a triangle equals the rectangle under the radius of 
the exscribed circle touching any side, and the excess of the semi- 
perimeter above the side touched by the circle. 

9. The reciprocal of the radius of the circle inscribed in a triangle 
equals the sum of the reciprocals of the radii of the three exscribed 
circles. 

10. The same reciprocal also equals the sum of the reciprocals of 
the three perpendiculars of the triangle. 

11. Given the three perpendiculars of a triangle, the triangle EQay 
be constructed. 
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12. Hence, given any three of the radii of the fonr circles which 
touch the three sides of a triangle, the triangle may be constracted. 
(Art. 6, 4? and 5°.) 

13. Lines from the angles of a triangle to the points of contact of 
the exscribed circles with the opposite sides, meet in a point. (Art. 9, 
Lemma 1.) 

14. The three perpendiculars of a triangle meet in a point. 

15. The orthographic projection of the diagonal of a parallelogram 
upon a right line equals the sum or difference of the projections of two 
adjacent sides conterminous with the diagonal. 

16. The first term of an infinite decreasing geometric progression is 
an harmonic mean between the sum of the series and the sum obtained 
by taking the terms alternately positiye and negative. Required a 
geometrical proof. 

17. Let AB be the base of a triangle, whose vertex is D, and let C 
be a point cutting the base internally, so that m • AG = n • BG ; prove 
that m . AD^ + n . BD^ = (w + n)(GD2 + AG . GB). 

18. If the point G cut the base externally, so that m, AG = n . BC, 
prove that m . AD^ - n . BD^ =(m - n)(CB^ - AG . GB). 

19. Hence a point G may be found in a given right line AB (or its 
production), so that m . AG^ + n , BG^ shall equal a given quantity, m 
and n being given numbers. 

20. If a transversal cut, in the points A, G, B, three right lines 
diverging from a point D, prove that BG . AD^ + AG . BD^ - AB . CD» 
= AB . BG . GA. 

21. The same relation holds good if D is any point in the right line 
containing A, G, B. (Art. 96.) 

22. If ABGD be a quadrilateral inscribed in a circle, and be any 
pomt, A02 . triangle BGD + GO^ . triangle ABD = BO^ . triangle AGD 
+ DO^ . triangle ABG. (Question 17.) 

23. Given in magnitude and position the bases of a number of tri- 
angles having a common vertex ; given also the sum of their areas ; the 
locus of the vertex is a right line (Art. 72, Lemma 4). The locus may 
become indeterminate ? 

24. If some of the areas are to be subtracted from the sum of the 
rest, and if the remainder equals a given quantity, the locus of the com- 
mon vertex is still a right line. 

25. The locus of a point from which perpendiculars drawn to a 
number of given right lines have a given sum, is a right line. (Ques- 
tion 23.) 
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26. The locus becomes indetenuinate or impossible when the given 
lines form an equilateral polygon. 

27. How is the last result to be understood when the point is taken 
vnfhout the polygon ? 

28. If a quadrilateral be circumscribed to a circle, then the line 
joining the points of bisection of the diagonals passes through the centre. 
(Art. 72, Lemma 4.) 

29. If the angles at the base of a triangle be bisected, and the points 
be joined in which the bisectors cut the sides, the portion of the join- 
ing line within the triangle has this property :— That a perpendicular 
on the base from any of its points equals the sum of the perpendicidars 
on the sides. (Quest. 24.) 

30. The line mentioned in the last question meets the base in the 
point where it meets the external bisector of the vertical angle. 

31. If a right line be drawn parallel to the base of a triangle, and 
its intersections with the sides be joined to two given points in the 
base, the locus of the intersection of the joining lines is one of two right 
lines. (Art. 21.) 

32. The locus of the centre of a circle bisecting the circumferences 
of two given circles is a right line, whose distance from one of the cen- 
tres equals that of the radical axis from the other. (Note to Art. 53.) 

33. Describe a circle through two given points, so as to cut from a 
given circle an arc equal to a given arc of the same circle. (Note to 
Art. 62.) 

34. If from a point perpendiculars be drawn on the three sides of a 
given triangle, the area of the triangle formed by joining the feet of the 
perpendiculars has a constant ratio to the rectangle under the segments 
of a chord of the eircle circumscribed to the given triangle, drawn 
through the point. 

35. What is the locus of the point when the feet of the three per- 
pendiculars are in one right line ? 

36. When is the area of the triangle, formed by joining the feet of 
the perpendiculars, a maximum ? 

37. Given any number of points. A, B, C, &c. , prove that the locus 
of a point O, such that m . AO^ + n . BO* + p . CO* + &c., equals a 
given quantity (m, n,p, &c., being also given), is a circle. (Quest. 17.) 

38. When the circle vanishes into a point (which we shall call K), 
the quantity m . AO* + n, BO* + &c. (which may be expressed by the 
notation s {m . AO*), is a minimum, and its minimum value 2 (w . AK*) 

= its general value 2 {m . AO') -{m + n + &c.) KO*. 

39. If w, w, /), &c., be each equal to unity, the point K coincides 
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witb the centre of mean dteUmoea of the g^ven pomts A, B, C, &c. (See 
Lardnei^s Euclid, Appendix L Section 5.) 

40. If lines be drawn from any point on one of two given concentric 
circles to the angles of a regular polygon inscribed in the other, the som 
of their squares is constant, and equal to n • (r* -f Os ^here n expresses 
the number of the sides of the polygon, and r and r^ are the radii of 
the circles. 

41. If a regular polygon of n sides be inscribed in a circle, whose 
radius is r, the sum of the squares of perpendiculars from its angles 
upon any diameter is equal to ^ . m*. 

42. If from a point in one side of a triangle parallels be drawn to 
the remaining sides, the area of the parallelogram so formed is a maxi- 
mum when the side is bisected. (Art. 84, Lemma 8). 

43. Hence, inscribe in a given segment of a circle a maximum rect- 
angle. 

44. If a point be taken within a triangle so as to be the centre of 
mean distances of the feet of perpendiculars drawn from it upon the 
three sides, the sum of the squares of the perpendiculars is a minimum. 
(Quest. 89.) 

45. Given the base of a triangle and the sum of the sides, the rect- 
angle under perpendiculars from the extremities of the base upon thQ 
external bisector of the vertical angle is constant. (Art. 80, Lemma 7.) 

46. Given the base and difference of sides of a triangle, the rect- 
angle under perpendiculars from the extremities of the base upon the 
internal bisector of the vertical angle is constant. (Art. 79, Lemma 6.) 

47. Prove that there is no point within a triangle from which the 
sum of perpendiculars drawn to the three sides is a maximum or mini- 
mum. 

48. The sum of the squares of the mutual distances of a system of 
points taken in pairs, is equal to n . (the sum of the squares of their dis- 
tances from their centre of mean distances), n being the number of the 
points. (Quest. 39.) 

49. Also, the square of the distance from any one of the points to 

P Q 

the centre of mean distances equals j, where P expresses the sum 

of the squares of the distances from the point to all the other points, 
and Q the sum of the squares of the mutual distances. (Quest. 48.) 

50. K the mutual distances be bisected, the sum of the squares of 

the lines joining the points of bisection in pairs, equals -j— * Q. (Car- 
not, G^om^trie de Position, p. 332.) 
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51. The line joining two points is cut in involution by their polars, 
with respect to a circle, and by the circle. 

52. Let the vertex of a right-angled triangle be fixed, and let its 
hypotenuse be a chord of a given circle, find the locus of the point of 
bisection of the hypotenuse. 

53. The curve inverse (see Art. 171) to a right line is a circle. 

54. The curve inverse to a circle is, in general, another circle. 

55. When is the locus, inverse to a circle, not a circle ? (Quest. 53.) 

56. Find the locus of the pole of the hypotenuse of the right-angled 
triangle mentioned in Quest. 52. 

57. If a point move along a given right line or circle, the loctis of 
the mu^fe |)Otn< of its polar (see Art. 48, 2°), with respect to a given 
circle, is, in general, another circle. 

68. If two tangents be drawn to a circle, and the points of contact 
be joined respectively to the extremities of a diameter, the line passing 
through the intersection of the joining lines and that of the tangents is 
perpendicular to the diameter. 

59 If a variable line be drawn through a given point in the line 
joiniDg the centres of two given circles, the line joining its poles with 
respect to the circles passes also through a fixed point. 

60. When do thatwo fixed points coincide ? 

61. Draw from a given point a line so that the line joining its poles 
with respect to two given circles may pass through a given point. 

62. Through any point in the circumference of one of two given 
concentric circles, let any two right lines be drawn ; the line joining 
their poles, with respect to the other circle, touches a fixed circle. 

63. Find a point within a triangle, such that lines joining it to the 
three angles shall divide the triangle into three equal triangles. 

64. The point so found is such that the product of the perpendicu- 
lars drawn from it to the three sides of the triangle is a maximum. 

65. Given the radius of a circle, find its centre, so that the area of 
the triangle polar to a given triangle, with respect to the circle (see 
Art. 51), shall be a minimum. (Quest. 64.) 

66. Find the locus of a point within an isosceles triangle, from 
which a perpendicular drawn to the base is a mean proportional between 
perpendiculars from the same point to the sides. (Art. 46.) 

67. If a line cut the sides of an isosceles triangle, so that the rect- 
angle under the segments next the vertex is to the rectangle imder the 
segments next the base in a constant ratio, the envelope of the line is a 
circle for one value of the constant. Prove this, and find the value. 
(Art. 47.) 

2e 
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68. If all the sides of a polygon are parallel to given lines, and if all 
its angles but one move on given lines, the locus of the remaining angle 
is a right line. 

69. To inscribe in a given polygon another of the same number of 
sides, so that all its sides shall be parallel to given lines ; or that a spe- 
cified number of its sides shall be parallel to given lines, and that the 
rest shall pass through given points. (Art. 32.) 

70. To inscribe in a given circle a polygon of a given number of 
sides, so that its sides may satisiy either of the conditions indicated in 
the last question. (Art. 48, 5®.) 

71. If tangents be drawn at the extremities of a diameter of a circle, 
and be cut by any third tangent, the lines joining the intersections to 
the opposite extremities of the diameter intersect on the perpendicular 
to the diameter from the point of contact of the third tangent. (Art. 
69, 4^) 

72. If two circles touch one another, the respective extremities of 
a pair of parallel diameters are in directum with the point of contact. 

73. If a perpendicular be drawn to the diameter of a semi-<circle, 
and a circle be described to touch the perpendicular, the given semi- 
circle, and another semi-circle described on one of the segments of the 
diameter, prove that the diameter of the touching circle equals half the 
harmonic mean between the segments of the diameter. (Quests. 72 and 

74. When a line is cut in extreme and mean ratio, the difference 
of the segments equals half the harmonic mean between them. 

75. Given in position the vertex of a right-angled triangle ; given 
also the sum of the squares of the reciprocals of its sides ; the envelope 
of the hypotenuse is a circle. 

76. Given the vertical angle of a triangle, and the bisector of the 
angle, prove tBat the sum of the reciprocals of the containing sides is 
constant. 

77. If a chord be drawn through a given point, cutting a given circle, 
and tangents be drawn at the points of intersection, the sum or differ- 
ence of the reciprocals^ of p«:pendiculars from the given point upon the 
tangents is constant. 

78. Given four points. A, B, C, D, in a right line, the locus of a 
point at which the angle subtended by A and B equals that subtended 
by C and D, is a circle. (Art 34, Lemma 3.) 

79. If a quadrilateral be inscribed in another (plane or " gauche"), 
so that one pair of its opposite sides shall intersect on one diagonal of 
the second quadrilateral, its other pair of opposite sides will intersect 
on the other diagonal. 
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do. Given in position a point and a right line, find the locus of a 
point the square of whose distance from the given point shall have a 
given ratio to the rectangle, under a given line, and the distance from 
the point to the line given in position. (Art. 61.) 

81. Find the locus of the centre of a circle, cutting one given circle 
orthogonally, and bisecting the circumference of another given circle. 

82. The centre of a circle touching three given circles may be found 
by drawing a common tangent to two given circles. (Art. 81.) 

83. If from a given point, O, a transversal be drawn cutting a num- 
ber of given circles in A, A', B, B^, &c., and if tangents at these points 
intersect a given right line, also drawn from O, in X, X', Y, Y', &c., 

*^®^' OX "^ OX^ "^ OY "^ 0Y'+'^^'' ^^ <5^^s**^*- (^*- ^^» ^""O 

84. Cut a given line internally so that the square of one segment 
may equal the rectangle under the other segment and a given line. 

85. Solve the corresponding problem when the line is cut exter- 
nally, and find the limits within which the problem is possible when 
the greater segment is that whose square is taken. 

86. Cut a given line harmonically, so that the middle part may 
equal a given line, and find when the solution becomes impossible. 

87. Given a circle and a right line in position, a point may be found 
such that any chord being drawn through it, and perpendiculars drawn 
from its extremities upon the given line, the perpendiculars shall be to 
one another in the duplicate ratio of the segment of the chord. (Art. 
60, V,) (The line and circle are supposed not to intersect.) 

88. If every pair of three triangles be copoktr (see Art. 24), in such 
a manner that the three lines joining corresponding angles are the same 
fb^ all, the three corresponding axes meet in a point. 

89. Eeciprocate the theorem last given. 

90. Given all the sides of a polygon but one, prove that its area is 
A maximum when it is inscribable in a semi-circle, of which the remain- 
ing side is the diameter. 

91. Given the length of a circular arc, prove that the area of 
the corresponding segment is a maximum when it is a semi-circle. 
(Quest. 90.) 

92. If three chords of a circle be drawn from the same point on the 
circumference, and if on these, as diameters, three circles be described, 
the intersections of every pair of the circles (excluding the given point) 
are in directum, (Quest. 35.) 

93. Given the vertical angle of a triangle, and the»8um of the con- 
taining sides, find the locus of a point cutting the base in a given 
ratio. 
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94. The case where the differtnce of the side is taken in place of 
the sum maj be deduced from the last b j the principle of continuity ? 

95. From the anharmonic property of four points on a circle it may 
be proTed that the rectangle under the diagonals of an inscribed qua- 
drilateral equals the sum of the rectangles under the opposite sides. 
(Art. 26.) 

96. If a regular polygon of an odd number of sides be inscribed in 
a circle, and the angles be joined to any point on the circumstance, the 
sums of the alternate sets of joining lines are equal. (Quest. 95.) 

97. If three transversals be drawn from the angles of a triangle 

ABC, meeting in a point O, and cutting the opposite sides in A', B', C^, 

- OA' OB' OC , 

then. + + — = 1. 

*"^' AA' ^ BB' CC 

98. In a given circle inscribe a triangle, so that two sides may pas& 
through given points, and that the third be a maximum or minimum. 
(Art. 66, 8**.) 

99. If three lines be in harmonic proportion, the rectangle under 
the extremes exceeds the square of the mean by the rectangle under 
the differences between the mean and each extreme. (Art. 4.) 

100. Given in magnitude and position the base of a triangle whose 
vertex is on a given line, construct the triangle so that the line joining 
the vertex to the middle of the base may be a mean proportional 
between the sides. (Note to Art. 66, 8^) 

101. Draw a chord of a given circle parallel to a given line, so that 
the triangle whose base is the chord and whose vertex is at a given 
point may be a maximum. (Quest. 42.) 

102. If a, 5, c be three magnitudes in arithmetic proportion, and 
if &, c, (^ be in harmonic proportion, then aihiicid, 

108. From a given point in the produced base of a triangle, it is 
required to draw a line cutting the sides, so that the difference of per- 
pendiculars drawn to the base from the points of intersection may be 
a maximum. (Art. 84, Lemma 8.) 

104. If a direct and a transverse common tangent (see Art. 65, 1%) 
be drawn to two circles, the difference of the squares of the parts inter- 
cepted by the points of contact equals the rectangle under the diameters. 

105. Find a point within a triangle such that the continued product 
of the segments of three lines parallel to the sides, and drawn through 
the point, shall be a maximum. (Quest. 64.) 

106. Given the base and sum of sides of a triangle, prove that the 
portion of one side, between the vertex and the foot of a perpendicular 
drawn to the side from the extremity of the bisector of the vertical 
angle, is constant. 
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107. From'a given point in the produced base of a triangle, to draw 
a line cutting tlie sides^ so that the area of the quadrilateral completed 
by joining the points of intersection to two given points in the base 
may be a maximum. (Art. 84, Lemma 8.) 

108. Given in position a circle and a right line, two points can be 
found, with respect to either of which, taken as origin^ the circle and 
line shall be mutually inverse, (See Art. 171.) 

109. Given the base, the vertical angle, and either bisector of the 
vertical angle, construct the triangle. (Quest. 108.) 

110. The lines joining the feet of the perpendiculars of a triangle 
form a new triangle, the centres of whose inscribed and exscribed circles 
are the angular points of the original triangle, and the intersection of 
its perpendiculars. (Quest. 14.) 

111. A circle described through the feet of the three perpendiculars 
of a triangle bisects the three sides, and also bisects the distances 
between the angles of the triangle and the intersection of its perpen* 
diculars. 

112. Given the base and vertical angle of a triangle, prove that 
the locus of the centre of the circle passing through the centres of the 
three exscribed circles is a circle. (Quest. 111.) 

113. Describe a circle passing through a given point, and touching 
a given circle and a given right Hne. (Quests. 72 and 108.) 

114. To find a point in a given right line, so that lines joining it to 
two given points may make with the given line angles having a given 
difference. 

115. Describe a circle through two given points to cut a given right 
line, so that the angle contained in either segment of the circle cut off 
by the line shall equal a given angle. (Quest. 114.) 

QUESTIONS RELATING TO CIRCLES ON THE SPHERE. 

116. An angle in a semi-circle is a right angle. What is the 
analogous theorem on the sphere ? 

117. If a spherical quadrilateral be inscribed in a lesser circle, the 
simi of one pair of opposite angles equals that of the other pair. 

118. If a spherical quadrilateral be circumscribed to a lesser circle, 
the simi of one pair of opposite sides equals half the perimeter of the 
quadrilateral. 

119. Given the base of a spherical triangle, and the difference 
between the verticle angle and the sum of the base angles, the locus 
of the vertex is a lesser circle passing through the extremities of the 
base. 
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120. If a Tariable great circle cut a giyen great circle at a ^ven 
angle, what ia the locus of its pole? 

121. Giyen two sides of a spherical triangle, prove that its area is 
a maximum when the contained angle equals the sum of the other 
angles of the triangle. (Art. 148, 2"".) 

122. If (in the last question) a and b be the given sides, and c the 
third side, then, cos ^ =^ \/ { ^oos a4-cos b)} . (Art 1 48, I*'.) 

123. Given the base of a spherical triangle and the difference of 
the cosines of the sides, find the locos of the vertex. (Art. 148, V,) 

124. Given the base of a spherical triangle, and the valne of m • cos a 
+ n . cos (, where a and b are the sides, and m and n are given numbers, 

prove the locus of the vertex to be a lesser circle, whose spherical 
centre Lb found bj cutting the base into two segments, x and y, such 
that m . sin X = n . sin y. 

125. Hence, find the locus of the vertex of the triangle, when the 
base is given, and m • cos a-^n , cos b, 

126. Given the value of m . cos a + n . cos 5 + 1> . cos c + &c, where 
m, n, Pf &c, are given numbers, and a, by c, &e., are the arcs joining 
given points to a variable point, O, on the sphere, the locus of O is a 
circle. 

127. Given all the sides of a spherical polygon except one, what 
is the property of the remaining side when the area is a maximum ? 
(Quests. 121 and 116.) 

128. If a, bj Cj d be the sides of a spherical quadrilateral, whose 

diagonals are x and y, prove that the cosine of the angle made by the 

,. , , cos a . cos e — cos b . cos d 

diagonals equals : : . 

sm 07 . sm y 

129. If a and b be the sides of a right-angled spherical triangle, and 

X and y the segments of the hypotenuse made by a perpendicular from 

^, tan^ a tan x . sin^ a sin 2x 

the vertex, ; = , and . = -; . 

tan''^ b tan y sin^ b sin 2y 

130. Given the base and sum of sides of a spherical triangle, find 
the locus of the point where the external bisector of the vertical angle 
cuts the perpendicular to one side drawn at the extremity of the base. 
(Art. 148, 3^) 

131. Given the base of a spherical triangle and the two bisectors 
of the vertical angle, construct the triangle. (Art. 123.) 

132. Given the length of an arc of a lesser circle on a given sphere, 
prove that the spherical area, contained between it and an arc of a great 
circle joining its extremities, is a maximum when this latter arc passes 
through the spherical centre of the lesser circle. (Quest. 127.) 
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133. Given in position the yertical angle of a spherical triangle and 
a point through which the base passes, prove that its area is a maxi- 
mum or minimum when the base is bisected by the point. 

134. What is the reciprocal of the last theorem ? 

135. If the vertical angle of a spherical triangle equals the sum of 
thebase angles, the square of the tangent of half the perpendicular from 
the vertex on the base equals the product of the tangents of the halves 
of the segments of the base. (Art. 133, Lemma 12.) 

136. Also, the square of the tangent of the perpendicular is to the 
product of the sines of the segments of the base i|i a constant artio. 

137. If perpendiculars be drawn from a siven point, to tangent 
arcs at the extremities of a spherical chord, dirawn through a given 
point, and cutting a given lesser circle, the sum or difference of their 
cosecants is constant. 

138. If be the angle made by the base of a spherical triangle with 
the arc joining the middle points of the sides, prove 

tan i area 

tan ^ = -; — f-r: — • 

sm ^ base 

139. lfpfp\f/'j &c. be perpendicular arcs from a point on a number 
of given great circles, and if m . sin p + w'. sin p^ + m''. sin p^' + &c., 
equals a given quantity, m^ m\ m"^ &c., being given numbers, find the 
locus of the point. (Quest. 126.) 

140. Given the base of a spherical triangle and the ratio of the tan- 
gents of the base angles, the locus of the vertex is a great circle. 

141. What is the reciprocal of this property ? 

142. In a right-angled spherical triangle, the difference of the 
angles at the hypotenuse is less than a right angle, and their sum less 
than three right angles. 

143. If m be the arc joining the middle points of the sides of a sphe- 
rical triangle, then, cos m =; cos -j^ area . cos -^ base* 

144. Given an acute angle at the hypotenuse of a right-angled sphe- 
rical triangle, the difference of the hypotenuse and side containing the 
angle is a maximum when their sum is 90° or 270^ 

145. Given the four sides and the two diagonals of a spherical qua- 
drilateral, find the expression for the cosine of the arc joining the 
middle points of the diagonals. (Art. 148, 1^) 

146. What does this relation become when the radius of the sphere 
is supposed to be made infinite ? 

147. Deduce the expression for the area of a plane triangle in t«rms 
of its sides from the analogous expression relating to a spherical tri- 
angle. 
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148. If the perpendicular of a spherical triangle fall within the base, 
the tangent of half the diflFerence of the sides is a mean proportional 
between the tangents of the halves of the differences of the segments 
of the base made by the perpendicular and by the bisector of the verti- 
cal angle respectively. 

149. What is the analogous theorem tn piano f and how must it be 
modified when the perpendicular falls without the base of the triangle ? 

160. If be the angle between the perpendicular of a spherical tri- 
angle and the bisector of the vertical angle, prove 

1 y* T»N cos i («— J) 
tane = tani(A-B). \) . / , 

* ^ ^ cos f (a + 

a and b being the two sides, and A and B the opposite angles. 

151. What proposition in plane geometry corresponds to the last 

theorem ? 

152. If a, (, c be ihe sides of a spherical triangle, and A' the angle 
made by the chords of b and c, prove 

1 + cos a — cos 5 — cos c 

cos A = 3 — i TE ' 1 • 

4 sm -^^ • sm ^ 

153. If a point be taken on each side of a spherical triangle, such 
that the products of the cosines of the alternate segments are equal, 
perpendiculars drawn to the sides at the three points will meet in a 
point. (Art. 148, 3^) 

154. If from any point on the sphere perpendiculars be drawn to 
the sides of a spherical triangle, and their feet be joined by arcs, per- 
pendiculars on these arcs from the angles of the original triangle meet 
in a point. 

155. If the two points mentioned in the last question be joined to 
one of the angles of the original triangle, the joining arcs make equal 
angles with the sides containing the angle. (Art. 109.) 

156. Also, the products of the sines of arcs drawn from the two 
points perpendicular to each side of the triangle are equal. 

157. Given the base of a spherical triangle, and the value of the 
function N (see Art. 129), find the locus of the vertex. 

158. Given the base of a spherical triangle equal to a quadrant ; 
given also the sum of the squares of the cotangents of the base angles ; 
find the locus of the vertex. 

159. Given the base and the area of a spherical triangle, find the 
locus of the middle point of one of the sides. (Art. 148, 2°.) 

160. If three arcs be drawn from the angles of a spherical triangle, 
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ABC, meeting in a point 0, and cutting the opposite sides in A^, B'^ C, 
respectively, then 

tan OA^ tanOB^ tan OC^ _ 

tan OA' + tan OA "*" tan OB' + tan OB "^ tan OC + tan 00 "" 

(Quest. 97.) 

161. If a polygon be formed on the sphere by any curves not great 
circles, its area is less than that of a polygon whose sides are arcs of great 
circles, and the sum of whose angles equals that of the former, by the 
sum of the arcs ^o2ar to the sides of the former polygon. (Art. 147.) 

162. The area of a triangle formed by three lesser circles, whose 
spherical radii are r, /, r'', is less than the area of an equi-angular sphe- 
rical triangle (in the usual sense), by a . cot r + 6 . cot r' 4. c . cot r", 
a, bj c, being the arcs of the three lesser circles. (Art. 145, d°.) 

163. The area of the lune contained between two lesser circles, whose 
spherical radii are r and r', equals 29 — a . cot r - 6 . cot r', 9 being 
the angle made by the circles, and a and b the arcs forming the lune. 

MISCELLANEOUS QUESTIONS ON THE FOREGOING SUBJECTS. 

164. If in Art. 70, 6^ the number jfc = 1, the line QP is cut by MN 
in the ratio of AM to BM, and the line MN is cut by QP in the ratio 
of AQ to DQ. 

165. If on two given right lines (which need not be in the same 
plane), two portions be taken, measured from given points, and in a 
given ratio, the locus of a point, cutting the line joining their extremi- 
ties in a given ratio, is a right line. 

166. If a plane polygon be inscribed in a given one of the same 
number of sides, so that all its sides but one are parallel to given lines, 
the locus of a point cutting the remaining side in a given ratio is a 
right line. 

167. Given two points in the diameter of a semi-circle at different 
sides of the centre; prove that the rectangle under their distances from 
a point in the circumference is a maximum when the distances are in 
the subduplicate ratio of the distances from the given points to the 
centre of the circle. (Quest. 17.) 

168. Given three right lines in space^ prove that a right line drawn 
from any point of one may rest on the other two. 

169. If four right lines rest on three others given in spcuse^ the an- 
harmonic ratios of the three systems of four points are equal. (Art. 116.) 

170. If in Art. 73, 1°, the given right lines meet in a point, the 

2f 
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locos passes tlirotigli the same point Prove this, and find the red- 
procal, 

171. The results given in Questions 87, 38, 39 hold good when the 
given points are not in the same plane^ a sphere being substituted in 
place of a circle. 

172. The results given in Questions 48, 49, 50, also hold good when 
the given points do not lie in the same plane. 

173. If three alternate sides of a plane or spherical hexagon meet 
in a point, and if the remaining three abo meet in a point, the three 
diagonals joining opposite vertices of the hexagon will meet in a point. 

174. Given the base of a spherical triangle and the arc joining the 
vertex to a given point in the base, construct the triangle so that the 
-product of the cosines of the sides may be a maximum. 

175. If the entire surface of a sphere be divided into polygons of 
the same number of sides, the number of the polygons added to the 
niunber of distinct comers is equal to the number of distinct sides 
added to 2. 

176. If the circtmiference of a lesser circle of a sphere be divided 
into an odd number of equal parts, and arcs be drawn to the points of 
section from any point on the circumference, the sum of the sines of 
the halves of one alternate set is equal to the sum of the sines of the 
halves of the other alternate set. 

177* If the circumference of a lesser circle be divided into n equal 
parts, the sum of the squares of the sines of the halves of arcs joining 

the points of section to any point on the circumference is equal to ^ . 

the square of the sine of the spherical radius. 

178. Given three points. A, B, C, on a sphere, if a fourth point, O, 
be so taken that m . the arc AO + n . the arc BO + p . the arc CO be a 
minimum, m, n, and p being given numbers, then, 

sin BOO _ sin AOO _ sin AOB 
m n p 

179. If from any point on the surface of a sphere three chords be 
drawn mutually at right angles, the sum of their squares equals the 
square of the diameter. 

180. The distances of any two points from the centre of a sphere 
are to one another as their distances from the alternate polar planes of 
the points. (Art. 45.) 

181. Find the equation connecting the cosines of the six arcs which 
join four points on the surface of a sphere. (See Camot, G^omdtrie de 
Position, p. 407.) 
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182. Find the corresponding equation connecting the distances be- 
tween every pair of four points lying in the same plane. (Camot, 
G^m^trie de Position, p. 888.) 

183. If from a given point O a transversal be drawn cutting a 
number of given spheres in A, A', B, B', C, C, &c., and if on the trans- 
versal a portion OX be taken, such that 

^^ = q1 + qT/"^ q5 "*■ Qg7 + &c.,thelocusofthepointXisaplane. 

184. If tangent planes be drawn to the spheres at the points A, A', 
B, B', &c., the sum of the reciprocals of the segments (measured from 
O) which they cut off from a given right line passing through O is 
constant. 

185. Given the base of a plane triangle and the difference of the 
base angles, prove that the locus of the vertex is an equilateral hyper- 
bola of which the base is a diameter, and the conjugate of which makes 
with the base an angle equal to the given difference. 

186. Given in position the circular base of a cone ; given also a 
plane to which the subcontrary sections are parallel ; prove that the 
locus of the vertex of the cone is an equilateral hyberbola. (Quest. 185.) 

187. If a chord of a prolate surface of revolution of the second de- 
gree be drawn through a given point, the product of the tangents of 
the halves of the angles subtended at one of the foci by the segments 
of the chord is constant. 

188. The product mentioned in the last question will remain con- 
stant if the point move on another surface of revolution of the second 
degree, having the focus and its corresponding director plane in common 
with the original surface. (By the director plane is meant the plane 
described by the directrix of the curve which generates the surface of 
revolution.) 

189. If a right cone, whose vertex is one focus of a prolate surface 
of revolution of the second degree, have a constant vertical angle, the 
plane of its intersection with the surface (see Art. 168, 1°) touches a 
second prolate surface, and the vertex of the circumscribed cone whose 
curve of contact (see Art. 168, 2°) is the curve of intersection describes 
a third prolate surface ; and these three surfaces have one focus and 
the corresponding director plane in common. 

190. The right line joining the vertices of the two cones mentioned 
in the last question passes through the point of contact of the plane 
with its " enveloping" surface. 

191. The orthographic projection of a transverse section of a para- 
boloid of revolution upon a plane perpendicular to the axis is a circle. 
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192. Given an eUipse and a point in its plane, a right line may be 
fotind such that the rectangle under perpendicolars on it fiom the 
extremities of any chord of the ellipse drawn through the point shall 
be constant. (Art. 60, 2^.) 

198. If a number of ellipses be inscribed in a quadrilateral, the 
locus of their centres is the right line which joins the middle point-s of 
the diagonals. (Art. 72, Lenmia 4.) 

194. Find the locus of the centre of an ellipse touching three given 
right lines, one of the points of contact being also given. (Quest. 193.) 

195. The locus of the centre of a sphere rolling on two rollers which 
meet one another is an ellipse. 

196. Any three pairs of conjugate diameters of an ellipse form a 
pencil in involution. 

197. If two triangles be circumscribed to an ellipse, the six vertices 
lie on a conic section. 

198. If a triangle be inscribed in an ellipse, so that two sides are 
parallel to given right lines, the envelope of the third side is a similar 
ellipse. 

199. The area of an ellipse circumscribed to a given triangle is a 
minimum when it is to that of the triangle : : 4*- : 3 v^ 3. 

200. If a sphere be inscribed in a right cone, and be touched by 
any plane, the point of contact is one focus of the section made by the 
plane, and the corresponding directrix is the line of intersection of the 
same plane with that of the circle of contact of the cone and sphere. 

201. If a plane be drawn cutting the circle of contact mentioned in 
the last question, we shall have a conic section and an inscribed circle ; 
prove that a tangent drawn to the circle from any point on the conic 
is equal to the excentricity of the conic multiplied into the perpen- 
dicular from the point upon the line of intersection of the plane of the 
conic and the plane of the circle of contact. (Quest 200.) 

202. If two given circles have double contact intemaUy with a given 
conic section, the sum or difference of tangents drawn to the circles 
from any point on the conic is constant. 

203. How must the result given in Question 201 be modified in the 
case of a circle which has double contact exUmaUy with a conic section? 

204. Is the result given in Question 202 still true, when the con- 
tacts are external f 

205. The results stated in Question 200 remain true when in place 
of a right cone we substitute any prolate surface of revolution of the 
second degree. 

206. If a plane be drawn through one focus of a prolate surface 
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the section of the surface made by it is a curve of the second degree^ one 
of whose foci is the focus of the surface, the corresponding directrix 
being, moreover, the intersection of the plane with the director plane 
of the surface. 

207. Given in magnitude and position a section of a right cone, the 
locus of the vertex of the cone is another conic section, whose plane is 
perpendicular to that of the former ; and the extremities of the major 
axis in each of the conies are the foci of the other. 

208. If two planes be drawn through the focal lines (see Art. 189) 
of an oblique cone, and through any side of the cone, they make equal 
angles with the plane touching the cone along that side. (Art. 181, 2^.) 

209. Conversely, if two right lines be drawn from the vertex of a 
cone, and if planes drawn through them and any side whatever of the 
cone make equal angles with the plane touching the cone along that 
fiide, these right lines are the focal lines of the cone. 

210. If two cones have the same focal lines and cut one another, 
their intersection consists of four right lines, each of which is such that 
planes touching the cones along this line are at right angles. (Art. 185.) 

211. If from a point assumed upon a focal line of an oblique cone 
perpendiculars be let fall upon the tangent planes to this cone, their feet 
will be upon a circle, the plane of which will be perpendicular to the 
second focal line of the cone. (Chasles's Memoir on Cones, Art. 27.) 

212. The locus of a point whose perpendicular distances from a 
fixed right line and plane are in a given ratio is an oblique cone, of 
which the given right line is a focal line. (Art. 191, 2^.) 

213. If from the foci of a spherical conic arcs be drawn perpendicu- 
lar to the arcs touching the curve, their respective points of intersec- 
tion with these tangent arcs will be upon a second spherical conic, 
which will have a double contact with the given one, and whose cyclic 
arcs will be in the planes perpendicular to the radi of the sphere which 
pass through the two foci of the given conic. (Quest. 211.) 

214. If arcs be drawn from any point of a spherical ellipse to the 
foci, the ratio or product of the tangents of the halves of the angles 
made by these arcs with the major axis is constant, according as the 
angles are measured in the same or opposite directions. (Art. 181, 1°.) 

215. If a normal arc be drawn at a point of a spherical conic, and 
from its intersection with the major axis a perpendicular arc be drawn 
to a focal radius vector drawn to the point, the portion of the radius 
vector between the perpendicular and the curve is constant. 

» 216. The tangents of the portions of a normal arc to a spherical 
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conic intercepted between the curve and the two axes aie to one another 
in the duplicate ratio of the tangents of the semi-axes. 

217* Given the base of a spherical triangle in which the tangent of 
half the bisector of the base is a mean proportional between the tan- 
gents of the halves of the ndes, the locus of the vertex is a spherical 
hyperbola, whose foci are the extremities oi the base. 

218. Given the base of a ^herical triangle, and the ratio of the sbe 
of one side to the cosine of the other, find the locus of the vertex. (^Axi, 
191, 2^.) 

219. Find the radius of a circle in plano^ whose area shall equal the 
spherical area of a given lesser circle of a sphere. (Art. 146.) 

220. Given the vertical angle of a spherical triangle and its bisector, 
prove that the sum of the cotangents of the sides containing the angle 
is constant. (Quest. 76) 

221. Let two tangent arcs be drawn to a spherical conic, and let 
the bisector of the angle made by them be made to cut the arc joining 
the points of contact ; if through the latter point of intersection a sphe- 
rical chord of the conic be drawn, the angle subtended by thci segments 
of the chord at the intersection of the tangent arcs are equaL 

222. Given one focus of a spherical ellipse and two points on the 
curve, find the locus of the other focus. 

223. Given one focus of a spherical ellipse and two tangent arcs, 
in position, find the locus of the other focus. 

224. If a tangent arc subtend a constant angle at one of the foci of 
a given spherical conic, what is, in general, the locus of the point from 
which it is drawn ? 

225. What is the locus when the constant angle is a right angle? 

226. Given in position one focus of a spherical conic and two tan- 
gent arcs, prove that the arc joining the points of contact passes through 
a fixed point. 

227. An arc cutting a system of spherical conies which have one 
focus and the corresponding director arc in common gives a system of 
points in spherical involution. 

228. Let a great circle touch a given spherical conic, and let two 
points be taken on it so as to subtend a constant angle at one of the 
foci ; if one of the points move on a given tangent arc, what is the locus 
of the other ? 

229. If a number of lesser circles, having a common spherical centre, 
be projected orthographically upon the plane of a given great circle, 
the locus of the extremities of the major axes of the ellipses so formed 
is an ellipse. 
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230. Prove that the locus of the foci of the elliptical projections 
mentioned in the last question is a circle. 

231. Given a conic section, and a right line in the same plane, InU 
not meeting the conicj the conic may be projected into a circle, and the 
right line, at the same time, be projected to an infinite distance. (See 
Poncelet, Traits des Propri^t^s Projectives, Art. 110, or Salmon's Conic 
Sections, Art. 350.) 

232. Projective properties of two concentric circles may be trans- 
ferred to two plane or spherical conies having double contact, by the 
aid of the principle of continuity. (Quest. 231.) 

233. If through the centre of a hyperbola an ellipse be described 
having for foci the points where a tangent to the hyperbola cuts the 
asymptotes, the ellipse touches the minor axis of the hyperbola. 

234. If a normal be drawn to an ellipse at any point, and two por- 
tions be measured on it from the point, in opposite directions and equal 
to the semi-diameter conjugate to the point, an ellipse described with 
the extremities of these portions as foci, and passing through the centre 
of the given ellipse, will touch its minor axis. 

235. Explain the connexion between the last two questions by the 
principle of continuity. (See Ghasles, Aper9U Historique, p. 861.) 

236. If the equation of a hyperbola referred to given axes of co-ordi- 
nates, which are inclined at an angle, «^, be 

Aa;2 + Ba?y + C^ 2 ^ Da; + Ey + F = 0, 

the tangent of the angle made by the asymptotes is equal to 

\/(B2-"4AC) .sin« 
A + C — • B . cos w 

237. Hence deduce the condition of similarity of any two curves of 
the second degree, whose equations are given with respect to any given 
axes of co-ordinates. 
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